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PREFACE
Jagat Guru Nanak Dev Punjab State Open University, Patiala was established in
December 2019 by Act 19 of thegislature of State of Punjab. It is the first and only
Open University of the State, entrusted with the responsibility of making higher
education accessible to all, especially to those sections of society who do not have the

means, time or opportunity fursue regular education.

In keeping with the nature of an Open University, this University provides a flexible
education system to suit every need. The time given to complete a programme is
double the duration of a regular mode programme. d&dignedstudy material has

been prepared in consultation with experts in their respective fields.

The University offers programmes which have been designed to provide relevant,
skillbased and employabiltgnhancing education. The study material provided in
this booklet is seHinstructional, with selassessment exercises, and
recommendations for further readings. The syllabus has been divided in sections, and

provided as units for simplification.

The University has a network of 10 Learner Support Centres/®adtres, to enable
students to make use of reading facilities, and for currictdased counselling and
practicals. We, at the University, welcome you to be a part of this instituition of

knowledge.

Prof.G.S. Batra
Dean Academic Affairs
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CORE COURSE (CC)

SEMESTER I

BCDB31203T BUSINESS MATHEMATICS AND STATISTICS
MAX. MARKS: 100

EXTERNAL: 70
INTERNAL: 30
PASS: 35%
Objective: Credits: 6

The objective of this course is to familiarize students with the applications of mathematics and
statistical technigues in business decisiuaking.

Notes:

1. Use of simple calculator is allowed.

2. Proofs of theorems / formulae are not required.
3. Trigonometric functions are not to be covered.

INSTRUCTIONS FOR THE CANDIDATES:

Candidates are required to attempt any two questions each from the sActiod<B of the

question paper and any ten short questions from Section C. They have to attempt questions
only at one place and only once. Second or subsequent attempts, unless the earlier ones have
been crossed out, shall not be evaluated.

Section A
Business Mathematics

Matrices : Definition of a matrix. Types of matrices; Algebra of matrices. Calculation of
values of determinants up to third order; Adjoint of a matrix; Finding inverse of a matrix
through ad joint; Applications of matrices to solutioh simple business and economic
problems Differential Calculus Mathematical functions and their typédinear, quadratic,
polynomial; Concepts of limit and continuity of a function; Concept of differentiation; Rules
of differentiationi simple standardorms. Applications of differentiation elasticity of
demand and supply; Maxima and Minima of functions (involving second or third order
derivatives) relating to cost, revenue and profit.

Basic Mathematics of FinanceSimple and compound interest Ratégnteresti nominal,
effective and continuous their interrelationships; Compounding and discounting of a sum
using different types of rates

Section B
Business Statistics

Uni-variate Analysis. Measures of Central Tendency including arithmetigan, geometric

mean and harmonic mearproperties and applications; mode and median. Partition values
guartiles, deciles, and percentiles. Measures of Variation: absolute and relative. Range,
guartile deviation and mean deviation; Variance and Standevdhtion: calculation and
properties. Bivariate Analysis: Simple Linear Correlation Analysis: Meaning, and
measurement. Karl

Pearson's cefficient andSpear mands rank correlation. Si mp

Regression equations and estimatidRelationship between correlation and regression
coefficients



Index Numbers Analysis Meaning and uses of index numbers; Construction of index
numbers: Aggregative and average of relativessmple and weighted, Tests of adequacy of
index numbers, Constction of consumer price indices.

Time series analysis: Components of time series; additive and multiplicative models; Trend

analysis: Finding trend by moving average method and Fitting of linear trend line using
principle of least squares.
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Unit 1 7 Matrices

STRUCTURE
1.0 Objectives
1.1 Introduction
1.2 Definition of Matrix
1.3 Notations
1.4 Types of Matrices
1.5 Equality of Matrices
1.6 Sub Matrix of a Matrix
1.7 Multiplication of Matrix by a Scalar
1.8 Addition of Matrices
1.9 Difference of Matrices
1.10Properties of Matrix Addition
1.11Test Your Understanding (A)
1.12Multiplication of Matrices
1.13Properties of Matrix Multiplication
1.14 Applications of Matrices to Business and Economic Problems
1.15Test Your Understanding (B)
1.16 Transpose of a Matrix
1.17 Symmetric Matrix
1.18 Skew Symmetric Matrix
1.190rthogonal Matrix
1.20Test Your Understanding (B)
1.21Let us Sum Up
1.22Key Terms
1.23Further Readings




1.00BJECTIVES

After studying the Unit, students will be able to

Define the Meaning of a Matrix.

Understand different types of Matrices.

Apply Addition, Subtraction and Multiplication of Matrices

Apply the concept of Matrices to Business and Economic Problems.
Distinguish between Single and Double Entry System.

Find out Transpose of a Matrix.

Understand the meaning of Symmetric, SKeéymmetric and Orthogonal Matrix.

To o To To Do Do I

1.1INTRODUCTION

Matrices are one of the most important and powerful tools inmidwematics for business.
Matrices applications are helpful to solve the linear equations and with the help of this cost
estimation, sales projection etc., can be predicted. Basically a matrix consists of a rectangular
presentation of numbers arranged sgstically in rows and columns describing the various
aspects of a phenomenon intelated in some manner.

For example: Marks obtained by two students, say, Ram and Shyam, in English, Mathematics
and Statistics are as follows:

English Mathematicg Statistics
Ram 60 80 85
Shyam 65 90 80

These marks may be represented by the following rectangular array enclosed by a pair of
brackets [ ],

ie [60 80 85](— First Row
65 90 80" « Second Row

y y y
First Second Third
Column Column Column



Each horizontal line is calledraw and each vertical line is called a column. The first row
indicates the marks obtained by Ram in English, Mathematics and Statistics respectively and the
second by Shyam in the three respective subjects.

Such a rectangular array is called a Matrix.

1.2DEFINITION OF A MATRIX

An a x & matrix is a rectangular array af¢ numbers (or elements) arranged in the form of
an ordered set @f rows anck columns. A matribd havingad rows anck columns is typically

written as .
o1
Gup 2 E Cps
®  d2 E ]
0 2l fTE E E
k1 w2 E Cie & xi

The horizontal lines are called rows and the vertical lines columns.

The numbersa, Gx2h & : Helonging to the matrix are called is elements.

A matrix havingd rows anct columnsis saidtobe i’ XQ) & x &€ ( r e amdd ahsy) 46

The order may be written on right of the matrix, as shown above.

1.3NOTATIONS

Matrices are denoted by capital letters such, a8 C, ..., X, Y, Zand their elements by small
lettersa, b, c, ..., a11, aizetc. There are different nations of enclosing the elements constituting a
matrix in common usalid. , [ ], ( ),and{ }, but we shall use the first one throughout the chapter.
The suffixes of the elemenj depict that the elements lies ith row andith column. Note that
we always write row number first and column number afterward. Also, note that, for the sake of

brevity, the matrix0 given above may also be writtendas [ (y]a x:.

1.4TYPES OF MATRICES




(i) ROW MATRIX: If a matrix has only one row, it is called &0 & ¢¥iic Thus, any 1
x € matrix is called a row matrix, for example,

6 = [Cadaiy 8 G
is a row matrix of order €.
(i) COLUMN MATRIX: A matrix consisting of only one column is called a
GE00G £ & (X i In other words, any x 1 matrix is called a column matrix, for example
Q]
2
o=

—

]

& o

is a column matrix of ord@t x 1.

(i) ZERO OR NULL MATRIX (0): If every element of alk x & matrix is zero, the
matrix is called &iQ ¢ & i iwof orderd x &, and is denoted ¥4 x ¢ or Og¢ or O simply. For
example,

02x3 = [0 0 0]
0 0 0 2x3 is a zero matrix of order 2 3.

(iv) SQUARE MATRIX: Any matrix In which the number of rows are equal to the number

of columns is called &)6ai ‘Qa X i Thus any x &€ matrix is a square matrix of order

Generally, we denote the order of a square matrix by a single numnta¢her tharg x €.

Remark: The elementsay for which i=j] in 0=[dylex: are called the
QEEECH BN 'GEd  and the line along which the elemedis, ci2h  8&: he is called the
SQIE QA E G or (i i& nen ACS@E 6 or UGG E G simply. In a square matrix the pair of

elementsy and; are said to be conjugate elements.

(v) DIAGONAL MATRIX: A square in which all elements except those in the leading

diagonal areero, is called &1& & wid ¢Xi ic Thus, a diagonal matrix of ordewill be:

Q1 0 0 E 0

o
[Th
S
[Th
N
[Th
3
T
[Th
T
3



0 0 0 E Cre
Sometimes a diagonal matrix of ordewith diagonal element&i1, cx2h  &: isfdenoted by

0 = A1, Cpoh  @:).h

(vi) SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is called
a

[ c8Xtd & ¢¥i ic For example,

5 0 0
[0 5
0]0 0

is a scalar matrix.

(vii) ldentity or Unit Matrix (1 ): A scalar matrix in which each of its diagonal elements is
unity is called anCXZ Gowor 6£i0d o ik
Thus, a square matrix= [ 6]z x ¢ is called identity matrix, if
1, when i =j,

ay = {0, when i # j.

An identity matrix of ordek is denoted by®. Thus,@= [1 O] is a unit matrix of order
2.
0 1
(viii) TRACE OF A MATRIX: The trace of any square matrix is the sum of its main
diagonal elements. For example,

1 1 3
If 0=[20 5]
2 3 T
Then trace (A) P L1 T
= O

For a square matria = [ @] x¢

traceof O 0By G

(ix) Triangular Matrix: If every element above or below the leading diagonal is zero, the
matrix is called al icE"®ad & i ix If the zero element is lie below the leading diagonal, the
matrix is calledonnQ 4G icE"®od & diay If the zero elements is lie above the leading
diagonal, the matrix is called0'Q A idE" BT & i ic The matrice®:1 ando2 given below
are the examples of upper and lower triangular matrices respectively:

5



Qa1 . o Gx: Go:
3 g 2
wo ¥ T E au
.= 0 w2 O E Gy (upper triangular matrix)
U 0 w3 E u

E E E E Eu

uw 0 0 E @l
all 0 O v O ]
apy %2 0 o 0] _ _

A2 =lasn azp as; ... 0 J(Iower triangular matrix)

anl anz an3 ann

1.5EQUALITY OF MATRICES

Two matrices are called comparable, if each of them consists of as many rows and columns as
the other. Two matriced = [¢y] and® = [cy] are said to be equal, if (i) they have the same
order and (iii) have equal corresponding elements througkiput (cy for everyi andj). The

equality of matrice® andB.

Thus, the matriceﬁL 7] and[1 23 are not comparable whi[ér 78 and
] ]

3 5 4 59 3 5 4
1 2 6
[] are comparable but not equal. 2
9
The matrice$1 > 9] and[l 53X 3] are equal.

3 4 12 3 2x2 3x4

1.6 SUB MATRIX OF A MATRIX

A matrix which is obtained from a given matrix by deleti calldda& ¢xi iw of then ny
given matrix. g number
a of rows
or
column
sis



1 23

. 3 . 5 6].
For example, the matn@('Z ] is a submatrix of[4 o Obtaine
9 3 by
7 and 1st column. deleting
2nd
row
1.7 MULTIPLICATION OF A MATRIX BY A SCALA R3

Letd = [¢4] be and x ¢ matrix and lefQbe any real number (called scalar). Then the product of
"Cand4 denoted by® is defined to be th& x & matrix (, j)th element is@y, i.e.,
@ @ E KCAT:
W=[ "W @ E Q2]
E E B E
@x1 Q2 E @z
Thus,if  6=[23], =[5 9
4 5 12 15

Thus, we notice that, to get the scalar product each element of the given matrix is multiplied by
the given scalar.

PROPERTIES OF SCALAR MULTIPLICATION:

() The product of a matrix with a scalar is commutative, @5 6Q
(i) fQ 1h 0 p ). Generally @ is denoted by 0 and is called the negative

of matrix4 , Thus, [ G-

(iiiy IfA and6 are comparable matrices alis any scalar, we hav@o + 6) = @ + "@®.
(iv) Ifk andaare any two scalars afidis any matrix, we hav€Q+ 90 = @ + 0. (v) If 'Q

anddare any two scalars, we hag@d) = ("®)0.

! 8 ADDITION OF MATRICES

The matrice® andd are conformable for addition, if they are comparable.d.ehas the same
number of rows and the same number of colunh. 8heir sum, denoted iy + 0, is definedo

be the matrix obtained by adding the corresponding elemeatarud B.



ILLUSTRATIVE EX AMPLES

EXAMPLE 1. Read the following element®1, G2, Gy2, Gy1 in
4 2 3
5=[00 4]
8 7 9

Solution: &»idenotes element in second row and first column,
1=9,02=702=0,01=4.

EXAMPLE 2. Construct 2 x 3 matrix4 = [0y]2x3 whose general element is giving by

aj = (i =) ?/;
Solution: a _ (-1?2 _ 0 g = (1-2)2 1 _(2-1? 4
1m0 =7, B =,=2
a4 = @412 1 alz _ (@22 _ % a13 _ (%) _1
21 9 T g0 22 2 23 2 2

ayp Az Q4q3
A ]

1
0 _ 2
> A=[ * ]
: 0 3
2x3
EXAMPLE3.  If6=[2 3 3] find 3b.
3 -6 2
Solution:  _34 = [—3 x2 =3x3 =3X 5] _ [—6 -9 _15]
—-3x3 —-3x-6 -3x2 -9 18 -6



For example, ib = [2 3 5]

31 2
and 6=12 3 0
we have3 3
7

2+ 3+3 0+5]

A+B=
[3+3 3+1 74+ 2
3

=[3 6 5.

6 4 9
In general, i = [¢3]a x ¢ and® = [Gy]la = & which is a matrix obtained by adding the

elements in the corresponding

Ml Gz If e positions. Thus, from
gfoﬁ (22 IE ¢ and
E E ]
w1 k2 E E
W3'é axt
i Q2 G
o B
0=[21 w2 E ax)
E E E E
1 w2 E
We get Wa ¢
G+ G111 G2+ 2 E
A+ B = [a21+b21 (1'22+=(122 I~§
£ =
1+ Gyl Cx2+ Gu2 E

2 10 PROPERTIES OF MATRIX ADDITION

Suppos&, 6, 0 are three matrices of the same orderx &. Then the matrix addition has

following properties:

31 ASSOCIATIVITy
0+(6+0)=(0+06)+0
i. 'Q,the addition of matrices is associative.

9



Gt + Qe

Gpe + G2 |

[Th

GBe+ Ghe axi

1.9DIFFERENCE OF MATRICES

If Aand6 are two comparable matrices, then their differénce 0 is matrix whoselements

are obtained by subtracting the element fybm the corresponding elementsAf

If O = [h]a x ¢ and®d = [@Y]a x &
Then § 6=[C Gaxe.

1.2.COMMUTATIVITY
0+ 08=[c]+[&]=[c+ ]
=[Gy + 4] = [6x] + [ ]
=06+0

i. 'Q, matrix addition is commutative.

1.3.DISTRIBUTIVE LAW
G(0+ 0)=a0+ ao (& being an arbitrary scalar), because
G(6+ 6)= &+ &
=[a @+ a Gl = al@) +

Gloy]= ad+ aob.

1.4.EXISTENCE OF ADDITIVE IDENTITY

Let 0 be anyd x & matrix, and 0 thé& x & null matrix. Then, we have
0+0=0+0=0
i. Q,the null matrix is the identity for the matrix addition.
1.5. Existence of additive inverse

10



0 is the additive inverse of, because
8)+8  @]+[a]
G+ @l=0=0 8
Thus, for any matriX , there exists a unique additive invegse.
1.6.Cancellation law
B+6=0+81 v @l=[q+ &

b+ Q= QO+ @

o] =[]
t 6=0

This is said to be left cancellation.
Similarly, right cancellation, namely,
0+0=0+0t 0= 0canbe proved.

Example4.1fa =[1 °  6Glands=[1 Y 7] findd+6andd 8.
6 7 8 7 7
0

Solution: Here 0+ 6 =] 1 5 6]+[1 5 7]
6 7 0 8 -7 7

[1+1 5-5 6+7]
-6+8 7—-7 0+7

2o

1 5 6_(1 =57

-6 7 0 8 -7 7

_1-1 5-(=5) 6-7
—6—-8 7—(=7) 0—7

and A—B = ]

_[ 0 10 -1
-14 14 -7

Example 5. If4 = [2 3 1] and 6 = [1 2 ® evaluate3d 6t
0o 1 5 0 p 3

11



Solution:34—4B =3[> 3 Y-_4f 2 6
0 -15 0 -1 3

_6 9 3,4+ 8 —24

0 -3 150 o —4 12

6-4 9-8 3—(-24
o0 —3-(-4) 15-12

]

2 1 27,
[013]

Example 6. If X, Y are two matrices given by the egations

1X'2 ands (I):[3 2

il ] ], ®QX,®
3 4 p 0
Solution: We have
1 G
X+®=] ]
3 4
3 2
8 w=][ ]
1 0
By adding equations (i) and (ii),
1 -2 3 2 1+43 —-242 4 0
2X = | 1+1 1=1 1=1
3 4 -1 0 3—1 440 2 4
¢ x=1* %=1 %
22 4 1 2
From equation (i),
1 21 ¢ 2 0
0= [ 8 ]
3 4 3 4 1 2
p cq J ¢. P
o p T 2¢ 2

1.11TEST YOUR UNDERSTANDING (A)

12



1. Find the elementss:, G4, (B4, Cr2in each of the following matrices given below. Also give
their diagonal elements.

8 6 -3 1 ; ; 31 g
2 3 5 0 -
5 -3 1 0 S e

2. Write the matrixd = [ ay]of order2 x 3 whose general elements is given byii) ij
(ihai i(ip+ J) 3.
Find x andy, if

x+y z 13 2
[ x—y] [ ]

4. 166=[9 2 3ands=[7 © 3 findthe value oRd + 36.
] ]

2 1 4 1 4 5
2 o 3 p 2
5. Giveno =[5 0 2]and6 =[4 2 5], find the matri¥ such thad +
20= 0.
1 p 1 2 0 5
6. Solve the following:quations for 4,and B:
24 B=E% g O 2p+apt 1 3
: ]
3 3 2 p 4 T

ANSWERS
1. 3,0,-7,3and 3, 0, 8, 3; the diagonal elements are 8, 3,8,0and 1, 3, 6, 0.

2. O 2 3IG) ¢ 3 T
2 4 6 3 4 5

3.0=5,® C

21 22 15
4. [ ]
7 14 23

13



1.12MULTIPLICATION OF MATRICES

The multiplication of one matrix by another is possible, if and only if the number of columns of
first matrix is equal to the number of rows of the second matrix. The resulting matrix will have
the number of rows equal to those in the first matrix anchtimeber of columns equal to those in
the second matrix. Thus, if matiixis of orderd x &€ andd is of ordere x n, the producbd is
possible,i. 'Q, the matrice® and®d are conformable for multiplication in the ord&rB. The

order of the rsulting matrixd6 willbe & x 1. The {, ‘Q6Qelementi( Q, the element layingh
row andkth column) ofo 6 is given by
OiGror (eore B kG iB1 Q0
Thus, to obtain thé@, 'Qth element of the produdtd, we multiply the elements of thih row of
0 to the corresponding elements of #ie column ofd and add the products thus obtained. The

resulting sum is thé, ‘Qth element 0b6.

R

If 66 is denoted by =[], i.Q ,66 =[], we hae

a1 E (O] E G i1 E o E oo
NEg E E E g Wg E E E g U
Ukhs E 0 E o Widn E oo E SR
UV E E E E 0 U E E E E G
wa1 E j E  cue oz 1 E ae E an’
w1t E wa E @y
r E E E
=lc E & E
e P @

14



U

(g

wa1 E wa E ca
Wherecij = ¥ _; aijbjr. PuttingE p it ad® Ep Fh c¢nhall tieefelen@entshad will be
found.

In the producb 6, 0 is said to be prenultiplier or prefactor whiled is said to be postultiplier
or postfactor. It is to be noted that in multiplying one matrix by another, unlike ordinary

numbers, the placement of matrices as pre factor and post factor is very impdrtaoo is
not the same a%0.

1.13PROPERTIES OF MATRIX MULTIPLICATION

1. MATRIX MULTIPLICATION IS NOT COMMUTATIVE. To verify the above
statement, let us take an example. Consider the matrices.

1 1 0 1.

0=[ ],0=] ]
0 0 0 0
It can easily found that

86 =[0 1],while66=[9 O
o 0 0 0

so thabd 0O0.

This shows that matrix multiplication is not commutative. Actually speaking, for a given pair of
matricesd andp, the product®6 and00 may not be even comparable. For example, i§ an

a X & matrix andd is ang x & matrix,00 would be art x & matrix andd 0 would be art x
€ matrix.

It may also happen that for a pair of matriceand6 the producbd may be defined but the
product6 0 may not be defined. For examplediiis and x & matrix andd is ané x 1) matrix,

00 would be aréi x ) matrix, but it is not meaningful to talk 60 unlessa = n.

15



Note 1ltis worthwhile to note thatte st at ement Omatri x mul tipli caeé
not mean that there are no matriceand6 such thabé = 60. It simply means that generally
00  60. Thus, we wish to convey that there do exist some pairs of mairiaad0 for which

86 = 6b.

Note 2.1t is also to be noted that in matricé$, = 0 need not always imply that eithe@r= 0 or

0 = 0, This will be clear, if we consider the matrices,

11 1 0 .
o=[ ].,6=] ]
11 p O
For these matrices, = [0 O], but none ofi andd is zero matrix.
0 0

Note 3. The familiar cancellation law of multiplication for numbers fails to be true for matrix

multiplication. Below we give the properties which hold good for matrices.

2. ASSOCIATIVE LAW: Let0, 06 and0 be the matrices of suitable size for the products
0(60) and(006)0 to exist. Thend(606) = (00)0.

3. DISTRIBUTIVE LAW: 06(6 + 0) = 06 + 00, (left distributive) and6 + 6)O= 60
+ 00 (right distributive), provided that éhmatrice®, 6, 6 and are of the sizes that they are

conformable for the operations involved so that the above relations are meaningful.

4.  MULTIPLICATION OF A MATRIX BY A UNIT MATRIX: If 0 is square matrix

of ordere x € and"Gs the unit matrix othe same order, we get

‘> 0="0.
5. MULTIPLICATION OF A MATRIX BY ITSELF:  The producb, 0 is defined, if
the number of column is equal to the number of rows, af ‘Q, if 0 is a square matrix and in that

caseAd.A = 62 will also be a square matrix of the same type. Also,

0.0.0 = 020 = 03
Similarly,0.0.0 8 &&mes= 0¢.

16
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©

Note: If "Gs a unit matrix, we hav€* ®= ©®

2 2 3
Example 7.I1fA ¢ ®1l2p
0 v
02 ando =[01 2],
1

2 0

Obtain the produad® and66 and show thand 60.

Solution:
2 2 3 0
0 2
06=[2 3 p [O 1

3 1 23x312 03x3
Number of columns ad = Number of rows 06
C 00 is defined

0+0+3 0+2+6 4+4+0

00 11 Tt po 4+ &+
0]
0+0+2 0+1+4 0]
38 8
1p 10]
25 T
0O 0 2 2 2 3
60 =[0 1 2] [2 3
p

1 2 03x3 O 1 2 3x3

T TM+0+8® 0+0+4
T 0€3+2 om p
2+4+0 2+6+0 o Gx3

17



Hence 06 060.
Example 8. Write down the productsd 6 and 60 of the two matriceso and B, where

1
0=[1 2
3
4]a
nd o
[21.
3
4

Solution: Sinceo is al x 4 matrix ando is a4 x 1 matrix.o0will be al x 1 matrix.

18



02

ot

w

3

4% (2

=[1.1+22+3.3+4.4]=[30]

oowill be a4 x 4 matrix.

85 =[] 11

N wDdDN R

=[1x%x2

3 4]

1x1 2x1 3x1 4x1

12
2 4
1x3 2x3 3x3 4%x3 3 6
1x4 2x4 3x4 4x4 4 8 1

2x2 3x2

Example 9.Q)¢0000Q02 6t ® AM
1 2 2 1
0=[21 2] QG- [0
2 21 0
Solution: We have
1 2 2 1 2 2
02=[2 1 2][2 1
2 21 2 2 1
1+4+4 2+2+4
=[2+2+4 4+1+4
2+4+2 4+2+2
9 8 8 1 2 2 1 0
@B 9 u 1 ¢ 1
8 8 9 2 21 0O O

19

3 4

4x2]=] 6 8]
9 12
2 16

0o 0

1 0]

o 1

2]

2+4+2 9 8 8

4+2+2]=[8 9 8§

4+4+1 8 8 9

0

0]

1



9—4—-5 8—-8+0 8—-8+0
=[8-8+0 9-4—5 8—8+0]
8—8+0 8—-8+0 9-4—5

on o
S
o oo
oo o
1
o

WhereOQis the null matrix.

Example 10. Ifo = [‘b ‘*] and G [1 0], show that
® Q 0 1

62 O+ Qd=(aw OO
Solution: 62:6.6:[‘1’ C‘]X[(b "i
&) Q &) Q

=[6®+ a0 G+ Y
o
52 GrOB=[ 2+ @+ G+Q[O G

—[uf-+om G0+ 6 w?+uﬂum+oﬂ
G+ GO G+ Q2 G+ G0 [40)
+ 2

=[@H ¢ 0 ]=(db @il 9
0 @ o0 1

= (@ X0
Example 11. 1f = [1 216=11 Otands=11 R, show thatd(8 + 6) =
3 4 2 o 01

00 + 00.

Solution: We have
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0 1
1 p
0+ 0= 1+ ]
2 3 0 1

240 —3+1 " )l

68 +8)=[1 2] x 2
i
3 4 2 C
2+4 p T 5],
= 1=[° é (
6+8 © P14 11
Again,
1 2 1 0
00 =[]x[ ]
3 4 2 o
3+8 0-—-12 11 -12
and 1 2 1 p
00=[]x[ ]
3 4 0 1
=[1+0 —1+2]=[1 1],
3+0 —-3+4 3 1
¢ 66+ 8=[° Gept h=(° ]
11 pg3 1 14 pp
From (i) and (ii), we have
0(6 + 0) = 00 + 00.
1 0 2 1
Example 12. If[1 1 oo 2 1]
[1] =0 find 02 1
0 1
1 0 2
Solution: [1 1 go 2 1]
2 1 0

21
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=[1x1+1x0+ wx2 1x0+1x2+@x1 1x2+1x1+ wx(Q]
=[1+0+2w0 0+2+w 2+1+0]

=26+ 1 2+ 3]

1
Now, [200+ 1 2+o 3][1]=0
1
t 20+1+2+ w+3=0
t 3x+6=0 or

B.a=" 4,8=[" 'yJand@+Bp2=24a2+p
2 -1 b -1

Example find ®and b.

Solution: We have

1 -1,.1 -1, _1-2 —-1+1,_~1 0
Az_[z —1]X[2 —1]_[2—2 —2+1]_[0 —1]
and B2 = [@ l]x[a 1]=[a2+b a—l]

b -1 b -1 ab—b b+1
- 2 _ 2 _ -
A2+BZ=[1 0]+[a +b a 1] [@ +bhb—-1 a 1]

0 -1 ab—b b+1 ab—b b

1 -1 1 1+ -1+1 1+ 0
A+B =] ]+[a 1=1 a 1=1 a ]
2 -1 b -1 2+b -1-1 2+b -2
_dl+a 0, d1+a 0,_ (A +a3+0 0+0
B =hyy G hyy A Tlernare—20en 0+ d
C €é(1)
Also
(A

(1+ a)? 0

“loyn@-1 4 €02)
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Now giventhat (0 + 0)2= 02+ 062,
Hence from (1) and (2), we get

[ (1+a)? O _@+b-1 a-1

2+b)(a—1) 4 ab—b b
or w P amd ©=4.
Hence w=1,=4.

1.14APPLICATIONS OF MATRICES TO BUSINESS AND ECONOMIC PROBLEMS

Example 14. A manufacturer produces three item®, O and and sells them in two
markets!/ and/! . Annual sales are given below:

0 )
| 6,000 2,000 3,000
I 8,000 4,000 2,000

If sales price of each unit of P, Q, R is Rs. 4, Rs. 3, Rs. 2 respectively, then find the total
revenue of each market using matrix.

Solution: Let 0 = "@6,000 2,000 3,000] is the sales matrix and
‘3,000 4,000 2,000

04
6 = 0 [3] is the price matrix
Y2

6,000 2,000 3,000 4

CRevenue matridd = [8,000 4,000 2,000 [3]
2

6,000 x4 + 2000x3 + 3,000 x2 36,000

=L I=[ 1
8,000x4 +  4000x3 +  2000x2 48,000

Hence

Total Revenue of Market | = Rs. 36,000
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Total Revenue of Market Il = Rs. 48,000

1.15TEST YOUR UNDERSTANDING (B)

4
1.

10.

If4 =[3 6 L ando6 =[7], find 66anddo.
2
If = [2 Slandé = 1 R, find 56anddd. Is = 567
1 3 o 2
2 3
Fo=[1 ¢ 3lands=[4 5], find 86 and show thabd = 8.
4 2 5
2 1
Whend =[1 1]ands=[! AandE —determinéd. Also compute
i 1 0 E 60.
1 1 p p q p p p 1
IfA =2 o 4],6=[6 12 6Jand=[22 P,
3 ¢ 3 5 10 5 o 3 3
Show thab 6 anddo are the null matrices bgtd ando 6 are not the null matrices.
Ifo=[3 2] and = [@ 9,
4 1 3 5
Find ®andsuch thabd = 66. Also comput8 d + 56.
Fo=[1 216=12 Yandé=[° 1, show that (& + &) = 86 + 86.
3 4 4 2 7 4
If A= [1 a], prove by mathematical induction tHat= [1 na]
0 0 1
B
Given0=[12 10 po ,=[10 32] ando =[12 20
41 1,
3 p 2 p 4
Show tha{06)06 = 6(60).
5 ¢ 1
fo=[4 3 3]
6 6 q

Find the matrix® such thad + 0 = unit matrix.
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11. There are two familie andB. In family 4, there are 4 men, 6 women and 2 children;
and in family6 there are 2 men, 2 women and 4 children. The recommended daily

requirement for calories is:

Calories: Man 2,400; Woman 1,900; Child 1,800
Protein: Man 55 gm; Woman 45 gm,; Child 33 gm
Calaulate the total requirements of calories and proteins for each of the two families using

matrix method.
12. The cooperative store of a particular school has 10 dozen books of physics, 8 dozen of
chemistry books and 5 dozen of mathematics books. Their spilcggare Rs. 65.70, Rs.

43.20 and Rs. 76.50 respectively. Find by matrix method the total amount, the store will
receive from selling all three items.

Answers
12 24 cm 13 8 1 2
1. 06 =[44],606=[21 42 oy2 06=[ 8 5],60=[4 «,
3. 66=[0 7 6 12 p T 4. 55:[0 0},66:[2i 2],
10 3 0 0 C c E
415 135 6 2 P
6. a=65,b=15,[27 28]
10. T q o
6 0 P

11.Calories for family A and B are 24,600 and 15,800 and proteins are 556 gms and 332 gms

respectively.

12.Rs. 16,621.20

1.16 TRANSPOSE OF A MATRIX

A matrix obtained by interchanging the corresponding rows and columns of a givendnérix
called thetranspose matrix of A. The transpose of a matrix is denoteddb¥orA ..
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For example,
If 0=[15], then

d=[115
It 8=[2], then o=12 o
3
it 5=[12, then 1
30®=
=0 1]
3 4 2 4
Properties of the transpose matrix
M (8y=5

(i)  (&+6)= d=r o=
(i)  (LO)= _o=
(iv)  If 6 and6 are two matrices which are conformable for multiplication,
(00)== 0H=This
i's caADARiend)o .

Example 15.
1 2 3
If 0=[3 0 2]
4 5 0
1 00
andB=[2 1 0]
0 13
Then, verify that (06)Y=06"%"
Solution.
12
0=[30
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4 5 0
1 2 -3
AB=[3 0 2]
4 5 0
(1+4+0)
=[(3+0+0)
(4+10+
5 —1
=[3 2 3 1 00
14 5 2] and6=[2 1 0]
1B ,51 g 14 3x3 0 1 33x3
( )_‘_9 & 0 1 0 0
1 3 4 [g 1 g]
AT=[2 0 5]
-3 2 0 T ¢ T O T
1 2 0 (0+0+2) (0+0+6)
BTAT=[0 1 1] 0) (0+5+0) (0+0+0)
0 0 3 9
(14+4-0) 6]
=[(0+2-3) 0
(0+0-9)
5 3 14 1 e(i)
=[-1 2 5
-9 6 0 1 5 0

,0Y=[0 1 1]
3x3 0 0 33x3

1 3 4
2 0 5]
3 2 0

(3+0+0) ((4+10+0)
(0O+0+2)(0+5+0)] (0O+0
+6)(0+0+0)

] é(ii)

27
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(86)Y= 676"

1.17SYMMETRIC MATRIX

A square matridd such thab®== 0 is called symmetric matrix, ‘Q, matrix [¢3] is symmetric
provideddy = ¢ for all values of andj.

For example:

® Q"Q
@  is asymmetric matrix.

RO

8

1.18SKEW-SYMMETRIC MATRIX

A square matriX suchthab® 0 is called skewsymmetric matrixj. ‘Q, matrix[cy] is skew

symmetric providedy; ¢y for all values af andj.

For example:

01 o
0 Op 5]is a skewsymmetric matrix.
3 v O

Remarks. In a skewsymmetric matrix, we have «y. For diagonal elements
& 0, .Q,25=0,0rw=0.

Thus every diagonal element of a skeyimmetric matrix is zero.

Example 16.
Show that every matrix can be unequally expressed as the sum of a symmetric and a skew

symmetric matrix.

Solution: Let 0 be any guare matrix.

Now, we have
A="a+la="a+M+a-neé (i)
2 2 2 2
(A+A) =A+A) =A+A=A+A
Now,
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(since matrix addition is commutative)
and(0 O0¥*= 0= O¥F>= 0= O 0 0% Hence(0 + Oeeis

symmetric anq0 Oaeis skewsymmetric.

Consequently (4 + 4") = P (say) iS @ symmetric matrix and4 — 4") = Q (say)is a
2 2
skewsymmetric matrix.
Hence 6=0+ 0.

Thus, any square matrix, can be expressed as the sum of symmetric arayrskeiric matrix.
Uniqueness. To show that this representation is unique, let us suppose that another

representatiod = Y + "Yis passible, wheréY is symmetric andvYis skewsymmetricj. Q'Y = 'Ya
and= "¢e

Now 0% ('Y+ "y Y e Y Y
Also, 0+ 0= (Y+ Y+ (Y "Y=2Y
and 0 0= (Y+'Y Y "y=2%Y

1 1

Hence A=_ (A-A) + 1(‘4 — A", is a unique representation.
2 2

2 6 W
Example 17. Expresg 4 2 1 ] as a sum of a symmetric and skessymmetric
matrix.
8 6 13
Solution: Let
2 6 -8
A=[4 2 1]
-8 6 13
) 2 4 -8
G A=[6 2 6]
-8 1 13
4 10 -16
A+A =[10 4 7]
-16 7 26
., 4 10 -16
%(A-I—A)=E[1O 4 7 ]
] -16 7 26
C
C
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Which is a symmetric matrix.
1 , 10 2 0
,(A-A)=_[-2 0 -5]
_ 0 5 0
Again

Which is a skewsymmetric matrix. Now

1 N1
A=_(A+A) L _a—-4A
2( )_|_2(A A"

.4 10 -16 0 2 0
A=-[10 4 7 ]+%i[-2 0 -5]
-16 7 26 0 5 0

1.'Q,

Example 18.If A and B are both symmetric then, show that AB is symmetric iffaAd B

commute.

Solution:  Sinced and6 are symmetric, we have
0% 0 and6== ¢
Then (006)%= 6adae(reversal law)
= 60 = 00, iff 6 andé commute Thus

00 is symmetric ifAi andd commute.

1.190RTHOGONAL MATRIX

A square matrix is said to be orthogonaldf® = 66%= O
Now, we know that

|0F=0]
Also |0®| =|0H 0| or|'DP=|0|20r|0]2=1
This shows that the matrix should be nonsingular and invertible, if it is orthogonal matrix.

Hence the condition

0% = "Amplies thatd ! = daExample
19. Verify that
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A=

1 2 2

5[2 1 —2]
-2 2 -1
is orthogonal. Solution:
We have
) 1 2 2
= [2 1 -2]
-2 2 -1
A, 1 2 2
=.[2 1 -2
-2 2 -1
Then
We have
AA! 1 2 2 1 2 2

=2 1 -2x;02 1 -2]
2 2 -1 -2 2 -1
L 14444 242-4 —244-2
=l2+2-4 4+1+4 —4+2+72]

O 24+4-2 —4+24+2 4+4+1
9 0 0 1 0 0

[o 9 ol=0 1 0
0 0 9 0 0 1

=1
Hence, by definition, matrig is orthogonal.

O

1.20TEST YOUR UNDERSTANDING(C)

1.

2.

If 6 andO are symmetric, then show that+ 6 is symmetric.

If & =[° 3], verify that(68)%== 66a

2 4
Given:6=[2 3],8=[2 9 obtain the matri2o®+ 3=
1 1 1 4
2 1 pp
Expresq 6 13 7 ] as a sum of a symmetric and sksywnmetric matrix.
4 ¢ 1
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Answers

N =

[10 5]

—15

7

26
5

—15 0 -5 -7

5]+§[5 0 9]
2 7 -9 0

1.21LET US SUM UP

A A Matrix is a particular type of arrangement of m n numbers which are arranged in

the form of an ordered set of m rows and n columns.

There are different types of Matrices like Row, Column, Square, Rectangular, Null,
Diagonal, Scalar, Unit, Triangulamatrix etc.

Matrix algebra includes addition of matrices, difference of matrices, multiplication of
a matrix by a scalar and matrix multiplication.

We can obtain the Transpose of a Matrix by interchanging the corresponding rows
and columns of a givematrix.

1.22KEY TERMS

ROW MATRIX: If a matrix has only one row, it is called & & ¢X ic

COLUMN MATRIX: A matrix consisting of only one column is called a

CE0OA & & G i

ZERO OR NULL MATRIX (0): If every element of ad x €& matrix is zero, the
matrix is called &Q ¢ & ¢Xi i@

SQUARE MATRIX: Any matrix In which the number of rows are equal to the

number of columns is called™ 64 Q& ¢X ia

DIAGONAL MATRIX: A square in which all elements exceptdbdn the leading

trey
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A SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is
called al GBXG @& (X ic

A IDENTITY OR UNIT MATRIX (1): A scalar matrix in which each of itsagonal

elements is unity is called &XZ Gawor 6€i0a (A ik

TRACE OF A MATRIX: The trace of any square matrix is the sum of its main
diagonal elements.

TRIANGULAR MATRIX: If every element above or below the leading diagonal is
zero, he matrix is called & iGE" BN G ¢ ik

TRANSPOSE OF A MATRIX: A matrix obtained by interchanging the
corresponding rows and columns of a given matrix.

SYMMETRIC MATRIX: A matrix which is equal to its own transpose.

SKEW SYMMETRIC MATRIX: A matrix which is equal to negative of its own
transpose.

o Do o o Do

1.23FURTHER READINGS

1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.

2.N. D. Vohra, Business Mathematics and Statistics, McGraw Hill Educ@éindia) Pvt Ltd
3. J.K. Thukral, Mathematics for Business Studies, Mayur Publications

4.J. K. Singh, Business Mathematics, Himalaya Publishing House.
5.J. K. Sharma, Business Statistics, Pearson Education.
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B. COM (Hons)
(Accounting and Taxation)
SEMESTER I

COURSE: BUSINESS MATHEMATICS AND STATISTICS

Unit 2 T Determinants

STRUCTURE
2.0 Introduction
2.1 Determinants
2.2 Properties of Determinants
2.3 Test your Understanding (A)
2.4 Minors
2.5 Co-factors of a Matrix
2.6 Adjoint of a Matrix
2.7 Inverse of a Matrix
2.8 Test your Understanding (B)
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2.9 Solving Linear Equations by Matrix Inverse Method

2.10Test your Understanding (C)

211Sol ving Linear Equations by Cramero6s Rul
2.12Test your Understanding (D)

2.13Let us Sum Up

2.14 Key Terms 2.15
Further Readings

2.00BJECTIVES

After studying the Unit, students will be able to

Define the Meaning Determinant.

Calculate the Determinant of a Square Matrix.
Implement the pperties of Determinants.

Understand the difference between Minors aneF@ators.
Find the Inverse of a Matrix.

Solve the Linear Equations with help of Matrices.
Solve the Linear Equations with help of Determinants

To o To To Do Do I

2.1 DETERMINANT
To every square matria = [G]a x &, we associate a number called determinant of the

matrix A. It is denoted by determinaat or |06|. The matrix which is not square does not possess

determinant.

FINDING VALUE OF A DETERMINANT
1) Determinant of order 1,i. Qof 1 x 1 matrix
The value of the determinant of order one is the number of which the determinant is

formed.

Thus, |G| = G
Forexample s (s q
2) Determinant of order 2,i.e. of2 x 2 matrix

The value of the determinant of order two is found as under :

a a
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M ¥l=@a —aqa a)
ay; ap 11 22 12 21
3|
-1
(2)(-1)—3x0

—2-0=-2
For example

3) Determinant of order 3,i.e. o8 x 3 matrix

The value of the determinant of order three is found by expanding the determinant by any
row or any column.

(L1 012 . 21 W3 1
For example|0s W0y S (22
(B1 (B2 Q3

Expanding it by 1st row, we get
@2 @3 W
Y= 11 Qa2
(X3 (23| (B3
(B2 (GB3 OBl (B3 GBI 32
= @1(Ce2033  (23G32 c12(021683  (230B1) + U3(GR1CB2  GR2GB1)
Similarly we can expand it by any other row or any column, taking care of the fact the

signs meddler for adding the terms will follow the following pattern

+ +
S + S
+ +

Thus, by expanding the determinant by, say, second column, we have
21 (23 i1 @3 1 (a3

v

Y @2 s (B3 2 31 (B3 02 (21 (»3

G12(GR1683  G236B1) + (22(CA16B3  CA3GB1  (B2(CA1GR3  (A3GR1)
Thus if we have
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4 31
then
2 10
|os S 2
4 31

Expandingi t Y0y, dowe get
2[° - 4ot 3
-3 1 4 1 4 -3
=2(5+6)+ 1(—1—8) + 0(3 — 20)
=2(11) 4+ 1(=9) + 0(—17)
=22-94+0=13

Example 1. Find the value of determinant

3 5 8
6 T 0 @O QE"QOGK
4 2 0
() i QEEQIEL GEQ(ii) TR QGEDA &.
Solution: (i) Expanding by the second row,
3 -5 8 -5 8 3 8 3
6 -2 —3l=-6|, l+(4)]
4
0O 4
4 2 0
¢ PO T
96 + 128 + 78 = 302
(i) Expanding by the third column,
g 8 6 4 3 5 3
le -2 0%
4 2 4 2 6
4 2 0
gy o C0o

=224 + 78 = 302, same as before.

NS

Co
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2.2PROPERTIES OF DETERMINANTS

The following are the important properties of determinants. The students are advised to verify

these properties on their own.

(i) If any two rows (or columns) of a determinant are interchanged, the sign of the
determinant is changed, the absolute value rangaimaltered, For example,

A & s G s &
&) % & % %

@ @ Q@ G @
In this example the second and third columns have been interchanged.

(i) If every element in any row (or column) of a determins multiplied by the same

scalare, the determinant thus obtainediigmes the original determinant. Thus,

I e Bl=dh & &

@ w2 W @ (%] %
(iif) If a determinant rows are changed into columns of columns into rows, the value of the

determinant remains unchanged. Thus,

B b Gl=dd & &l
Q@ @ @& & G
(iv) If any two rows (or columns) of a determinant are identical, the value of the determinant
is zero. Thus,

~

wl=0,12 4 7/=3J2 2 7]=3x0=0.
@ @ @ 1 3 6 1 1 6
(v) If each element of any row or any column is the sum (or difference) of two quantities,
the determinant can be expressed as the sum (or difference) of two determinants of the same
order, as given below :

G & @@ 3 9 5 3 3 5

laa @ ra|=|laa @ w|+|a 1 a3l
@® W raw Q@ @ o @ r G

(vi) If any row (or column) or a multiple thereof is added to or subtracted from any other
row (or column), the value of the determinant remain unchanged. Thus,
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Example 2. Without expanding prove that

6 2 7
|15 5 5=0
21 7 3
Solution: Let
6 2 7
y=15 5 5]
21 7 3

Taking 6306 Cgwelmaven fr om

2 2 7
y=3|5 5 S|

Example 3. Withoutexpanding evaluate the determinant

42 2 5
|80 8 9|
30 6 3
Solution: Let
42 2 5
y=180 8 9|
30 6 3
Applying 61 = 61 dahwe get
2 2 5
y=18 8 9|
6 6 3
by oom B1G2'06, 63 QI 0
Example 4. Prove that
1 1 1
10]=] ® w @ |=0
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Solution:
1 1 1
BI=l o & & |

O+ ® O+ G O+ O

Applying Y1 = Y1 + Y2, we get

1 1 1
18] = |0+ @+ @ O+ O+ O W+ O+ o
O+ O O+ © O+ O
1 1 1
= (O+ ot o) | 1 1 1 | {taking ((+ &+ &) common from
O+ O+ Y
O+ O

= (&+ QO+ ) x (0) (6 "Y1 GE'QY2 (3 QIO Giaa)

=0

Hence proved.

Example 5. Prove that

G &3
Gy @ @ =1 @ W
w o @ 1 @ @
Solution:
bc a a L, abc az a3
L.HS.=|ca b bzl=__|abc b2 b3|
b.
ab ¢ c2 P abe 2 c3
(by multiplying"Y1, Y2, 'Yz by Gxaorespectively)
1 a2 as . ]
=;’;ic|1 b, b,| (takingéxrcommon frombz )
1 c2 c3
10 03
=1 =YY
1w W
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Example 6. Without expansion, prove that

0 ® @
SO0 =00
w 0
Solution: Let
0 & @
Yy 00 o &0
0 o
3 spfb 0 w| (by taking pcommon from each of 3 rows)
w ®0 (Interchanging rows and columns)
0 & @
©ws 0 Q)
@ © 0
y
y y
} ¢y m
f y=0
+ 0
@
. Q s® 0 0 =0
® o 0
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Example 7. Prove that
1 1 1
6 b B0 NO N & . 1
Solution:
o B o 0
O O W=l w w o wherei=061 02
@ w @ w & & 02=02 03
o3
o . (
O (o W|lllw
| O+ ww+ wed
1 1 G G o3
=(0 (o » Solution:
W+ W o+
G (6 BB A&+ & @ G e e
L.H.S= cxa| @
W W
® W

W
&

Example 8. Prove that
|ald o | = 40F0F03,
1 1 1

42

on taking out ¢y and ccommon
= G333

I (

on taking out ) wand dcommon

( from'Yi, YoandYsrepectively )

)



from®1, 62.anddsrepectively

11 o
0 02

= (Ro3a3 |1 o 1| (applyingYi= "Y1+ Ya)
1 1 p

= (R02a32(1 + 1) = 4 6RC3a3,

Example 9. Show that

w+rz 0 ®
z+0 z 0 =(0++z)(0 AU
0+ z

Solution:

(O W+ Q) o+ W+ & W+ W+ 4
W+t () 2
[+ dd] =] d+ OAD| O+ VWAL VWA
operatingY1= Y1+ Y2+ Y3

2 1 1
=(+ W+ Q) [a+ @& d}, (taking(w+ @+ &) common fronk 1)
O+t W W Q
0 0 1 i
operatingC1 = C1 — ZCz)

( andCz = Cz — C3
= (0t w

® 0w aa +Plo « & o d

W ga w
=(wtw+a © W . .
(ooooqoowwg

-1

=(x+y+2)(x—2) |x i y y— Z|, (taking(®w @) common fromiY3)

= (ot o+ (0 (o o+ © o

= (ot o+ o)(w @2
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2.3TEST YOUR UNDERSTANDING (A)

1 2 5
1. Evaluatg 2 3 1.
1 1 1
1 1 1
2. Evaluatgl l+w 1l [.
1 1 1+w
Ot @ O ®
3. Evaluatdwt+ @ o+ ® o.
O+ O or O 0
4.  Show that
1 0 Gl G {e= 4
(@)1 o otdd=0 (b1 @ o+ ¢y =0.
1 ® W+ 01 G0 O+ 0

5. Prove that
1 2+ o o?
|1 62+ 8o o$s O (D NGO Y@+ @+
63). 1 @+ 0 &

6. Show that
o & | =i (o (0w @
7. Prove that (without expanding)
140 @ o
|G 1+0 0 [=1+ 0+ 0O+ O
W 1+ w
8. Show that
N O 020 20
| 20 @ ® ® 20 |=(&O+ ot @3
20 20 ® O ®
9. Prove that
o ARIR AT
|62+ 60 @ QW | = 46R0Rc8

44



10. Show that

1+a 1 1
| 1 1+b 1 |=abc(1+i414)
1 1 1+c¢
Answers
1.21, 2. 6w 3.03+ G+ (3 (oo
2.4MINORS

Consider the determinant of a square madrix

a1 a2
Q13 |0| = | 21 Ce2
G23|.

(31 (B2 (33

When we delete any one row and any one columidjofwe get &2 x 2 determinant. For
example, if we strike off the row and column passing thraiaghi. ‘Q, the first row and first
column, we get the determinant as

‘azz ‘123‘
a3z, Az

This determinant is called the minor of the elentanin determinant4.

Thus, the minor of the eleant in the determinant of the square matrix may be defined as a
determinant which is left after deleting the row and column in which the element lies. The
number of minors in a determinant will be equal to the number if elements therein. The following
is the list of all nine minors ifo]|.

The minors ofyi, G2 anddys are
22 @3 @1 @3 @1 2

Gy Gy , (31 Oys and Gy1Gx respectively.
The minors ofiy1, (»2 anddys are

W12 3 1 3 1 G2
, and respectively
(B2 (B3 (BL (B3 (BL (B2
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The minors ofis1, (32 anddxs are

P a3 , %1 s

a a2
and “11 respectively
G2 (23 (@21 (23 (21 GR2
In general, the determinant obtain by striking off therow andjth column of a matrix =
[G)]: x ¢ is called the minor ofy in |6]. The minor of elementy is determinant by j;.

2.5CO-FACTORS OF A MATRIX

If we multiply the minor of the element in thtd row andjth column of the determinant of the
matrix by p *i the product is called the dactor of the element. It is usual to denote the co

factor of an element by the corresponding capital letter. Symbolizally i 4p x minor of
Gy in O

H O . If
we consider a determinant

W1 2 w3

0] =621 G»2  Ge3|

We get 022 (23
011 14 OB2 (33 h
w1 (Gp3
012 1@ OBl ¢y R
W1l ¢x2
023 240 OBl ¢y N
W2 a3
031 3+ G2 (»s land so or
Note :

1. The sum of the products of the elements of any row (column) of a determinant with the
corresponding céactors is equal to the value of the determiniaif?,

|0] = u1011 + 12012 + (3013,

2012 + (22022 + (82032, etc
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2. The sum of the products of the elements of any row (column) with tfectars of the

corresponding elements of any other row (column) is 2,

0 = 11012+ (X12022+ (13023,
= (13011 + (23021 + (B3031, etc

Example 10. Find theminors and cefactors of matrix © and use it to evaluate the

determinant of the matrix

1 4 8
Solution: The minors are calculated as follows:

As 0 ij = minor of Gy

¢ M11=\z g|=40—24=16
M12=\i g|=16—6=10
Mis = |2 2\=8—5=3
M21=\}} _84\=8+16=24
M22=\?; _84\=24+4=28

M23=E 1
pC
4

M31=\é _64‘\=6+20=26

M32=\3 _64‘\=18+8=26

M33=\§ 1§\=15—2=13

Now as cefactord;j of elementy Hpy C
Co-factors
011 20p1 = +(16) = 16
012 3012 pT O3 pm
“0ps=+(3) =3
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021
022
023
031

032
O33

301 CT
402 = +(28) = 28
S0ps3 PP
4Dp1 = +(26) = 26

302 Co
603 = +(13) = 13

Also |0] = (11011 + 12012 + (3013

= 3(16) + 1(—10) — 4(3) -

=48—-10—-12 = 26

pp

Co

2.6 ADJOINT OF A MATRIX

Letd = [d¢y] be a square matrix of orderand letd;; denote the cdactor ofdy in |0|. Then

the adjoint of matrixdis defined as the transpose of the mdtoiy] and is expressed by writing

ol 0.

Thus, in order to find the adjoint of a matrix, replacehealement of this matrix by the co
factor of that element and then transpose this matrix -ddctors. The two operations may also
be performed in reverse order,Q, first find the transpose of the given matrix and then replace

each element by itoefactor.

Hence, if

we have

where capital letters denote thefemtors of small letters ifo].

a

F 11 w2
a1 .
w2
U E
0= E
w1 2
ON 012
11 .
B 022
Wk E
«jo U |
UE E
l:b'gl 0:2

i. Q,0j = cofactor ofcy in |0].

Th [Th [Th

M Th

[Th [Th [Tk

E
=
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Some Properties
() If Ais a square matrix,
0. ((X)0) = (¢XJ0). 6
=|06]0
Where]is the matrix of the same order &s
(i) If 6 =[cy]is a square matrix of order we have
|6X) 6| =|0|¢ %, providedos . T

(iii) If A andBare two square matrices © € order each, we have

X3(60) = (X3 6). (¢XJ 0).

2.7INVERSE OF A MATRIX

If, for a given square matrix of orderx & , there exists of matrigsuch thabé = 60 = ®©
(where'® is a unit matrix of orden), the square matri& is said to be an inverse af We write

BasO !, r eaidnwesr ed6. A matri x havingx.an inverse

From the definition given above, we see that we can talk of an inverse of a square matrix
only. Also, we find that, i be an inverse of a square matrix only. Also, we find thabé an

inverse of4, Ais also an inverse d.

We already know it
0. (6Xj0)=0]0
or A (a_l‘f'ﬁ =], providedlos . T

Hence, A~ (edidy if |A]| # 0.
4|

Thus, we find another from the inverse or reciprocal of the matrixvhich is quite
suggestive of the procedure for finding an inverse.

0 lis said to be the inverse ofbecause it possesses the propetyl =0 10 ="0

Theorem 1.The inverse of a matrix is unique.

Proof. If possible, letBandCbe two inverse of a square matdxSinced is an inverse of],
we have

00=00="0é (i)
Again, sinceCis an inverse off, we have
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00=00="0é (i i)
From (i), we have
0(6)=0CG0 é(iii) Also, from (ii),
(60)6="0=0 é(iv)
We know that 0(60) =(060)0.

Therefore, from (iii) and (iv) it follows that
B=0
I. Q,the inverse is unique.

Theorem 2.A square matrido has an inverse, if and only|Jds . T

OR
A square matrixdis invertible, if and only if4 is nonsingular.

Proof. The condition is necessary LBt

be the inverse of the matri then

06="0
Therefore, [0]]6] =|"P=1.
Hence, |[6s . T
The condition is sufficienSupposd0s LetmsBassume that
_ adj A
Al
AB = A. (a_ngcli'f
A
_L(Aadja)=""=
14| 4]
BA =1
AB =BA=1.
C
Similarly,
C

Hence,Ahas an inverse.

Theorem 3. Reversal Law If Aand® are invertible square matrices of the same order, then

00 is also invertible and
(00) 1=06 10 1
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Giveno, 0 are invertible matrices of same order, hence

|[os , mand |6s

t 0f0s aos + uis invertible.

Tt

Let (88) 1= &, then(88)6 = "G 6(9)

Now, (06)6="0 t 0(66) =0
t 0 1[0(60)]=0 1
+ (6 10)(88)=8 1 o) =6 1
t 06=01 t 0 1(60)=06 10 1
t (6 16)6=06 10 ! O=06 1o 1L
t 0=0 10 1
Hence, (66) 1=0 10 1.
Example 11.Find the adjoint of the matrixo = [ 2 3]
5
Solution : o = [ 2
3
4
Here, cofactor ofcys l1+p4=4
Co-factor ofcy2 142 v u v
Co-factor ofdy: 2ot o o
Co-factor ofée2 2P G C
A an a4 5 [4 B ]Adjomt of
=lay ap!=l3 5l = 5 —2
2 1 4
Example 12.Find adjoint ofA = [3 1 3]
4 1 5
21 4
Solution : 0=[3 1 3]
4 1 5

Now, If4j = co-factor ofcy
Q1 @1 GB1
Thend GO0 =[a2 G 032
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Qi3 Q3 a4
@ |t 3 AP ILRE .
F 1) - - >
| t 3 3 3 a2 1Y
adja= (D20 Y (22t et
11
l(—1)3+1\il Y e Y ot

*®
v g puL O C T
0Q 0 v p TT PO T
Y T ¢ pPC o
2 o =p 2 p Y
0Qg o PO ¢ ®O6]
1 6 p p 2 P
1 0 2
Example 13.Find 0 1foro=[2 1 0].
3 2 1
adj A

Solution: A-1 =

|4l

The adjoint ofd,as calculated in example 1 of the proceeding section, is as under :

1 4 2
o o 5 4]
1 2 1
1 O 2
|0] =2 1 0] = 1(2) + 2(1) , expanding by the first row
3 2 1
=3
1 4 2
L1 4 -2 Fs 3 T3
Al=_[-2 -5 4]= _2 _5 *
3 3
1 -2 1 ll 2 1J|
3 3 3

Note. The answer can be verified from the fact thatd = "Qas shown below.
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A1A= _2 _> 4 [2 1 0]
3 3 3
[1 2 1J3 2 1
3 3 3
1,8 4 4 2 2
F3+3_1 3_8 3_3] 1 0 O
— _2_10 _5 4 4 — =
3 z T4 3+§ —3+3 =0 1 0=
| o i ;+;§ 00 1
3 3 3 3 3 3

Example 14.Calculate the inverse of the matrix

'c‘)~=[°°°i.
W Q
Solution : Herelds @@ ¢0 &b
&)
Now, |6 =0,if (Q @=0.

Let us assume tha) ¢  So that ! exists.
But 4~1 =4

[A]
Now, we have

Al =d, A1z = —c,A21 = —b and 422 = a-
adja=1% 7h
—c a

1 [ d —b

(ad—bc) —c a

A1 = ]
¢
And

Example 15.Find the inverse of the matrix :

3 pm p
c8 2]
2 4 C
3 10
Solution : Let 0 C 8 2]
2 T G



|0 o P @ 1 PT T

T Tt Qo6 Lexistsp @
The cofactors are
011 PO , W U]
A =—-A—-4)=0
013 U] po P
Az1 = —(20 — 4) = —16
022 () y G T

Az = —(—12 + 20) = -8’

031 ¢m U/ PC
032 () q T
033 CT CTr 1
) 8 0 U
¢ Matrix of co-factors POT )
=12 -4 4
-8 —-16 -—12 2 4 3
~adjA=[0 —4 —4]=-4[0 1 1]
-8 -8 4 2 2 -1
1 _ s 2 4 3 , 2 43
Ar="(adjA)="T0o 1 1]="[0 1 1]
Al 16 4
2 2 -1 2 2 -1
Then
Example 16.Given the matrix
1 4 2
8 g 1], show thakX 1= @
1 3 2
Solution : We know that
X_1 — Adj |
X
We haves 8 s p T o T C p
Let us find adjoint af
1+1 c p , p
011 P
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1+2 pp
012 P
1 2
013 P
2 3
4 2
021 2+t ,
3 2
1 2
022 2+ ,
12
1 4
023 243 1
13
4 2
031 3+t ’
2 1
1 2
032 3+ :
0]
Hence, cefactor matrix (q§]
0 -3
1 -2
AdjX=1[ 3 0
-5 1
. 1 -2
-1 = _
—3[3 0
-5 1
1 4 2

—3]
6
1

XX—1=1§[—1 2 1][3

1 3 2
_1 I1X1+4X3+2X-5

1
=71 ]
,0 30
0 0 3
1 2

-5

1X-24+4x0+2x1
—[-1x1+2%x3+1%x-5 —-1x-2+2x0+1x1

1X1+3x3+3x-5% lx—2+H350F2x1

=

1

0 1
0 0

2
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1+3 1 2

11
3+ 3 4p

12

I1X04+4x-3+2X6
—1xXx0+2x-3+1Xx6]

1xXx0+3%xXx-34+2x%x6



Example 17.Show thato = [2 1 2] satisfies the equatiod2 6t @& 0 whereO
2 2 1
is identity matrix andO denotes the zero matrix. Hence find the inversedof
1 2 2
A=[2 2]
2 1
1 2
A? =2 2] %
2 1
1+4+4
=[2+2+4
24442
4 8 8
4A=[8 4 8]
8 8 4
5 0 0
5=[0 5 0
0 0 5

N = NN =

D —

[ssJNs]

8
44 —51 = 8] —
9

O
S 00O

=[ 8-8
8—8

|
—
o O o
o O o
CDSO
Il

1 2 2
2 1 2|=1(1-4) -
2 21

Solution : Here,
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Also,

4

and
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2+4 2+4+2 9
1+4 4+2+2]=1[8
2+2 4+4+1 8

(o]
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To find4 _1.

[s5 q ¢ T q
Hence,0 ! exists.
Multiplying the both sides of the equation
02 ot &0

byA 1, we have
A~1A2 — 4A-1A —-5A-1 =0

of  A—4]—54-1=0 orC
SA-1=A— 4]
122 400 -3 2 2
=[2 1 2]-[0 4 0l=[2 -3 2]
221 004 2 2 -3
3 2 2
2 2 -3

2.8 TEST YOUR UNDERSTANDING (B)

5. For the matrices = [1 G andé = 5 6] prove tha{06) 1= 06 10 1.
3 4 ¢ 2
4 33
6. If O p o P,
4 T o

Find ¢Xj 0, and hence, find the inversedaf
7.  Verify the theoren®. (¢XJ 0) = (¢Xj 0). 60 = | 0| Gfor the matrix,

1 2 3
o=[1 3 4).
1 4 3
34 6
8. Ifo=[1 2 3], verify thad 10 ="0O
8 5 10
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11 2 1 2 0

9. Ifo=[0 2 0,0 1=[03 p, find (006) 1
3 ¢ 4 1 0 2
12 3

10. If6 =13 ¢ 1], show thatys — 234 — 407 = 0, Wherelis a unit matrix of orde8
4 2 1 and 0 is null matrix of ordes. Hence (not

otherwise), computé 1.

11. Verify42+ 30 + 4G 0 for the matrix
1 1

]
2 2
Hence, obtain the inversef

12. Show that the matrix

6=

2 p 1
0 p 2 P
1 p 2
Satisfies the equatiai® 04+ 90  "@ 0, and hence, deduce 1.
Answers
4 3 3 4 3 3
16G6=[1 0 1101 0 1]
4 4 3 T 4 3
16 12 1
5.[21 11 -7]
10 -2 3
1 -4 4 8
A_lzﬁ[l 11 8]
14 6 8
6.
3 1 -1
81 3 1]
-1 1 3

2.9SOLVING LINEAR EQUATIONS BY MATRIX INVERSE METHOD
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With the help of matrices a set of linear equations can be solved to find unknown values.

Suppose we have the following set of linear equations:
G111 + G122 + € é +0XeG = Q1 (216

+ 0202+ 6 & +0%G = G

G101+ Cr02+6 € +(raca = G3.

These equations may be written in the following way:

i1 2 E  cxe o1 G2 Q1
o=[2t e E [:] Al
‘ 21X

. ] ) w .

631 @: E G

Gd

If 0 is a nonrsingular matrix then

Adj. A
[A]

X=A"1B, A '=

__Adj. A-B
A

or

Criterion of Consistency:

Let 0X = 6 be a system af-linear equations i& unknowns
Case | :If [ds , themthe system is consistent and has a unique solution giver by

0 16.
Case ll : If |[0] = 0 and(¢Xd 0).06 = 0, then the system is consistent and has infinite many

solutions.Case Ill : If |6] = 0 and(uX] 0).B , then the system is consistent.

Note : If |0] = 0, then system will have infinite numberssafiutions.

Example 18.Solve the system of equations
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1 1 1 X 6
A=[1 -1 1]1,X=[y],B=1[2]
2 1 -1 z 1
0 2 2
A1="[3 =3 0]
3 1 =2
02 2 6 6 1
X=%[3 -3 o0][2 =_[12]=[2]
3 1 -2 1 18 3
Now
¢

C w=1,0=2,4=3
Example 19.Solve the following equations by matrix inverse method

61+262= 10
200 0,=15

Solution:iiz[1 2],X=[dq],('5:[10]
2 p @ 15

0X=0
“ 1 2
0
|0 5
2 1
¢ [0s u
Co-factor ofp ., P
Co-factor of¢ C
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Co-factor of¢ C

Co-factor ofp p

¢ Matrix of cofactors= [ 1 9

2 1
1 2
5. = | 1
2 1
AT B oA A0
=0 AP0 0

5 —20 +(—15) 5 =35 7

C nh=8,0=7

2.10TEST YOUR UNDERSTANDING (C)

1. Solve the following equations by matrix method :
W w=5 3w+ 4w=7 2.
Solve the following equations by Matrix method :
W+ 3w+ a= 16; 20+ W+ 30=19; w+ 2w+ 40 =25 3.
Solve the following equations by using matrix method :
W+ W+ a=6; w+2w0+3a=14; w+ O+70a=244. Solve
the following system of linear equations by using matrix method :

®w w3 6w w5

5. Solve the following equations by matrix method
@+ 50 =11, 40  w=9
6. Solve the following equations by inverse method
W+ @+ =1 2+ 206 +3w=6a+46+9mw=3
7. Solve the following equations by inverse method

@ @+5w=1, 2 w@+8w=2; at+tb6wt+t7wn=1
8. A salesman hallowing record of sales during three months for three itepgsando
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which have different rates of commission.

Months Sale of Units Total Commissiol
A B C Drawn (in Rs.)

January 90 100 120 800

February 130 50 40 900

March 60 100 30 850
Find out rates of commission per item@nd andC by matrix

method.
Answers
27 -1 21,2,5 31,2,3 4. Inconsistent
11’1
5. @=3, =1 6x1=7,G el
7. x1=__14,x‘2=__7,x‘3=i 8.(b:2,(b:4,¢(:11
19 38 19

2.11SOLVING THE EQUATIONS BY CRAMER RULE

It is a method that adopts determinants therefore it is also known as solving equations by the
method of determinant. By using this method, in a set of three (say) linear equations, the
unknown valueg, w anda can be obtained. To solve the equations, 4 determinants are to be
computed. They are :

O = For the information given in the matiixQ determinants of coefficient af, y, z.
|O1] = Determinant obtained frofiQ] by replacing its first column by ¢hvalues of3.
|G| = Determinant obtained frofi©| by replacing its second column by the valugs.qios|

= Determinant obtained froffQ| by replacing its third column by the valuesiof

(i) If|Cs ,themthe values of unknowns are given Qy 2 1p1l o _ 1Dzl and
DI’ DI
_ Iy

D]

VA

@) IO = |0 = |0 = |G| = 0 then the given set of equations is consistent having
infinite solutions.

(i) If /O = 0 and at least one of the determindidg, |O2| and|Gs| is norzero, then the
system is inconsistent.
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Example 20.Solveh e f ol |l owi ng equations by

20 =5
0 D

Solution: The above equations can be presented in the form of matrices :

‘2 -1 X 5
L=l
AX =B

Consider |D| = \2 1\ =(-8+1)=-7
1 4

Dl =]° “Y=(20-1)=-21
_1 —_
ID2f =2 °|=-2-5=-7
-1
== oy =TTy
1D -7 |D| -7
G
C w=3,0=1.
Example 21.Solve the following equations
6o+w oUD v

+3w 2z=5
20+ O+ 4z=8

Solution: The above equations can be presented in the form of matrix

6 1 o W 5

1 3 ¢ o =[5]
o

2 1 4 8

6 1 o

g =11 3 (S @ pPg¢ G P T
2 1 4
® pT P P v o
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|G| =[5 3 QS L PG G P QT PO
8 1 4
X T o L X wp
6 5 o
|G| = [1 5 QS ® QT PO L T T
2 8 4
Cpo LRI ¢ pPYgq
6 1 5
|Gs| = |1 3 LS @ QT v Py p T
2 1 8
=114+ 2—-25=091
C =91y
D] 91
1D2| _ 182 _
Y=o Ter T
7= Dal 91 _
|D| 91
¢ w=1,0=2,4=1.

Example 22.The sum three numbers is 20. If we multiply first by 2 and add the second
number and subtract the third, we get 23. If we multiply the first by 3 and add second and third
to it, we get 46. Find the numbers.

Solution: Let the number bg, wanddarepectvely. According, the question we have

W+ W+ a=20 (First Condition)
20+ w a=23  (Second Condition)
30+ W+ a=46 (Third Condition)

The above equations can be presented in the form of a matrix.

1 1 1 W 20

2 1 p of =[23]
3 1 1 a 46

To solve the equations, consider the determinant
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11 1
d=12 1 »ps P P p
31 1
q v P G 0 T
20[0= 1 1
23 1 ps CT PP GO p  TQ
46 1 1
T (ONO] Co T wC
1 20 1
|G| =12 23 ps P GO T q
3 46 1
P w pTT o W ¢ pTT
1 1 20
|Gs| = |2 1 GOS P TOQ o
3 1 46

=23-23-20=0-20=-20

¢ x=Pl=""-13

Dl 4
_ D2l _ -8 _
Y=o Tm
bl -4

Thus,= 13,y =2 andda=5.

Example 23.Solve the following system of equations

O+ 30+4z=8
20+ W+ 2z=5
50+2z=7

1 3 4 @ 8
6=21  2|,X=[d,6=[5]
5 0 2 & 7

Solution:

60X =6
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|Os P C T o 1 p Tt T T v

Since| Q| = 0, the system may have infinite number of solutions

Now solve any two of the given equations. Solving the last two equati@sequation (ii)
and (iii), we get

200+ O+ 2= 5,50+ 2= 7
} » = 7-2k

5
Putting this values abin equation (ii) we get

y=5-2x—2k="5-2(2) -2k

_ 11-6k
5

Thus all the infinite solutions of the given system are given by

7-2k _ _ 11-6k

x:5,y 5 7

z=k

WhereQ is arbitrary real number. By putting different valueskpfwe can get different
solutions. For example, puttin@= 1, we get a particular solutiah=1,y =1, a=1.

2.12TEST YOUR UNDERSTANDING (D)

1. Solve the foll owing equations using Cramer
20 w=1; 70 o X

2. By Cramerdés rule, solve the foll owing equa
200 W+ a=4; W+ 3w+ a=12; 3x+2y+z=5

3. Solve the following |Iinear equations by Cr
W+t +a=1; o+20+ a=1; 3 W 0=6

4, Solve the following equationgyb Cr amer 6 s rul e
W+ W+ a=9; 20+ 6W+70=55; 20+ w0 a=0

5. Solve the following equations by Cramer 0s
2x—y+3z=9
x+3y—z=4

3x+2y+z=10
6. Solve the following system of equations
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(@) 50 wp 4a=15; 70+ 4w 0 49; 20+ W+ 60=46

(b) o+ w+ a=9; 20+ 6w+ 70=55; 20+ w a=0
7. Solve the foll owing equations using Cramer
W W+a=4; +3w+2a=12; 3w+2w+34a=10
8. Using determinants, show that the following system of equations has infinite number of
solutions.
W+ 3w+ 44=8; 20+ W+ 20=5; 50+ 24=7
9. Solve the following set of equations
W+ O+ a=1

W+ 2w+ 3a=4
W+ 3w+ 50=7
10. A manufacturer is manufacturing two types of produttsandB. 01 and 0, are two

machines which arased for manufacturing these two types of products. The time taken
by bothd andd on machines is given below:

Machine01 Machine0>
Producto 20 hrs. 10 hrs.
Producto 10 hrs. 20 hrs.

If 60 hours is the time available on each machine. Calculate the number of units of each
type manufactured using matrix method.

Hint : 20w+ 10w= 600 10w
+ 200= 600
Answers
1 () , © X
2 x:—ﬂ’y:iZ:ll
7 7
. x=ly=Mg--n
14 14 14
x=1,y=3,z=

w=1,0=2,4=3

@w=3,w=4,0=6; (h)w=1,0=3,4=5

System is inconsistent sinf@ = 0 and|Ois L1
For'o=1,w=1,a=1

© © N o g &

Infinite solutions="Q ,g=3—-2k,a="Q
10.  ®=20,y = 20.
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2.13LET US SUM UP

A To every square matrix, we associate a single number that gives us an important
information about that matrix. That number is called determinant of the matrix.

™

The matrix which is not square does not possess determinant.

A Determinant is used to know whettthe matrix is invertible or not.
A Determinant of any square matrix can be easily calculated by applying its various

properties.

A Matrices and Determinants can be used to solve a system of linear equations.

A There are two methods to solve linear equationi . e . Met hod of Determ
Rule) and Matrix Inverse Method.

2.14KEY TERMS

A Determinant: To every square matrix, we associate a single number that gives us an
important information about that matrix. That number is called determinant of the
matrix.

A Minor: The minor of the element in the determinant of the square matrix may be
defined as a@eterminant which is left after deleting the row and column in which the
element lies.

A Adjoint of a Matrix: A matrix obtained by interchanging the rows and columns of
the cefactor matrix of the given square matrix.

A Inverse of a Matrix: The inversef any square matrix O06A06 i
6B6 such that AB = BA = |

2.15FURTHER READINGS

1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.
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2.N. D. Vohra, Business Mathematics and Statistids(sraw Hill Education (India) Pvt Ltd
3. J.K. Thukral, Mathematics for Business Studies, Mayur Publications

4.J. K. Singh, Business Mathematics, Himalaya Publishing House.
5.J. K. Sharma, Business Statistics, Pearson Education.

B. COM (Hons)

(Accounting and Taxation)
SEMESTER I

COURSE: BUSINESS MATHEMATICS AND STATISTICS

UnitT 3: Functions

STRUCTURE
3.0 Objectives
3.1Functions
3.2Domain, Cedomain and Range of a Function
3.3Algebra of Functions
3.4Kinds of Functions
3.5 Test Your Understanding (A)
3.6Classification of Real Functions
3.7 Some special Functions related to Business and Economics
3.8 Test Your Understanding (B)
3.9Let us Sum Up
3.10Key Terms
3.11Further Readings

3.00BJECTIVES

After studying the Unit, students will be able to

Define the Meaning of a Function.

Understand the concept of Domain and Range of a Function.
Differentiate between various types of Functions.

Describe Algebra of Functions.

Apply Functions in Busiess and Economics

To o To To Do
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Suppos& and® are any two nommpty sets. Led = {3 Q) 0 '@}, 6 = {& @ &. Suppose by
some rule or other, we assign to each elememt,dd unique element df. Supposen is
associated t) @ is associated td) cis associated ta and'Q is associated to. The set of such
assignmentotaistd c adnhi®@ & © B If we denoted this set iy then we
write

0®o
whi ch i sfisradumdionaafA téiBO  oflis a thapping from A to BO . Il n fact
function can be thought of like a machine: when wedgumto the machine, it comes out with

corresponding .

Definition 1.Let A and B be two given sets. Suppose they exists a rule denoted by f, which
associates to each member of A, a uniopgenber of B. Then f is called a function or a mapping
of A to b. The mapping of A to B is denotefl iyp © 6 or by 6 © 6.

Fig. 1
Further,ifcd X 0, then the element i which is assigned t@ is called thé image ofcw or the

value of the functionfor wand is denoted by ).

Definition 2.Let x be some variable quantity. Then a rule that assigns a definite value to

every value that x may have, is called a function of x.

Definition 3. If x and y represent members of two set A and B respectively, we say that y is a
function of x and writeo , provided we can associate, by some method or procedure, to
everymX 0, a uniquey X0.

(Note:The s ynbotlamds f)or O0bel ongs tobo
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Example. Giving the following two sets :

0 = {Tony Greig, Bobby Fischer, P. Padukone, Chris Bvert
= {Badminton, Tennis, Chess, Cricket, Hockey, Volley Ball

Set0 lists the players and the games. Fab X 0, ando X 0, we define a procedeifor assigning

a member sdi to each member @f by @ playsy. This rule thus defines a function framto 6

that associates Tony Greig to Cricket, Bobby Fischer to Chess, P. Padukone to Badminton and
Chris Evert to Tennis.

The general notationf@ function is
W W e(1)
It meansw is a function ofc, or @) is the value of the function ator w is the image ofo under
f. In this notationw is said to be thendependent variable,since it may have any value from
among the member of sgf while w is dependent variable for the values ofo depend upon the

particular choice ok.

Note : The rule"Qshould possess the characteristics that there may be some elements of the
setd which are not associated to any element of the setbut each element of the sdi must
be associated to one and only one element of the BefTwo or more elements of the seb
may be associated to the same element of the 6ebut association of oneelementd to more

than one element ind is not permissible.

3.2DOMAIN, CO -DOMAIN AND RANGE OF FUNCTION

Letf be a mapping od into B. Thend is called the€a ¢i¢ of the functiorf anddé theds-
‘CEa e of the functionf. It is evident from the definition that each elementoieed not
appear as the image of an elemem.itwwe define the range ofto consist of all those elements
in which appear &5 image of at least one elemenlinThere can be more than one elatradA

which have the same imagefn The image set0] is called the range ¢f.
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FUNCTIONS DEFINED AS SETS OF ORDERED PAIRS Leto and0 are any two non

empty sets, then a mappingf4 to 0 is a subsetofA x dsatisfying the following conditions

(a) for eacdX 8, (@, b) X , for somen X B; (b)
if(a,b) X and(Gb X , then®d= Gxe

The first condition ensures that we have a rule that assigns to each efergeat some
elemenio X 6. Thus each element & will have image. The second condition guarantees that

the image is unique. Accordinglfy,is a function frond toB .

Note:lf @, © 0, itisimportant to distinguish between a functicend the value &) off for

any elemetx. While is a subset ab x 6, ¢ is an element of the spt

EQUAL FUNCTIONS : Two functions f and g are said to be equal iff
(i) the domain of= domain ofg,
(i) the codomain off = the codomain of and (iif)(&) = "@Q)

for everywbelonging to their common domain.

Example Let0 = {1,2},6 = {3,6} andf: A — Bgivenby &) = ¢¥ + 2 andg: A — Bgiven

byg (&) = 3 Then, we observe thfatand "Chave the same domain and@omain and also

p 1) o and C “(12) Kence

3.3ALGEBRA OF FUNCTIONS

If and™Qare two functions, we define

(i) Thesum function  "Qby

Yo 6+ A,
(i) Thedifference function "Cby
Ao o qw,

(i) Theproduct function "oy
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"MW 0. AW, (iv) The
quotient function Mby where'@w f ath x& n'GY(a)o
@)/ "2Q).

3.4KINDS OF FUNCTIONS

If f: A — Bis a function, then associates all elements of 8eto elements in se&t such that an

element of seb is associated to a unique element ofBsdtollowing these two conditions we
may associate :

(i) difference elements of setto different elements of s& or
(i) more than one element of detmay be associated to the same element of,set

(iii) all elements irB may have their prémages inA.
Corresponding to each of these possibilities we define a type of a function as given below :

(1) ONE-ONE FUNCTION (INJECTION) : A function @, © 0 is said to be a onene

function or an injection if different elementsooliave different image ip.

A B

Fig. 2

Thus, @O 6 isoneones @
t ®» @ forallag, o 6.

A ® = oforalla, N 0.

Examples :
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(i) A function which associates to each country in the world its capital adecause

different countries have their different capitals.

(i) LetX ={1,2,34®={1,49,16}and d ®s.t°a) = ¢! wN ,then isoneone
mapping ofX into Y, as no two distinct elements of X have the samage in Y.

(2) MANY -ONE FUNCTION : A function ¢, © 06 is said to be a mangne function of two
or more elements of sethave the same image fh
Thus, @O° 06 is many one function if there exigftoN 0 such that  wbutf (® .

In other words, @ 6 is a manyone function if it is not a orene function :

& B
: )
. ]
Fig. 3
Examples :
(i) 0 ph @idd ={q,M, 9¢16} Consider @° 6 st @& = ¢
Then p .f(1)=1p ¢ ,f(2)=41

Clearlyland 1 have the same image. Similartdyand 2 also have the same image. S

a manyone function.
(i) Consider a function ° dgiven by ) =|d.
Thenf is a manyone function because for eveby @y @ ,®  cbutf (© Q.
iz s ok
(3) ONTO FUNCTION (SURJECTION): A functionf: A — Bis said to be an onto

function or a surjection if every elementdofis the fimage of some elementAfi. Q if 0) = 0

or range of is the cedomain of .
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Fig. 4
Thus, @° 6 is a surjection iff for eact™ &, MmN 6 such thaf (¢) = G

(4) INTO FUNCTION: A function off: A — Bis an into function if there exists an element
in 6 havingno preimage iM .

Fig. 5
In other words, @ 0 is into function if it is not an onto function.
Examples :
() Letd ph @ {Ig4and @,° 6 be a function defined byc) =
¢¥. The is onto because 0 : <P C 0 ph 1

(i)  Afunction ¢ © 0 defined by ) = 2wis not an onto function, because )
¢h 1 h0 (podontin)8
(5) BIJECTION (ONE -ONE ONTO FUNCTION): A functionf: A — B is a bijection if it is

oneone as well as onto.
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Fig. 61n other words, a function d,© 6 is a bijection if

() ltisoneonei. B ch & d= wforall x,y N 6.

(i) Itis ontg i. Q,for all N 6, there existsoN 0 such that ¢) = @

Example : Leb be the se of even integers ahde the set of odd integers, then the mapping
@O O given by

~

W= pdno

iS oneone onto.

(6) ONE-ONE INTO MAPPING : Any mapping which is orene as well as into is called

oneone into mapping.

Exanple : LetX be the set of integers analbe the set of all even integers, then the mappidg
8 @&s.t. ®=2ww' i8aninto mapping which is also coee.

A B

Fig. 7
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Example 1.Given'Q0) = 2(? 0ot 1;findf (2),"®0),Q o©
Solution : C 2 o 3B p ¢ 8 1 (0} (0}
3
f(0)=2.0-3.0+1=1;
o 2 o b=
18+9+1=28.

Example 2.The rule defining a functiorf is as follows :
(i) = (i) >
. Find the domain of definition of .

Solution :
Q) fox) =22, herd (¢) is undefined ato= 0. So the domain of definition §fis the set

X

of real numbers except 0.
(i) & is undefined foro= 1 only. Hence the domain of definition ofs the set of all real
numbers except 1.
Example 3.Find the range of (0) = 62, 0N (real number).
Solution : 11t and fomevery noszero real values of, (positive or negatived¥ is

always positive. So we gat range M

Example 4.If "Q0) = 0+ | 0], find "®3) and"Q  @nd show also they are not equal.

Solution : o o SOS o o 0
o Y s ,6% ,E0 OO a [Note : Iff §o) =
&), in this casg¢ o , then @awill be an even function af].

Example 5.Show thaf(x) = *~4is undefined forb = 2.
x—2

xzf . N
Solution : f(x) = _4;putt|ngoo: 1,
2

x—

fy=""="=3
1-2 -1
¢ p , which ig definite

Again fory = —1, f(—=1) = =8 = 2% = 1 so f(x)is definite ato= 1
1-2
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¢ p , which igpdefinite so this define at p

Foro=2,wegef(2) = “* ="
2-2 0
f(z) = 0_, which is meaningless
0

C &) cannot be defined fab= 2.

Example 6.Find the domain of the functiom(x) = X
x2—9

Solution : Here ) has a unique value except for 3, 3.

Forx = 3, f(3) = >_ = 3(undefined)
9-9 0
= —3,f(-3) = > = Z*(undefined)¢ domain of the function ¢y is
9—-9 0
< 1 03<wW<3;3<w H

Example 7.Given the function :

QY =52 ,p for p 0<0

_ x2—2

=X for <1
. xX—2
for p L .O
Find £(=1), £(0), f &), f(2)
Solution : Now p ¢ P vp (since lliesin p w<O0)
=52 p ¢ L . Point p CT
0, Llies in the second interval, so
2
floy=""="

[l
H
~n
~
g
Il
| -P‘llH
)
|
~J

f2) = ;2 - = ﬁ =% (as 2 lies in the 3rd interval)

”

Example 8.1f f (0) = (® 0, prove thaf 'Q " Q
Solution : Q p 2 "QQ pp
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=h2+2h+1—h—1=h2+h
f(~h) = (=h)? = (=h) = * + h
¢ f(h+1)=f(—h)

Example 9.1f "Q0) = B Ou 4, for what values of x i2"Q0) = "@0)?
Solution : 0= 2(2 6)2 UG) +c4
=2 .40% O+14 = 862 oo+14

C =22 wrd)=4c¢ Q8
By condition we haveBa¥? Q+4 = 40 pFi8ordo¥=4orx2=1o0r,0==1.

Example10. 71 (x) = x3 — ):_3 then show thaif(x) + f (i) =0
Solution: We have :

S = %3 = 4

¢ fay=1"" 48,
. QO G s
ﬂ@+ﬂa=xh—%+;-ﬂ:a

X X

C

Example11. If f(x) = log (1), show thatf (x) + f(y) = f (222).
1—x

1+xy

Solution: We have
fx) = log (=)
¢ ) = log ()
-y
f(x) + f(y) = log (iﬁ) + log (1i)
. 5
= log (1) (1)
1-x 1-y
= lOg (11+x+2+x2)
—x—y+xy

1+

x+y 1+xy

Then,
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e (i)

Again,  f(77) = logl ]

1+xy

= log (1+xz+x+ Z)
1+xy—x—y

e (ii)

From (i) and (ii) it is clear th§ifx) + f(y) = f(lx—;tx ).
xy

Example 12.Find the domain of each of the following real valued functions

. 1 . __ 5x—4
(l) f(X) = 2 (ii) f(X) = aera (i) f(X) — m

Solution: () Wehave  f(x)= 1
x+2

Clearly, &) assumes real values for allexcept for the values of satisfyingw+ 2 = 0,i. Q

- Q

Hence, domain of the functionw)

i. Q, Domain Y C
(i) We have x) = >4
f( ) x2—3x+2

Clearly, ) assumes real values for alexcept for the values afor whicho¥ oo+

2=0,i.Q,w=1, 2.

C Domain Y ph ¢

(i) Wehave  f(x) =+vx -4

Clearly, ) assumes real value,df T W TU TioM Th B

Hence, Domain ) Th H
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3.5TEST YOUR UNDERSTANDING (A)

1. (@) F &)= 6%+ 2¢ verify that o @), (i) ©) = o+ 2¢8 verify that ¢) =
@)
2. If O=(w o) () dind the values of :
(i) p (i) ¢ (i) o (i) s
[Ans.0; 0; O0; 6]

3. If w=5 for every values of, cary be regarded as a function®? [Ans. Yes]

4. Q= w+|q,are  and equal ?

[Ans. NoO]
5. If (x) = bx=¢ + ax-b, thenf(a) + f(b) = f(a + b).
b—a a—b
2_ X . . \ .
6. Show that* """ is undefined foro= 2 and also find .Q
x2—8x+12
[Ans.o0]

7. let @ =29 _1<x<0

=4, m w<l
=20 ,p .0
Calculate ,p ., ,p .O
[Ans. 2; 4; 1; 5]
8. If &=+ wprovethaf Q p . Q C ®Q
9. Find the domain df, if
(i) foo =1 (i) f) =T
5—x x2—5x+4
[Ans.Domain ]  [Asts. Domain Y gh =

10. Find the domain of the functiond), defined by f(x) = V4 — x + !

xe—1

[Ans.Domain Mih]  p
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3.6 CLASSIFICATION OF REAL FUNCTIONS

(1) EXPLICIT AND IMPLICIT FUNCTIONS

In an explicit function, we have dependent variable on one side of the equation and the
independent variable on the other. We have been dealing so far with this type of functions.
Thus, an explicit function is represented by the fgrm f(x). In implicit functions, we have
both the variables.('Q, dependent and independent ones) on the samei.sif®¢ Iéft hand
side or right hand side or both sides). The general form of an implicit functiab § = 0,

whereo is a constant.

The following are thexamples of explicit functions :
W= %, w= Qandw= ¢+ 4w PThe
following are the examples of implicit functions :
W@+ =1, ro=2
and 30+ 400=20w + 100  wp

(2) EVEN AND ODD FUNCTIONS
Leyw o) be a function with its domain of definitic@ . If, for everyw™ 'O , ®
also belongs t® , the function is said to be even or odd according as :
@ yor W Q.
(3) LINEAR FUNCTION
A function of the form &) = G+ @ (whered ando are real numbers) is called a linear
function. Its domain is set of real numbers. Replacing by ¥y, the function may be

rewritten as

W=awt+t® é( 1)
In this casewis a dependent variable atis an independent variable. Alsb,is the slope
andais the intercept oy —axis. For examplap= 3+ 4 is a linear equation with slope 3

and intercept oty —axis 4. The equation (1) is also known as the equation of a straight line in

slopeintercept brm.
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N B(0.c)

\,v:mxfc

™
R

\\\ A(-e/m,0)

X

Fig. 8
The graph of the linear functiah = d @+ @is a straight line. To draw a straight line, we

needed to find any two points that lie on the line and then to join them by a straight line and
extend the line further on both the diieat

(4) QUADRATIC FUNCTIONS AND PARABOLAS
A function of the form
) = 6u®+ oo+ @ é (1)
(where , @andoare the constants add )15 called aguadratic function. The graph
of quadratic function.

(1) is a curve, called gparabola. Its domain is the set of all real numbers.
Puttingc= = 0 in (1) we get a simplest quadratic function
W= o
Its graphs whem is negative and when it is positive are the parabolas as shown in Fig. and
Fig. respectively. The lowest point dmetgraph wheid > 0 occurs at the origin, while the

origin is the highest point wheaid < 0. In either case, this point is called thertex of the

parabola.
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\ /

\ y= axc,
\ a greater than 0

y = ax?, a less than 0

Fig.|9 Fig.I:LO

(5) POLYNOMIAL FUNCTION

4

A function of the form &) = c»GF + AGF 1+ 2F 2+€ € é é é .+,
wherecy, 3, G»é é é @ are constants and is a nonnegative integelg, = 0, iS

called a polynomial function of of degreen.

(6) RATIONAL FUNCTION

A function of the form(x) ="* g(x) = owhere f(¢) and f(c) are
q(x)

polynomials is

called a rational function. For exampi?;—;is a rational function.
x“+5

(7) EXPONENTIAL FUNCTION

A function having a variable base and a constant exponent,

viz., y = x, x3, x%, etc., is called a power function whiefunction having a constant
base and variablexponent is called an exponential functiBor examplew = o (©

> 0,a # 1)is an exponential function, whece is the base and is a real number

exponent.
(8) LOGARITHMIC FUNCTIONS
If ©> 0 andw , the exponential functioto = ¢¥ has an invels function which is

called thdogarithmic functioto the bas&dand is denoted by = &"Q« Thus,

6= (P EQO= GEQED
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t w= €"Q® which is called logarithmic function.
Thus, it > 0, the logarithmic functioi¢"Q w is the exponent to which the basenust

be raised to get.

For example :

23=8 C €'Q8=3;

(9) MONOTONIC FUNCTION
Let us consider any two numbeis andax in the domain of definitioficy ¢ of @), such
thatoe» > . Then @) will be said to banonotonic.
(i) increasing if& o if a) (i)
decreasing ificy ¢ if 6 Q).

(10) GREATEST INTEGRAL FUNCTION
@) =[] = greatest integer less than or equal.to

Q,if T < 1 the function value is always 0.

if p @< 2, the function value is always 1.gf w< 3, the
function value is always 2. again ifp < 0, the functional

value is always 1 and so on.

(11) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION

A functionw o) = |} is called arabsolute value function (or modulus
function).It is defined as follows :

W =wforw>0
=0, forx =0
wforx <0
Example : Whenw=4, 0= 4| =4
=0,w=]0|]=0

4 S TR T
(12) IDENTITY FUNCTION
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LetX be any set and the functiond, 8 be @efinBd by the formulad) = w! @~ ,i8'Q,
each element oK is mapped on itself, then is calledthe identity map or the identity

functioron X.

We denote this function b@ usually. Thus if@ denotes the identity mapping on aXget
we have

Y =w! o .8
Example : Letd = {&) & &) Q. Then A6, (A Q), (@G, (Q D} is an identity
mapping of4. ldentity mapping is always orane onto.

(13) INVERSE FUNCTION
Definition : Let d & be® bijection. Then a functigQ @ ©  &hich associates each

elementod (to a unigue elememdt  sBich that @) = wis called the inverse 6f i. Q,

Fig. 11
@G=dy YD) =@
The inverse of is generally denoted by
Thus, if d, s adijection, thef 1: O i8 such that
@=v D=
Example:I1f 6 ={1, 2, 3,4}, 6 ={2, 4,6, 8}and @C 06 is given by &) =2 then
p ¢h ad T th ¢ o 0]

So, ph ¢ h ¢h 1t h oh ¢ h Th
Which is clearly a bijection.
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C 1={2 1), (4, 2), (6, 3), (8 4}

(14) COMPOSITE FUNCTION

Let X, @ & be three sets andbe a function defined froX to ® and"Qbe a function
defined fromito Z.

i.'Q, g & ©9and "Q° @
By f: X = Y we mean that to every elemegpk x, there corresponds a unique element
f(x) € Y.Since the domain of g i§ so by the functio: ¥ —» Zwe mean to every element

f(x) € Ythere corresponds a unique elemengdfx)] € Z. Thus we notice that to every

elemento N  #ere corresponds a unique eleméntw ®under the mappingiandg .

This implies that there exists a mapping frhtoZ . This mapping is called the composite
mapping or the product mappingfofand™Qand is denoted by or Q.

Definition: Let ¢, @and®Q®° & then the composite of the functiorend™Q
denoted by@ org is mapping® d, & .09@ ®®=Q ® v |88

Fig. 12

Examplel3Let"Q and "Cbe two functions defined byf(x) =+vVx—1 andg(x) =

(4 ©?) then describe the functions :
(H(Q QD) (i) @YD)

Solution : We have
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f) =vx—1
g(x) = V(4 —x2)
(- 29)(x) = f(x) — 29(x)
=V(x — 1) — 2V(4 — x?)
(fog)(x) = flg(x)]
= fIV(4 — x?)]

=V -2 - 1)
And

(ii)

Example 14Let"Q6 © 6 such that (0)=0
Find "@°Qcy. Solution

: We have

@® 6, Q6% 0 W=w p
and QW) = oF.
Now fé¢ w W]

W P
=(® p @ pg
Example 15.Let™ Q0 © (.0 "QU) =20

formula for "@"Q0 © . Solution

: We have
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f(x) = 2x — 3
and g =
gof(x) = glf(x)]

= g[2x — 3]

_ 2x-3-3 _
2

x — 3.

' and x) = 1
1—x X

16. If f(x) =

Example, find the value ofj ["Q0)] .

Solution : We have

) = ——
x—1 I-x

glx) =

X

Now glfx)] =g (B

3.7SPECIAL FUNCTIONS RELATED TO BUSINESS AND ECONOMICS

(1) DEMAND FUNCTION
The demand of a particular commodity depends on its price. If the price is less, the
demand will be higher. Similarly, as the price increases the demand keeps on decreasing.

Thus, wecan say that the demand of a commodity is a function of its price,
. Q, W n

Whermx@ i06s t he demabdndi sf utnhcet iporni caen dofo a c¢commod

(2) SUPPLY FUNCTION
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As the price increases, the supply tends to be increased by the pro&acdrsere is a
direct relationship between supply and price of a commodity and mathematically, it can given
as

i N Wherse i6s the supply function

angdo 6l s the price of commodity.

(3) COST FUNCTION

The total cost at any level of output of angmmodity bears a relationship with its
guantity. Actually, the total cost does not increase in direct proportion to the number of units
manufactured, but it is the sum of the fixed cost and the variable cost at any level ofioutput,
‘Q, Total Cost = Bted Cost + Variable Cost Thus, cost function can be expressed as

8(¢) = &(&) + 'QQ)

Whemnx@ i6s the number of units produced.
(4) TOTAL REVENUE FUNCTION

It is the amount received by a firm by selling its product. Higher the sale, more would be
the evenue of the firm.

So, mathematicallyY &)

WherRé i6s t he r evenuies ftuhnec tniuonmb earndofd uni ts s o

(5) PROFIT FUNCTION
Profit on a comrmadity depends upon its cost and sale price and its a function of number

of units sold. Thus, mathematically

06 ="M& (e
Example 17For a new product, a manufacturer sets up an infrastructure such that the
manufacturing unit involves fixecbst of Rs. 50,000 and the additional cos) variable cost
for producing each unit is Rs. 150 per unit. The selling price of each unit would be Rs. 500.
Write down the cost functiofi(¢), Revenue functioi¥(¢) and profit functiond0(c) for ¢

units of the product. Also determine the profit when 400 units are Soldtion : Cost

function

8(¢y = 50,000 + 1506
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Whermx@ i6s t he number of units sol d.

Also, Revenue function
() =500w
So, Profit function
B()="M&  6(c)
= 5006 v Tth T MY
t 0(w vTth BT
Now, for w= 400
0 TTT vmmhnnn CUTT TTT
vmmhnmnmn phtmhnnmn
=90,000.

3.8 TEST YOUR UNDERSTANDING (B)

1. Let oh p handQoffl, 3, (3h3), (4pY, {5, M}. Show thaté"Qand
@ are both defined. Also firft€"Qand"G .

[Ans.G oh o h&Q={@hl), 6, 1h (4, 3p 6.B))] w
2. Find £@2) and'@  @henf:R—>R, @) = ¢ + 8 and'Q'YO 'Y,"®c) = 3¢5 + 1.

[Ans.£°2) =633,"G p ]l cpuu

3. LetY* be the set of all nenegative real numbers. ¥ © Y+ and™Q Y+ © Y+ are define as
Q) = ¢ and"Gw « Filtl €' Qand"@ are they equal functions ?
[Ans. € B = @ d=d
4. If =& ,g(d)=4w+1,then describe the following
() "@ (i) f Qi) "@Qiv)fE (WSf (vi) XQ

[Ans.G ¢ T, £€Xxl6w+8w ,p € o E+2, "@xE=16wt+5,
¢ 40¥+2,99 = 16w+ 5]
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5. Iff(x) =*_", they verify thaifof) (x) = — 1

x+1 X

6. If ¢y=3¢® ,tind ().
x+5

[Ans.f~1(x) =

3

7. If acompany has a cost functiofe) = 50 + 20 wand demand function X L wthey o
find
) Revenue function

(i) Profit function

Ans. (i) Revenue function (x) = 75x — 3x2]
(ii)Pro it function P(x) = —3x2 + 55x — 50

3.9LET US SUM UP

A Function is an expression or rule that defines the relationship between two variable
guantities out of which one is independent and other one dependent.

T

There are various types of functions.
A The algebra of Functions deal with addition and subtractioriun€tions and the

evaluation of the function.

A Functions have many applications in the real business and economics.

3.10KEY TERMS

A FUNCTION: Function is an expression, mapping or rule that defines the relationship
between two variable quantities out of which one is independent and other one

dependent.

A DOMAIN AND RANGE: If is a mapping frond to B, thend is called the
CEd Gi¢ of the unction andd thedg-CEd ¢ig of the functionf . The image set f(A)

is called the Range of the function f.

A ONE-ONE FUNCTION (INJECTION) : A functionf: A — Bis said to be a one

one function or an injection if different element® dfave different imagin B.
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A MANY -ONE FUNCTION : A function @ © 6 is said to be a managne function of

two or more elements of sehave the same image kh

A ONTO FUNCTION (SURJECTION) : A functionf: 4 — Bis said to be an onto
function or a surjection if every elementdofis the fimage of some elementAfi. 'Q,

iff (0) = 6 or range of is the cedomain of .

A INTO FUNCTION : A function off: A — Bis an into function if there exists an

element i having no preémage iM

A ONE-ONE INTO MAPPING : Any mapping which is orene as well as into is

called oneone into mapping.

A SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is

called ai coxti & ¢ icy

A IDENTITY OR UNIT MATRIX (|): A scalar matrix in which each of its diagonal
elements is unjtis called an'CXZ didwor 6€id0& (X ik

TRACE OF A MATRIX: The trace of any square matrix is the sum of its main
diagonal elements.

TRIANGULAR MATRIX: If every element above or below the leading diagonal is
zero, the matrix is called@icx " ®ai & o ik

TRANSPOSE OF A MATRIX: A matrix obtained by interchanging the
corresponding rows and columns of a given matrix.

SYMMETRIC MATRIX: A matrix which is equal to its own transpose.

SKEW SYMMETRIC MATRIX: A matrix which is equald negative of its own
transpose.

To Do Io o Do

3.11FURTHER READINGS

1. Mizrahi and John SullivarMathematics for Business and Social Sciendéey and Sons.
2. Budnick, P Applied MathematicsvicGraw Hill Publishing Co.

3.N. D. Vohra,Business Mathematics ai@tatistics McGraw Hill Education (India) Pvt Ltd 4.
J.K. Thukral,Mathematics for Business Studi®gyur Publications

5. J. K. SinghBusiness Mathematicklimalaya Publishing House.
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B. COM (DIGITAL)

SEMESTER I

COURSE: BUSINESS MATHEMATICS AND STATISTICS

Unit *1 Limit and Continuity

STRUCTURE
4.0 Objectives

4.1Limit-Concept
4.2Rules for the Limit of a function
4.3Some Important results on Limits
4.4Methods for evaluation of Limits
4.4.1.Direct Substitution
4.4.2 Factorisation Method
4.4.3.Rationalisation Method
4.4.4 Use of some Standard Results
4.4.5.Evaluation of Algebric Limits whenx — D
4.5 Continuity at a Point
4.6 Check your Understanding (A)
4.7Let us Sum Up

4.8Key Terms4.9
Further Readings

4.00BJECTIVES

After studying the Unit, students will be able to

Understand the concept of Limit.

Describe the Rules for finding the limit of a function.
Apply some standard results of Limits.

Use various methods fmd the Limit of a function.

To o To I

4 1LIMIT i CONCEPT

In case we are find the limit of a function, basically we are concerned with the manner in which a
function, sayy = f(x), approaches a value as thendep e nde nid vagrpirahalceh e é
particul agb,vahueh gsnay de finite or infinite.
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A Understand the Continuity of a Function at a point

When t hit ivsa kfuiecodheagppeobabbrdédt hrough value w
@ (to bewndehovedthsough valuead Whochewdenagt ec
o).

Thus, we can define the limit of a function as :

Definition. A limit of a function is a value that the function approaches as the independent
variable of the function appr oafonstiers ya poéar i cu

appr oadc,hléeissvoG tten as

Jm ) =1

Also, we can say that

im @@= lim+ @=a
W @ W° W

Here, im ¢y is termed as Ledanded Limit (LH.L)and ™M ., ¢ as the
Right
WO @ GO
Handed Limit (R.H.L.) of the function.

4.2 RULES FOR THE LIMIT OF A FUNCTION

For two functions &) and"(d), such thagcli_r)naf(x) = [ and xliglag(x) = [,Whered and

& are real numbers, we have the following rules :

1. Sum or Difference Rule

W0 & &)z A = oMo ¢ ¢+ oMo @y
=a+ 0k
(Note. If & and® are infinite thertb Ho, buttbH  is Hadeterminate)

2. Product Rule
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dMmo & o gyl = oMo & o oMo ¢raw
=ad»
(Note.Ifl1 and® are infinite theny x oo = oo, Ut ONe of thét or & is 0, theng x oS

indeterminate)

3. Quotient Rule )
feoy M n

Al g o= 288 yey=

(& and& are finite andy ) {Note.
0 =»and are indeterminate)

0

4. Power Rule

If fjandn are integers, then
lim [ (/e lim () r/q
x—al* = x> af x ]

= i provideddinis a real number.

5. For any r@ial,acongtanber 0

x“f Jef@l=c- JIm §e) =cta

6. The limit of a constant function the constant itself

i.Q, If "B = & a constant then

lim h(x) = lim

X —a x—oa®~™F€
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4.3 SOME IMPORTANT RESULTS ON LIMITS

1 lim &9 _ +5 1 ¢ beingapositiveinteger.
Wl Wa o
lim N1l = ¢

2. so gLravl=q

) o
3. Ima+h =9
w° 6

4. 4METHODS FOR EVALUATION OF LIMITS

4.4.1 Direct Substitution

Example 1.  Evaluate lim (7., | 5
X—3

Solution : lim (7x2 + 5) = 7(3)2 + 5 = 68Example 2. Find the limit of
x— 3

"®0 poTt By whenx approache<.

Solution : lim oy —10 — _ 2
(10 - 2x — 5x2) = 10 — 2(2) — 5(2)
p T T Cm

PT

4.4.2 Factorisation Method: It is a technique to find the limit of a function by cancelling
out the common factors so as to convert the given function into a determinate form.

lim .,

Example 3. Evaluate P40 2

X = 1 x%42x—3

. N 24 4
Solution : Wheno= 1, we have: "2 _ %orm

P42x—-3 0
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Now, Factorise the numerator and denominator
' lim @-D@E+2) _ lim @+2) _3
x> 1x-1+3) x— 1@x+d) 4

Example 4. Find 1M 4

X — 2 x=2 ;
Solution : Whena= 2, we haver _® = *form
x—2 0
So, now factorise the numerator and denominator
} lim G-2E*2x+4) _  lim (x2 —2x + 4)
x -2 (x—2) x -2
=22-2(2)+4

=4

4.4.3 RATIONALISATION METHOD: It is a technique by which we find the limit by
rationalizing the numerator or denominator that is by multiplying the numerator or

denominator by their respective conjugates.

Example 5.  Evaluate lim yxth—vx

-0 h
Solution : When we pui(x 0 in the given function, wgebform
0
So, Rationalizing the numerator we get

lim VxFr—Vx _ VxFArVx
h—=0 h Vx+h+x

— lim x+h—x éw ‘:)(("-H' (:) = (*? dj'))
h = 0 h(Vx+h+/x)
_ lim h
h = 0 h(Vx+h+vx)
lim 1

" h > 0 (xthtvm)
_ 1 1
T Vxth+Vx | 2Vx

X = 4 V(x2+9)-5

2_
Solution : Whenw= 4, the expressioniwould be of the form.
V(x249)-5 0
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Example 6. Evaluate lim & 16

So, Rationalise the denominator
lim ¥?-16 _ lim x2—16 xv’(x2+9)+5

X = 4V(x249)-5 X = 4V249)—5  V(x2+9)+5

lim (x2-16)(VxZ+9+5)
x—4 (x249)—52

lim (x%2-16)(VxZ+9+5)
x—4 (x249-25)

lim (x2-16)(VxZ+9+5)

x—4 (x2—16)
lim , 55—
= 5 4(Vx2 +9+5)

=42 + 9 + 5 = 10.

Example 7. Evaluate lim v3+x—v5-x
Xx—=1 x*-1

Solution : When we put =1 in the given expression, we would obtdorm.
0
So, Ratinalise the numerator
lim 3+x—V5—x _ lim 3+x—v5—x X V3+x+v5—x
x—->1 2= x—=1 x-1 V3+x+/5—x
lim (3+x)—(5—x)

x = 1 (x2-1)(V3+x+/5-x)
( (a—b)(a+ b) = a? — b2)
_ lim 2x—2
x = 1 (x2-1)(\/3+x+/5-x)
_ lim 2(x—1)
x = 1 (x—1D)E+1)(3+x+V/5-x)

_ lim 2x1
x = 1 (x+1)3+x+/5-x)
_ 2
T (4D 3FI+HVE-T)
2(VAHVE) (242) 4

4.4.4 USE OF SOME STANDARD RESULTS

Example 8.  Evaluate lim s,

x - 1x10-1
Solution : When we puto= 1 in the expression we would gegborm.
0
So, apply the resultlim i5_; -
x = 1x101
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For this multiply and divide the given expression(ty
L15_
lim (xfl)1

10_q
x—1 sz_l)

_15(p11 _ 15x1
10(1)10-1  10x1

3
2

Example 9. If lim *'~2" _ ggWhen¢ 'O0, then find 30
X— 2 x-2

Solution ; lim x"'-2" _ g,
X— 2 x-2

t €0¢ &=80 (- xlgna% = nan-1)
Clearly

t v O =80

Comd musitQ be=5

Example

lim
10. IJ; - a

then find &6 .

xA+a®

=9 ,

x+9

Solution ;: lim x*a® _ g
X —> a4 x+9

lim *-C®’ _ g
X — —a x—(—a)

9q°-1 =9

} lim x"—a” — n—1
( X —=>0AdA x—a na )

t =1

t w=+1

Example 11.Evaluate lim x
P (1 + 5

Solution : @lMo ¢ (1 + 5¢ye kv

=lim(1+ 50 1565 50°
@

=[M@+56  )vsqs
56O 6
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=0 .. lim

. Yy =
‘o 0(1+x) x =e)

Example 12.Evaluate™ ¢ ;

x — 0 p*-1
lim
a*—1
x — 0p*—1
_ lim a1 1
x0T X
lim -1 1
- x = O x ;I—IFO x
Solution :
(°form)
0
fx) Mg
I _
(v x'Blagey= 3s0)
Taking log both sides, we get
= o) 1
(log ) (loge b)
— logea _ loga - lim “'=1o
loge b loghb (LlS]I"lg X—a x ge a)

Example 13.Evaluate lim €=¢"go|ytion ; lim ¢
P x—>0[ —] ¢ 1]

x—=0 x
lim (e&f~1)—(e 1)
x—=0 x
(°form)
0
}
lim ,e*—1 lim e -1
} e’ 1, e -1
x—>0( x )+ x— 0" —x )
G M G0 + Gl = Moo+ Im g
Tx—a +3 T x-—a T x-ald
. e*—1
= loge + loge (- xlgna7=loge=1)
=1+1=2
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Example 14.Evaluate lim loz+9gojytion : 1M loed+x)

x—=0 x x>0 =
— lim 1log(1+x)
x— 0x

_lim
= 50 log(1 + x)1/*
lim
= log( 1/x
Y 0(1 + x) /%)

= loge
(%form)

¢ dtEE€logd)

lim

X —

0(1 + x)/* =e)

4.4 5EVALUATION OF ALGEBRAIC LIMITSWHEN 0° Hb

Examplegs, lim

245x+6 _ o
X—_>003x2+4x+5
lim 4x24+5x+6
— 00 3x2+4x+5
Solution (o form)
0
So, dividing the numeredprwandgetdenomi nat or

4+°4 ¢
lim =« xj—
X > 003445

.. Anynumber _
(v Amnimber )

co

. li (3 —1)(4x-2)
Example 16.Find X l)moo m

. . lim Gx—D(x-2)
Solution : . ¥ 8=l (;form)
So, di viding the numer aét,orweangdetdenomi nator

103



_ lim 3-Ha-5
X = 04501
_ (3-0)(4-0)
T (140)(1-0)
=12 A b
(_._ ny number — 0)

co

Example 17.Find the limits lim ¥3x-1-V2x’-1
X— 4x+3

Solution ; lim V3x2—1-V2x?-1 (=form)
X — 00 4x+3 [}
So, dividingeachterm n t he numer atorx0andedgeabmi nat o
Va=vz="

_lim x2 x2
T Xx—> 44
— 3—0—v2-0

440

3—2

+ A b
.. Anynumber __
(" —=——=0)

[os]

4.5CONTINUITY AT A POINT

A function @) is said to be continuous at a paint & (of the domain of the functiof), if
lim (& =lim+ ® )
° ® W w
and @) is finite.
If @) is not continuous at a poiai= & then it is said to be discontinuousiat
Note. A function is discontinuous ab= ®in the following cases :
() is not defined afo= &)
i.'Q (&) does not exist

Gy "™ @yor M, ¢ does not exist,
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0 O WO W
i. Qeither of(."Q 0. orY."Q 0. does not exist
(i) Both the limits im ¢y and im ¢y exist but are not equal,
WO O WO W
i.Q0."Q08 Y."Q0.
(iv) Both the left handed and hg handed limits exist, but not equal tod). i.

e. 1M f(x) # f(a)

X —a
Example 18.Discuss the continuity of the functiof@0) = 3{? atx = 2 Solution :
f(x) = 3x2 -2

M e

lim
= D5 2(3x2 - 2)
=3(2)2-2
=10

f(2) =3(2)2 —2 =10
M) = f(2) = 10
Now

CHence is continuous afo= 2.

50 1 fwhenO<w p
Example 19. Show that'@0) = {
43  UOp when 1< <2

is continuous at)=1.

Solution : We have
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(L.H.L.atx =1) = xl_i)ml, f(x)

= xhl)nl (5x — 4)(~ f(x) = 5x —4 whenx < 1)

=5x1-4=1
_ 4y lim
(RHLatx=1)= o1t f(x)

— lim (4x3 _ 3x)( f(X) = 4x3 — 3x when x > l)

x—1
=4(1)3-3x1
=4-3=1
f(1)=5x1-4 (v f(x) =5x —4whenx = 1)
=1
M geo = s = "™, 5o
x—1 x—-1
And

CSo, ) is continuous afo= 1.

Example 20.Discuss the continuity of the functiof (0) atx = 3.

3—x, x<3
f(x)_{3+x, x=>3
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Solution:  We have ¢ @ wwhen w<

(0.7Q 0. atew=3) = M ¢ o
3
lim
3) = 0
Ww° o
¢ 6)=3+ QO &

=0

(Y."QD. ateo=3) = M, ¢ qo

3) S
lim
= B+
Clearly w° o
Hence, _6

im @ Im+
Ww° @ o
Q) is discontinuous ab= 3.

Example 21.For what value offk, the function
x*—16
f(X) — {—x—2 , X# 2
k ,X=2
is continuous at) = 2

Solution : Since ) is continuous ab= 2, therefore

107



im0 = f(2)

x—2

i lim _
lim f(x) = lim 4 46
x— 2 X— 2 x-2

Now

By (i) and (ii), we have
=32

_lim @2-4)(x?+4)
T x—>2 (x-2)

lim  (-2)(x+2)(x*+4)
(x—2)

(x+2)(x2+4)

x— 2
_ lim
x—2
= (2+2)(22 + 4)
=4x8

=32

lim
‘I =
X2 f(x) = 32

é (i)

6(ii)

4.6 TEST YOUR UNDERSTANDING (A)

1. Find the following limits

lim
(a) x 2[x“—x3+x2—1]

lim 1 L 2 20
(b)x 1[1+a<: + X2+ o+ x29]

2. Evaluate
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(a) llm x2—6x+5
X — 2 x2-3x—10
lim (4x2-1)

(®) , - =
2

(©) lim (zngx)
X — 9 (x2-10x+9)

(d) xlim WVx+1—-x)

-1
x = 0Vat+x—va—x

Evaluate lim ,;_,
x =11

Evaluate lim xVx—ava
X

—ad x—a

Evaluate the following
i 2 .
(a) lim ax?+bx+c
X — 00 [x2+ x4n
(b) lim sx2+2x+1
X — 00 7x243x+45
(©) lim 5x-8

X — 007x249
Find lim yi43x—yi-3x

-0 x
X
lim
ShOW that (1 _ 4x)1/x = e—4
x=0

Evaluate the following limits
i 1 an
(@) lim (149

n — oo n
lim 561
x—-0 =x

(b)

lim e™*-1
(©) x—>0 2x

Discuss the continuity of &), where
xz2—1

foy={x—1 ' **1
3 ,x=1
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atw=1
10. Examine the continuity of the functiony) atw= 3

it o) = (v X #3
0 ,x=3
11.
Show that w w, <0
1+ww
is continuous at= 0.

12. For whatkbv alsue hef fancti on defined
by
k(x2+2),ifx<0

f=1"341 ifx>0

continuous ato=0 ?

Answers
1. (a)11 (b) 21

2. (a)% (b) 2 ©)2 () v'i1+1 (e) Va

S ECE
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(a) ea (b) 6log5 (c) =~

9. Discontinuous at = 1

10. Continuous

=1
12. k—2

4.7LET US SUM UP

A The concept of the Limit and Continuity of a function is very important to understand to
do calculus.

A Limits basically tells us how does a function behave as we approach a particular value,
regardless of the functiondés actual wvalue

A We have diferent rules and some standard formula which makes it easier to find the

Limit of a function as the variable approaches a particular value.

A A function is said to be continuous at a point if both Limit and Function exists at that
point and are also equat that point.

4.8KEY TERMS

A LIMIT: A limit of a function is a value that the function approaches as the independent
variable of the function approaches a particular value.

A CONTINUITY: A function ¢) is said to be continuous at a paint ¢ (of the domain

of the functiorf ), if  1im _ py = M ¢y — g yand @ is finite.
X —=a X —a

A INDETERMINATE FORMS : When we cannot find the limit solely from the limits of
the individual functions.

A METHOD OF FACTORIZATION: It is a technique to find the limit of a function by
cancelling out the common factors so as to convert the given function into a determinate
form.
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A METHOD OF RATIONALIZATION : It is a technique by which we find the limit by
rationalizing the numerator or denominator that is by multiplying the numerator or
denominator by their respective conjugates.

4. 9FURTHER READINGS

1. Mizrahi and John SullivarMathematics for Business and Social Sciendéiey and Sons.
2. Budnick, P Applied MathematicsvicGraw Hill Publishing Co.

3.N. D. Vohra,BusinessMathematics and StatisticMcGraw Hill Education (India) Pvt Ltd 4.
J.K. Thukral, Mathematics for Business Studi®gyur Publications

5. J. K. SinghBusiness Mathematicklimalaya Publishing House.
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B. COM (DIGITAL)

SEMESTER I

COURSE: BUSINESS MATHEMATICS AND STATISTICS

Unit 51 Differentiation

STRUCTURE
5.0 Objectives
5.1Introduction
5.2Derivative of a function
5.3Finding Derivative using definition
5.4Derivative of some standard functions
5.5 Differential coefficients of sum of two functions
5.6 Test your Understanding (A)
5.7 Differential coefficients of product of two functions
5.8 Differential coefficients of quotient of two functions
5.9Test your Understanding (B)
5.10Derivative of function of a function
5.11Differential coefficients of &
.12Test your Understanding (C)

5.13Finding Derivative using® x _ = 1%
dx dy

5.14Logarithmic Differentiation
5.15Test your Understanding (D)
5.16 Differentiation of Implicit functions
5.17 Differentiation of parametric equations
5.18Test your Understanding (E)
5.19Successive Differentiation
.20Test your Understanding (F)
5.21 Application of Differentiation
5.21.1Average Cost and Marginal Cost
5.21.2Total Revenue, Average Revereiand Marginal Revenue
5.4.3Elasticity of Demand and Supply
5.22Maxima and Minma
5.23Test Your Understanding (G)
5.241Let us Sum Up
5.25Key Terms
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5.26 Further Readings

5.00BJECTIVES

After studying the Unit, students will be able to
A Understand the concept of Differentiation of a fucntion.
A Find the derivative using definition.
A Differentiate various functions using different formulas.

A Find the second and third order derivativ&Bind the Maxima and Minima of a function.

5.1INTRODUCTION

If wis a function of only one independent variable, it is calladigariate function.

The rate at which a function changes with respect to its independent variable is called the
derivativein the function. Thus, in more precise weyih case of dependency®fon w (means
y = f(x)) , the differentiation is a mdtkcddangesf iwn
respect to the ¢ hgbnguepoinn whniocthh eirt qdueapnetni dtsy. OT hi

derivative ofwwith respect tox.

(a) INCREMENT
In casey = f(x), a small change in the value of variatilés called increment i and is
denoted bywor] @ (Yo orgy ~ o) corresponding to this very small change: jiY denotes

the small change in variabje

(b) AVERAGE RATE OF CHANGE

In casewy @) the average rate of change of the functianeny changes t® oY

A
is defined by ratiéy Yoo.

C Average rate of changejofw.r.t. &
By _ Flrthn)—f(x)
Ax Ax

(c) INSTANTANEOUS RATE OF CHANGE
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The limiting value of average rate of change of functic® asay — gis known as
instantaneous rate of change of funcfié®(i. ‘Q,c) w.r.t. x.

5.2 DERIVATIVE OF A FUNCTION y =f(x) w.r.t. X

The instantaneous rate of change of fungti@d = ww.r.twis called derivative of w.r.twi.
'Q, lim AX: dy — f(.X')Or
Ax - 0Ax  dx

dy _ Im  flxtan-f(x), provided this limit exists.
dx Ax—-0 Ax

Note 1. dvis also called the differential coefficientofwn.r.t x.
dx

Note 2. dJ represents a single operator and is not to be interpreted as the ratio of two
X
guantitiesand o

Note 34y is also written ag(x) or y1 or Dy (D = i)
dx dx

5.3 FINDING DERIVATIVES USING DEFINITION (FIRST PRINCIPLE)

In this section, we shall present some example of finding the derivatives by using the above
definition of the derivative. This method of finding the derivative is also called the method of

finding the derivative birst principle or bydelta methodor byab-initio method.

Example 1.Find the derivative of the functiomd = (3 from the first principlesSolution
cLetw @) =3 Then, w Q £0)

By definition,  f(x) = U™ gam-gi, provided the limit exists.
h—-0 h
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C _f(x) — le (x+h)3*X3
h-0 h
_ Lim xX343hx?4+3h%x+h3+x3
h—0 h
_ Lim h@x®+3hx+h?)
h—0 h

= hLi)mO (3x2 + 3hx + h?) = 3x?
Example 2.Differentiate "@0) = (? + 30 from definition
Solution: We have, ) = ¥+ 3w
C ® Qo 3w Q
From first principles, we have
f(x) = Lim  goipy

h—-0 h
_ Lim (eth)243(eth)—x*-3x
h—0 h
_ Lim  x2+2hx+h2+3x+3h—x2—3x
h—0 h
_ Lim 2hx+r*+3h _ Iim (2x+ h+3) = 2x + 3-
h—-0 h h—20

Example 3.Differentiate from first principles f(x) = 1_(X + 0).
w2

Solution:  We are givef(x) = ! Hence(x + h) = !
2

x (+h)Z

From first principles, we have

f(x) = Lim  eoimy g

h—0 h
Lo 11
_ Lim (x+h)> x?
h—-0 &
_ Lim x*—x?—2hx—h?
h—-0 h
_ Lim _—2hx—h* _ Lim _—2x-h _ —2x _ _ 2,
h = 0h(x+h)2.x2  h = 0 (x+h)?x?  x* x3

Example 4Differentiate (x) = vx, (x > 0), using abinitio method
Solution : We are givefi(x) = vx. Hencef(x + h) = V(x + h).

Hence, by definition
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f(x) = Lim  ¢iny-pra)

h-0 h

_ Lim Ja+n-—vx
h—-0 h

_ Lim V+h)—vx % Vix+h) +x
h—=0 h V(x+h)+Vx

_Lim (ER -

T h—= 0 hatheva]
_ Lim xt+h—x _ Im 1 1

" h > 0Vt h -0 v’(x+h)+v';= 2Vx

5.4 DERIVATIVES OF SOME STANDARD FUNCTIONS

() DIFFERENTIAL COEFFICIENT OF A CONSTANT
Let & be a constant quantity. I1fc) = ¢ we havé (® "Q @ as the constant remains

uncharged for every value of

- L m fxth)—f(x) _ Lim c=c _ ,.
¢ f(x)h—>0 h _h—>()h_0

4(c)=0
. dx
C

(i) DIFFERENTIAL COEFFICIENT OF (#
Let &) = o¥;the, w Q w Q

C flo)="HM ainrae
h—-0 h

hn
_ Lim *'(1+) —x"

_h—>0xn h

i h —1) K2
_ Lim _[(1+n DR Ly
h—0h e TR

X

d -
x" = nx1
dx

(i) DIFFERENTIAL COEFFICIENT OF THE PRODUCT OF A CONSTANT AND
A FUNCTION OF x.

Let ibe a constant anda) be the given function; then,
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dlcf ()] = ™ cfrthi-cf) ol

dx h—-0 h
_ Lim [ flxth)—f(x)y _  d
—h_>0[c. N ]—cdx_f(x)

Hence,the differential coefficient of the product of a constant and function is equal to the

product of the constant and the differential coefficient of the function.

(iv) DIFFERENTIAL COEFFICIENT OF Q.
Let &) = then HORC "

m elxth) _px

¢ r@= hLi—>0 n

x 2 3 2 3
_Lim T+ h+ A ) ) rer = kx4 ]

T hooO0h 20 3 20 3l
2
_Limex[1+% 4" 4] =ex
) h-0 21 3!
C dex=ex

dx

(v) DIFFERENTIAL COEFFICIENT OF & Q0 We have

d (loge JC) =bn loge(x+h)—loge x
dx h-0 h

Lim 1og.(*th)

[+ loge —logen=loge ]

=h—>0 h
_Lim 1oge1+h
" h-0 A , o
. h3 2 %3
_ Lim i k2 4+ = ][ log (I+x)=x—% +7 — -]
h—0hx 2x2 323 e Z 3
_Lim o B -] =t
h—-0"x 2x2 33 x
4 log x ="
x’ge X
C

(vi) DIFFERENTIAL COEFFICIENT OF &"Q,0Changing the base frothto Qwe have
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loga x = loge x . loga e.

C 4 (logax)= d_(loggx. loga e)
dx dx

= loga e .i(loge x) = (loga €) Y
dx x
iloga x = loga e
dx x

5.5DIFFERENTIAL COEFFICIENT OF SUM OF TWO FUNCTIONS

The differential coefficient of the sum of the functions is equal to the sum of the differential
coefficient of the two functions.

It should be clear that the above method can be extended to the sum or difference of any
number of functions. Thus,

L0 £ 20 £ () £+ (3] = C;_fl(x) + ”;_fz(x) + ”;,fg(x) £t = L)

Example 54 (3x4) =3 d x4 =3 -4 x+1 = 12x3

dx dx
1
Example 6.4 (2 %) = 2-d x1/2 =2-1ex, ' _ —1/2 = L
P dx( vE) dxx 2 ? X Vx
Example7. @ (x3 4+ 3x2) = i(x3) +3- 4 (x2) =3-x2+3-2x = 3x2 + 6x-
dx dx d
Example 84 (x2 + a?) = d_(xZ) + d_(aZ) =2x + 0= 2x.
dx dx dx
Example 9.4 (x3 + 2 log. x) = ‘x5 42 d_(loge x)=3x2+ "
dx dx dx X

5.6 TEST YOUR UNDERSTANDING (A)

Find out the differential coefficient w.mt.of the functions in questions 1 to 7:
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2. w4, G2/3, O 5/6 1. x2, x10, 1.

5

®

3. (@@+2), (D)RB+3@+4), (O +))
4 @G +ay, (b)(yx+ ya) (C)F (ot @, (d)(xt/gf .

5. (2%, (b)(® @) ()4 W.

6. (@3 &"Bw (b)E"Qu? CE QWS  (d)logeVx.
7. 4033 + '

8. If =¥+ 36+ 20+ 1, Finddy for x = 0.

dx
Answers
1. 2x,10x%, — 5
X
2. L3/ 2y-1/3 2,-11/6
4 ’ 3 6

3. ()38 (h)bu(w+1) (e)(1—x2)

3 9 1 4 1
dCx + ax + ax- g -3
; 2 E 2 ; 2—Jax 2)
(c)os
4. n—1 1
@nxt - (b),L

5. (@2 ML) (® op (c)(12¢3 P

6 @ M2 ©F @l

7. %x‘2/3+éf

8 2

5.7DIFFERENTIAL COEFFICIENT OF THE PRODUCT TO TWO FUNCTIONS
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If 1(a) andf 2() are the two functions of, we have

dd_x[fl( ) f2(0)] = fi(x) - ‘;_x[fZ(X)] + f2(x) - “;_x[fl(X)]-

The derivative of the product of two functiendirst functionx derivative of second function

+ second functiox derivative of first function.

Note :
1. If 6 and0 are two functions of, the above formula can be written as
4 (uv) = udv + pdu.
dx dx dx
2. The above fomula can be extended to cover the function which is the product of

more than two functions. For exampleyjfo and0 are the functions of, we have

A (uvw) = uv W — uw @ + pw 4
dx dx dx dx

5.8 DIFFERENTIAL COEFFICIENT OF THE QUOTIENT OF TWO FUNCTIONS

If 1(@) andf 2(0) are the functions abandf 2(w , wetnave

d

d fx B LHREI-fie) 24 HE]

I ]: dx d

dx “f2(x) [f2(2)]?

The derivative of the quotient of two functions is

(Denominator)(Der. of Numerator)—(Numerator)(Der. of Denominat r)

(Denominator)?
Note :
If 6 andV are two functions of, then
du dv
d v —Uu
— (=) =—dx d
dx ~v v
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Example 10.Obtain the derivative of? 3% Q) with respect to.

Solution : Letw= ¢ 0 Wl C
Then, ay = x2 - 4 (logx) + (logx) i(xz)

dx dx dx

x2 -1+ (logx)2x = x(1 + 2logx)
X

Example 11.Find the differential coefficient w.r.t. of (2 + 5)(30 + 2) in two defferent

ways, and compare the results.

Solution : Let
y=(x2+5)3x+2)
= 3x3 + 2x2 + 15x + 10.

Then, ay = “(3x) + L(2x2) + L (15%) + “ (10)
dx dx dx dx dx

=9x24+4x4+15+0
=9x2 + 4x + 15

e(i)
Also, we have
y=(x24+5)(3x+ 2)

C dr=(x2+5)-4(Bx+2)+ Bx+2) L(x2+5)
dx dx dx

= (x2+5)-3+(3x+2)2x
= 3x2 + 15 + 6x2 + 4x
=9x2 4+ 4x 4+ 15
e(ii)
In (i) and (ii) we have obtained of the given function in two different ways. Evidently, both are
the same.

2
Example 12.Differentiate * “with respect to .

Vx

Solution : Let
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y = x2-logx

Then, dy = x2+ d (logx) + (logx) i(xz)
dx dx dx

= x2-1+4+ (logx)2x = x(1 + 2logx)

Example13.If= " find Qy'Qh.
(1+x)

dy  (1+x) d gx_gx. L‘!(1+x)

Solution :(— = dx dx
dx (14+x)°
_ (+xe*—e*(0+1) _ e*(I+x—1) _ xe* |
(1+x)* (14x)° (14x)°

5.9TEST YOUR UNDERSTANDING (B)

Find the differential coefficients of the following functions with respect to :
1. € WEQQ exx.

2. (08 + oF)(REQW.

w &)

3. 1+a  (CF+cd)

W
4. ,
€ gow €Egow

S 1) adn_
5. (1) ' NG V.
Answers

1
x2(1+3log x), ex(log x+ 1ogg €y [exvae+ ¢ ]
¢ “ x 2Jx

2. Q" Q(GF + 568 + 36F) + (6 + GF)

2_,2

—X

3.1 <
(x+1)? 7 (a?+x?)?
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o 1 Egoo 1] Hologd 1)

4, (Egaey? ' o(log )2
s € _ Na
G avm)

5.10DERIVATIVE OF A FUNCTION OF A FUNCTION

Let us first consider what is meant by a function of a functionclie¢ a function ob ando be a

function ofx ; then,wis called a function of a function @f Consider the example of the function

w= (36% + 7w+ 8)10, In this function, leb = 3% + 7w+ 8. Hencew = 09 Thus,wis a

function ofoandois a function ofr; hencewis a function of a function of a

Such a function as done not directly depend on the independent vigiablked afunction of a
function We may extend this type of function as
a function. For example,

{log log(cX®+ Gx®)}¢ is an extended version of such type of function.

Finding the derivative of auhction of a function.

Foro 0 ando §). Now, we are to findy.
dx

Let) 0 be the change productinbe the changgw inx , 1 w be the change the productirby the
changeq 0in 0and) obe different from zero. Then multiplying add/iding#» by t, we get

ox Ox
sx ot &
When)w® ,mach offoandyw® and the functionsandst approach respectively to the
ot Sx

limitsdy and dt.

dt dx
Hence, in the limit whepw® ,me have
Lim 0oy Lim oy Lim &t

= X

60x - 086x O6x—-06t &x—068x
or dy _ dy dt
dx ~ dt dx
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This important result is usually referred to as the chain rule or function of a function rule of

finding the derivative. This rule is a very important one in finding the derivatives.

If wis a function o whered is a function ob andv is a funcion ofx, the rule can be extended
as under :

dy dy du dv
dx du d dx
In general, the rule may be expressed as
d (1stfunction) d (1stfunction) d (2nd function) d (last function)
= X

dx ~ d (2nd function) *a (3rd function) = dx

Example 14.Find_dv for y = (3x2 + 7x + 8)10.
dx

Solution : Leto= 3¢% + 7w+ 8. Hencemw= 0. Now,
from chain rule,
dy _ dy d do® d  x2

X
& @ =@ T8
dx

=10t? - (6x + 7) = 10(3x2 + 7x + 8)%(6x + 7)

Note :

In practice, the substitution offor 36¢# + 7w+ 8 is done only mentally (and not in writing) and
we directly write the answer, as given below:

dy =% (3x2 + 7x + 8)10
dx dx

= 10(3x2 + 7x + 8)° i(3x2 + 7x +8) = 10(3x2 + 7x + 8)°(6x + 7).
dx

5.11DIFFERENTIAL COEFFICIENT OF ax

We know thatiye= ‘(x&gas,

(; iax — iex logea
dx dx

= ex loge? X d_(x log ,a)
dx

(assuming mentallp= @& " wand using chain rule)
= exloge - loge a = a* - loge a-

d qx = qgx
4 a* = a*log a
dx ¢
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ILLUSTRATIVE EXAMPLES
Example 15.Differentiate (B«  @2) with respect to .
Solution : Letw= B @2
Then, we can consider

w='Q, where6=3¢ wp 2.
C d=ev and dw=32x-61+0

du dx
_ = 6x — 6.
By chain rule,
dy _ dy  du
dx  du dx
= e¥(6x — 6)

— 6(x — 1)8(3x2—6x+2)_

Example 16.Differentiate log {x + V(x? 4+ a2)}with respect to .

Solution :Let y = log {x + V(x2 + a2)}
dy = i[log{x + Ve a2)}]
dx

dx

- L dfx+ VT F D) (using

[x+m} dx
—_ 1 [+ T

{x+V(x24+a?)} dx dx
= ! [1 + (2 +a2) 24 (22 + a?)]
{x+V(x2+a?)} 2 dx

1 [+l +an)12 2]
{x+V(x2+a?)} 2

chain rule)
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1 [+__= ]

1 [{x+vr (e2a))

{(x+V(x%+a?)} [ V(x2+a?)
]

(x+V(x2+a?)}  V(x%+a?)
1

VG rad)

Example 17.Differentiate with respect to the function (2 + 2) 5(3%* 4

Solution : Let w = (& + 2)53af b C
dy = (x2 +2)% -4 (3x* —5)4 + (3x* —5)*+ 4 (x2 4 2)°
dx dx dx

(using product rule)
= (x2 4+ 2)°-4(3x* = 5)3 - di(3x4 —5)+ (3x* = 5)%- (x2 + 2)*- ;L(x2 + 2)

(using chain rule)
= 4( 0¥+ 2) 5364 D wpiBut O W+2)40w¢
= 20(0% + 2)4(3ad 24063(0% + 2) + 5(3 of v
2a(0¥ + 2) 4(3ad 390 + 48062 C.L
Example 18.Find the derivative of32/(1+ ) with respect tox.

Solution : Let = Q2/(1+ @),

A dy o d o ox?/(14x2)
— = —|e
C dx dx [ ]
— X3 /(1+xd) . 4 x )
dx ~1+x2
2 2 (1+x2)-_dx2—x2-_d(1+x2)

= X /(1+x )[ dx(l 9)—) dx ]
+x

_ exz/(lerz) [(1+x2)-2x—x2'2x]
B (1+x2)2
— ox2/(14x2) 2x(1+x2 *xz)]

€ [ (1+x%)2
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2x .
(1+4x2)2 exZ/(1+x2).

Example 19, If = v1-x, show that(1 — x2) ¥ 4+ y = 0
1+x dx

Solution : Giveny = Vi=z, differentiating w.r.tx, we get
1+x

dy = Lox TV 4 aox
dx 2 1+x) x ~14x
_ =2 TV (14 (0-1)-(1-x)(0+1)
2 1+x (1+x)2
— 1v1+x  —1—x—1+x — 1
2V1-x  (1+x)2 Vi—x(1+x)3/2
-ty =-x) 1 1
dx VI—x(14x)3/2 1+x

(=00 \[13

VI—x(14x)3/2 1+x
— _\/l—x + \[1—34: =0.
1+x 1+x

Example 20.Find the derivatives of the following functions :

\/*z—i-—l-—x
(iii)
Vx2+1.+x e e -
() &AL  —F) () (Ltitel)

Ve T—vx—T

Solution : (i) Lety = log (x + Vx? — a?), differentiating w.r.tx, we get
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1 2(0+ et &P

@_ 1
A U
) o
T o @l I(R @) Y2724
2
= —="(1+ =)
R @ Vo? @2
_ 1 M o 1
I e A A o A
(i) Let
y = log (JW+F) _ (\fmﬂfm v Jmﬂfm)
Vx+1—+vx Vx+1—vx—1 Vx+1+vx—1

— log ((x+1)+EJ;;3i§x\fic;1+\fx—l — log (2x+2\l x2— )

= log(x 4+ Vx? — 1) differentiating w.r.tx , we get

dy _ 1+ (x2 —1)71/2 - 2x]
dx x+\/x2— 2
_ (1 + * )= VooeVe-tex _ 1
x+vVx2—1 Vx2—1 x+Vx2—1 Vx2—1 Vx2—1

(i) Let

_ Vxtl-x _ Vxt+l-x | Vxc4l-x
VxZ+1+x Vx2+1+x  VxZ+1l—x

(Dt 2xVe T 2x%41-2xVxPHd
(x2+1)—x2 - 1

=2x2+1—2xVx?2 + 1, differentiating w.r.t.x , we get

.\/'
&y =22x+0—-2[x-1(x2+1)"V2-2x + x*+1.1]
dx 2

2
4y _7D. +(x D, [2x — +1]
Vx2+1 x2+1

Example2l. If y = (x + VX2 — ])m, prove thaf(xz — 1) (@x)z = m2y?.
dx

Solution : Given y = (x + Vx?* — 1)m é (

Differentiating w.r.t.x, we get
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m—1 " 1
dy = m - 7 _ 1+-(x2 _q1)-1/2.
2 (x +VxZ—1) [ 2( 1) 2]

cme@ VD) A+

me1 V-1
=m-(x+Vx-1) - —‘/"Ti_i"
x+Val—
1) my

— . — [using (i
= m e = —lusing ()]
On squaring both sides, we get

2 m2y2 2
(@ ="" = x2-1) (@) =m2y?

dx x2—1 x
Example 22.If w= (3 #0225, prove thatty = x2e2x(2x + 3)-
dx
Solution : Givenw= G &g @20 = (pg 68 JPo= ¢$ JF» Py ®= ¢y w> 0) Differentiating
w.r.t. x, we get
d_x=x3.62x.2+82x.3x2

dx
= xZ2e2x(2x + 3).

5.12TEST YOUR UNDERSTANDING (C)

Write down the differential coefficients of the following functions with respect to :
1L o @5 @3 (80
2. e, log (x» +a), log (ex+1), +logx.
3. @log{x +V(x* + 1)}, (b) log.(x + Vx? + a?).

4. log, (x+ 1;)

e‘+e ¥
1+x
5 @ Qa, (b)\/(;)-
Answers
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1. —-10(3-2x)4 33% 3(log )% w;

Ead 1 eX 1
exy1 201 T
2. Q3O wo (Ge+¢ , , ;
3 ) ;
@ PveEay
(-1
4. Cx(x2+1)

1
5 Wy Payvay

(e*+e

5.13FINDING DERIVATIVE USING dy x &= 1 (WHEN NO DERIVATIVE IS ZERO)
dx dy

Example 23.Find_dy for x = 3y2 — 4y + 8.
dx

Solution : We are givenw = 3¥ a+ 8

Differentiating both sides with respectypwe get

dx = 6y — 4
y

dy 1
dx  6y—4

5.14LOGARITHMIC DIFFERENTIATION

Under the logarithmic differentiation, we first take a log of both sides of the function and then
differentiate boththe sides with respect to the given variable. Finally the equation is solved for

the required derivative. This method is useful in the following cases :

(i) When the function to be differentiate has the variable as in index and
(i) When the function to be diffentiated is a product or quotient of many factors.
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ILLUSTRATIVE EXAMPLES

Example 24.(When variable occurs as in index) fing:for the following :
dx

(i) = U0 (i) o= 0%
Solution : (i) We are giver= o
Taking the logarithm of both sidewe get
log w= wlog w
Differentiating both sides w.r.k,

1dy = x -4 Jogx + (logx) - 4 (x)
ydx dx dx

t & = y(1+ logx) = x*(1 + logx)-
dx

(i) We are given = a3

Taking the logarithm of both sides, we get

log w= ¢log w
Differentiating both sides w.r.k,

ldy = xx d]ogx + (logx) d_xx
v dx dx dx

1dy = xx 1 4 (logx)x*(1 + logx)
vdx x

(substituting the valuef 4_yxobtained in the part (i) of the question)
dx

t §1= ylxx—1 + xx(1 + log x) log x]
X

Example 25.(When the function is a product or quotient of several factors).

Find &vfor— 3 +40(8x-7)%
ax (23+6) (3x-10)
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Solution : Taking the log of both sides of the given function, we have
EQW= EY36+40) + 3 E 8w X CGEY2@ ¢ E' A3
Differentiating both sides w.r.x,

1dy _ 6x+4 24 12x? 6x
vdx  3x2+4x  8x-7  (2x3+6)  3x2-10

C dy [6x+4 24 12x2 —  6x

dx 3x2+4x | 8x—7  (20346) 3x2—10

Example 26.Find dyv | jfy = xex.
dx

Solution :y = o= ()@

C |Oge (b: !@Ioge (b
Differentiating both sides w.r., we get

4y =ex- 4 (logex) + logex - 2 (e¥)

1. =
y dx dx dx

=eX -1+ logex-ex = e* (1 + logex)

X X

&y =y-e (1+log x) =xx-ex(1+log x)

dx X e x e

Example 27.Find the derivative of(2/(1+ ) with respect to.

Solution : We haveQ2/(1+ o2

) ) ) 2 2
G logey = loge e/0F%) = I:xz

Differentiating both sides with respeciktpwe get

-loge e = sz (sinceloge Q= 1)
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<=

@ (1+x2)- ;dxxz—xz- fx(1+x2)

& (1+x2)2
_ (1+x2)-2x—x2-2x
- (1+x2)2
_ 2x(14x?—x%) _ 2x
T (1432 (14x2)2
dy 2x 2x eX2/(1+x%)
oY 7= z
dx (1+x%) (1+x2)
C.

Example 28.Find evfor the function (* ¥ = @, where'Qs a constant
dx

Solution : We havess = Q@

Taking the logarithm of both sides, we get

log e+ log 3= log '@
or  wlogw+ wlog w= 2 logQ

Differentiating both sides with respecttpwe have

v+ 4 (logx) + (logx) Tt x- 4 (logy) + (logy) d_(x) =0
dx dx

dx dx

or y-1+(logx)d_y+x-£-di+logy=0

x dx vy dx
or (2+logy) + (logx + )4 =0
x y dx
dy _ _ (y/x tlogy)
dx (logx + x/y)

Example 29.If x ©+ ¢¥ = ¢ finday.
ax

Solution : Let 6 = aandv = 8
Hence, the given equation becomes

0+ 0=

Differentiating with respect t@, we have
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Now, 0= o
C log 6 = log ¥
= wlog

Differentiating both sides with respecttpwe get
1-du=y-d (logx) + (logx)
dx

u dx dx
¥ dy

=-+ (log x)a
w=ulr+ (logx) 2] = [+ (logx) 2]
dx x dx x dx
C.
Again 0= W
¢ log L = log Gy

= wlog

Differentiating with respect t@,

Lo = d (log ¥) + (log ¥) L(x)
v dx dx dx
=Xx v +log y

.l.
y X

C d=v[rd +log y] =y [2¥ + log y]
dx V& ) L ydx
Putting the values of 4« and 4v_in equation (1), we get
dx dx

xv [+ (log x) d_y] +y* [ +log y] =0
X

dx v dx
or w1y + x(log x) Y + xy*-1dy 4+ yrlog y = 0
dx dx
ot [xy log x + xy=-1] d;’_x= —[x-1y + y*log y]
dy xY " 14y*logy
Ez - x¥ log x4x y*—1°

dx
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5.15TEST YOUR UNDERSTANDING (D)

In questions 1 & 2, find the differential coefficients with respect to :

1. Quy 7ee+2a
2. (log®e

3 If w= o prove thaﬂ" — v logy(1+xlog x logy)
. , dx xlogx (1-logy)

4. If 0= o+ 3+ o find gv.
dx

5. Findf&forx = 3y3 — 2y2 + 8.
X

Answers
1. Q031 +log ew), 2(log e 7)(w X @v2d)  x
2.  (log &)?[log(log @ @il icC

4. w1+ ¢rloge w+ a1 + loge );

5. LS
9y2-ay

5.16 DIFFERENTIATION OF IMPLICIT FUNCTIONS

If we are to differentiate aimplicit function &y ) = 0, we may sometimes be able to solve it

for wory and proceed explicitly. Quite often it is found inconvenient or even impossible to solve

the equation &) = 0 either forwor for y. In such cases, the derivative, viz.,can be
dx

obtained by the following method.

WORKING RULE: Differentiate both sides of the equatiory ) = 0 with respect tox,
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remembering thabis the function ofc. This will introduce the factosor any term involving
dx

« After the differentiation has been completed, solve the resulting equation for
dx

5.17 DIFFERENTIATION OF PARAMETRIC EQUATIONS

Sometimesv andw both are expressed in terms of a third variable. The third variable is called a

parameter. In such questiong;can be obtained by the use of chain rule.
dx

Thus, ifw 0 andw= "Q0), the derivative ofowith respect tawis given by

dy _dy dt
dx dt dx
d . . .
= dx_ which is more convenient form.
dt dt

Example 30Find_dv grx = 1, y = 1, if x3 — 2x2y2 = 5 — y — 5x-

dx
Solution : We have

¥ GEWF LW 5w
or o GEWF+50+ w v . T
Differentiating both sides with respecitowe get
() -2 22y + 5 L)+ () - (5) =0
dx dx dx dx dx
or
332 = 2[2 L () + 52 L] +5+ T =0
dx dx dx

OF 3x2—2[x2 2y +y2-2x]+5+ =0

dx dx

or (1-—4x%y) = —(3x2 — 4xy?2 + 5)
dx

dy _ 3x2—4xy2+5

dx 4x2 y—1

C(Taking common)
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C Atx=1,0=1,

dy _ 3.1%°-4.1.1%45 _ 4 -

Example 31.Ifx = ‘3 & prove thaty = 9%

dx  (1+log x)?

Solution :  We have
W=
Taking the logarithm of both sides, we get
wloge w= (0 ) loge Q
=0 ® (sinceloge Q= 1)

or wlogwt+ w=wor y(1+logx) =x
X

(1+logx)
or.
Differentiating both sides with respecttpwe get

d d
ﬂ _ (1+log x)- ji(x)—x- Ex(1+log X)
dx (1+logx)?

(1+log x)-l—x(i+0)
- (1+logx)2

_ (I+logx)—1 _ log x
T (1+logx)?2  (1+logx)?

Example 32.If 6465 = (0+ ¢)4+¢, prove thaty = 7,

dx
X

Solution: We have xmyn = (x + y)ymtn

Taking the logarithm of both sides with respect to the base get
A loge W+ € loge = (& + €) loge(w+ ).

Differentiating both sides with respecitpwe get

m-l+n-l-&=m+n)-_L:-4(x+y)
x y dx x+y dx

a
-+
w
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(s:_ Qe @y a+E G
{(é(h+é(b Ao E6), A (GOFrEd A® &)
Word o GG )

(é(b Ga, W 2R a®
o la o
dy _y
) dx x
C.

Example 33.Ifx = 0log 0and w= (log 9/ ¢ finddy for t = 1.
dx

Solution: We havew=00 bl C

C dx=t-d(logt) +logt- 4 (t)
dt dt dt

= 04+ 1logoll=1+logs
(6]

Again, o= 9o
o}
..Q . W,
) o Qm(logo) (log 9 (9
¢ @ 7
c‘):l‘ (log 9)1 o logd
R o T —
=7 = @
X _ QD _  plogy/F _ _p logd
Now, o QWD (1+logd  R(1+log o) |

1-0
Ato=1, - It =_ =1
dx t2(1+logt) 1+0

Example 34 .Differentiate 09 Sw.r.t. 6= '@.

Solution : Let w= a9 »ando= ‘. Hence, we are to fin@w O, which is given by
dy _dy  de & (i)
dt dx dx
Now, w= oP9®

Taking log on both sides,
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t log w= (log &) log w= (log &)2.

Differentiating both sides with respectip

dy

1d 2 2 2
__y= e ]()gx = =_y . logx =" xlogx.logx.
ydx X dx x x
Again!t = ¥ = dt_= px.
dx
Hence,  dy = 2. xlogx.Jogx = ex  [substituting the values in (i)]

dt x

. 2x1°8 *.Jog x

x e*

5.18 TEST YOUR UNDERSTANDING (E)

Find avin questions 1 & 2, when
dx

1. o3+ 3+ 3= 3.
2. (i) cu® R P +2® @+ w=0.
(i) 3¢ R+ 268 =0,

., 2
3. If ®= ¢ prove thaty = Y

dx x(1—y loge x)

4. If (P++ @W+6=0, prove thaf” = — 1 .
dx (1+x)2

[Hint : Transpose, square and solveyfoReject the root = w which does not satisfy the
given equation and differentiate the other root to obtain the desired result.]

3 2 N
5. ifx=""" and= %  showthadl’ = f@ &)

3 1+t3 dx 1—2¢3

1+0

6. DifferentiateQwith respect tQ'x.
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7. Differentiatelogio wwith respect to 2.

\/} to co
Vx
y=+x

dy y
8. |If,provethat — =~ .
dx 2(1—yloge Vf;)

2

Answers

B (x2+ay)
" (ax+y?)

. ax+hy+g
hx+by+f

(1)

.. 2x(6x2—y)

()————

x2—-6y2
2.,

6.2/x. ex

s logioe

5.19SUCCESSIVE DIFFERENTIATION

As observed in many of the preceding examples, the derivative of a functioispin general,

also a function ok. This derivative, which may be called thest derivativeof the function, may

itself be differentiated. The result is accordingly ahltbe second derivativeof the original
function. If the second derivative is differentiated, the result is callethittederivative,and so

on. If the operation of differentiation is performed on a function n times in succession, the final
result is ced thenth derivative of the function.

Notations. If wdenotes the function af, the successive derivativeswivith respect ofo

are denoted as under:

The first derivative is denoted by.
dx
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2
The second derivative is denotedhy.
dx

dzy_

C 4 iy _ &y
dx (dx) dx2

Similarly, the third derivative is denotedﬁ%’l, and so on.

dx?

The letterOis frequently used in place of the symhol The successive derivatives@ére
dx

thus denoted 88w 2wy Buwy é CGm

Instead of the symbal ,; p, the following symbols @& also used to denote the successive
dx

derivatives :

weomee’’, é oF,
or %W, V), =EF, € H(Worw, 2v3, €yn

Example 35.1fy = Q6+ GQab show thar™ — m2y.
dx?

Solution : We have
W= O+ Qae & (i)
Differentiating with respect t@, we get

dy = qgemr- d (mx)+bem - d(—mx)
dx dx dx

= a me™ — b me—mx
Differentiating again with respect 19 we get

d?y _ d (dy
dx? dx “dx

=ame™ 4 (mx)—bme ™ 2 (—mx)
dx dx

= O 2T 0+ (G 2Qaw
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= Q2@+ HQEY

= & 2w[from (i)]

Example 36, If = x3log !, prove thatx dY _ 2dy 4+ 3x2 = 0.
x dx2 dx

Solution : We have

1
y = x3]og-= x3[log1 — log x] = —x3 logx-
C  &=—[x3 < (logx) + (logx) - & (x*)]
dx dx dx

= —[x3 -1+ (logx)3x2] = —x2 — 3x2 log x-
X

C  xdy= —x3 — 33 log x
dx

or x@_:gy_xs

Differentiating again with respect i9 we have

x4 @)+ 4 (x) =32 — 4 (x3)

dx x dx dx dx dx
2
or xd? 4+ ¥ =3 _ 3.2 or
dx?  dx dx

2
d
xd? —2% 4 3x2 =
dx? dx

Example 37. If'y = log(x + V1 + x2), show that(é+ )¢+ 6u= 0

Solution : We have

= log(ew+ W p+ oF)
@ _ 1' o+ W pt+ of]
C Qo oF UL+ o

= Sl + 2 (1+ @) 122

o+ N1+

——[1+ —]

T ULt G I/Ipcoz
_ 1 |/|1+¢ﬁ)g|—(A]
B dJ+I7I1+d?-[ Np of



1
1+x2

or VOIFa %=1
dx

L+x) @) =1
dx

or.
Differentiating both sides with respecktowe get

d
(1+x)27- d@W)Y+ dy 2(0+2x)=0

dx ax ax (G
NY Y 2
2(1 + x2) +2 a4y % _

= = )

or

Dividing both sides byady, we get
dx

i.'Q, (1+ ®)ae+ =0

38. If y = (x + thkxg)m, prove that(1 + xz)ﬁ + x4 — m2y = 0.

dx?

Solution : We have
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1+x)"Y +xd =0.

dx

dx?

dx

Example



m

y=@+V1l+x2
dy:m(x+\/1+ . m-1 a4 (x + V1+x2)

o X )
X e dx1
:m(x+\/1:|: 2 [1+ (1+x2)—1/2-2x]
x ) -
m—1 2
=m(x+\/]_+72) [1+ ]
VI+xZ

m
=m(x+V1+x?) __ __m
VitxZ — 1+x2

\/IT+x2iZi= my

2
(1+3) () = m2y?

¢

or

or

Differentiating both sides with respectxto
2

(1+x2)-2(®) 4"+ ay 2 2x =m2- 2y
= = ) pre

Dividing both sides by %, we get
dx

2
A +x) 2 +x& = mzy

dx? dx
d%y

or (1+4+x2) " +x¥%—m2y=0
dx? dx
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Example 39.If = (&+ )@, prove thatty @ + 3= 0.

Solution : Given, 0= (O+ GB) P é (
Differentiating w.r.t.x, we get

= (O+ G ‘GO GwD  aml)
t = G+ QO e(ii) I
Differentiating again w.r.x , we get

G = Goy + G- By + Gfcx 8y [using (ii)]

~ ~
g

t @ o+ Bdw=0.

Example 40.1fy = 1Y, prove that_ (J) x =0.

Solution : Giveny = ¢, taking logarithm of both sides, we get
log w= wlog @ differentiating w.r.tx, we get

dy =x-1+logx-1

dx x

A

t iy_=y(1+logx)é( i)

Differentiating again w.r.k., we get

d?y 1
=y 0+ )+ A +logx) ¥
dx? x dx
d’y 'y 1 dy dy

dx2 = 4+ y dx

[using (i)]
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5.20TEST YOUR UNDERSTANDING (F)

1. Giveng= alef + 9, find 2 "atm= 4[239]
[oRz 125

( 2 a 2 )'ﬁb [04) 2
2. Ifd="‘w+ld 1) ,provethat Su 1° o+ &y, 6 w= 0.

3. Ify=+x+1—+x—1, prove that(x2 — 1)y, + xy: = iy_

4. If 68+ 8 = 3¢%x) show thatd ¥ = 24°%

5.21APPLICATIONS OF DIFFERENTIATION

In economics and commerce, variation of one quaattyth respect to another quantiy
usually described in terms of two concepts :

() average concept, and

(i) marginal concept

The average concept expresses the variation of one quantity over sedpacife of values
of a second quantity. It is usually measured from zero to a certain selected value.The marginal
concept concerns with instantaneous rate of change on the dependent vaf@abévery small
variation ofx. Therefore, a marginal condejs precise only when variations th are made

smallega and smaller. Therefore, th%‘i’, i. Q, the derivativeé™s interpreted as the marginal

Yoo o Y  ‘Qovalue ofx.

5.21.1AVERAGE COST AND MARGINAL COST

Let the total cosb of the outputwis given by

then the average cost is defined as the ratio of the total cost of the (@dtpnt is denoted
by AC.
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Total Cost c_ f(x)

Thus, Average cost( AG)— = _

Output X X

or Total cost= A.C.x
Now, if the output is increased frocn to x, and corresponding total cost becomdes  cYthe

then increase in cost per unit output is given by the satind the marginal cost is defined as :

Ax

Marginakia Cost (M.C.)= (Y = o

Ax—>0§ dx

In other words, marginal cost is the first derivative of the total©wsith respect to outpub and

is the rate of increase in total cost with increase in output.

Example 41The total cost§0), associated with producing and marketingunits of an item is
given by :

) 253 Ot w300 + 5000
Find (i) the average cost function
(i) the average cost of output of 10 units

(i) the marginal cost functions (iv)the

marginal cost when 3 units are produced.

Solution :(i) The average co$tinction (or average cost) A.C.

AC. — @ -005x3—02x%2+30x45000
X X

= 005x3 — 02x2 + 30x + 2°°

X

(i) Average cost ab= 10 becomes

—0-005%x102—0-02x10+ 30+

10

m J v m J ¢ Tl UVTT

Hence, average costYi8 vam O o
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(i) The marginal cost function (or marginal cost), M.C. is obtained by
differentiatingowith respect t@ .

Thus, M.C= %
dx

= (- 005x3 — 02x2 + 30x + 5000)
dx
O mav o00W®80 ¢
n & 0 30

(iv) The marginal cost wheBunits are produced is M.C. at= 3.

O mpw O mna o o

m O paov O p¢ oTt onm O T1TU

Hence, Marginal Cost a=3isYi. 300 .1 v

5.21.2TOTAL REVENUE, AVERAGE REVENUE AND MARGINAL REVENUE

Letr) be the price per unit ardd is the number of units of an item sold. Then the total revenue
is given by

Y=Nxw
Now, Average Revenue (A.R.) is give by

Total Revenue _ R

Average Revenugs R.) = = _="" = p (price)

X X

Further, Marginal Revenue (M.R.) is given by

Marginal Revenue (M.R%E =p+xdr
dx dx

=p(1 X
pdx

Example 42.The demand function of a monopolistic is givenfly puv nmdt B ¢
Find marginal revenue for any level of output Also find M.R. when (iYo=5, (i) 0= 20.

Solution : The demand function i$ PLTT@ o ¢
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C Total Revenue= R = p - x = (1500 — 2x — x2)x = 1500x — 2x2 — x3M.R.

= % 1500 — 4x — 3x2
dx

() MR.at =5is1500 — 4 x 5 — 3 x 52 = 1500 — 200 — 75 = 1405

(i) M\R. atw=20ispu I T T 2CTMPULTT @ T PCTT CCTl
5.21. 3 Elasticity of Demand and Supply :
ELASTICITY OF DEMAND
There is aelation between Price of the product and demand of the product. When price change,
demand also change. This responsiveness of change in demand to change is price is called price
elasticity of demand. So, we can define price elasticity of demand aseathtinge in demand

due to relative change in price. Mathematically:

£ Percentage Change in quantity demanded
p= '

Percentage change in Price

AQ
0 AQ P AQ P

- X _— X —

AP — Q@ AP AP Q@
P

PRICE ELASTICITY OF SUPPLY:

There is a relation between Price of the product and Supply of the product. When price change,

supply also change. This responsiveness of change in sigpphange is price is called price
elasticity of supply. So, we can define price elasticity of supply as relative change in supply due

to relative change in price. Mathematically:

_ Percentage Change in quantity supplied

E
P Percentage change in Price
AQ
Q AQ P AQ P
- = — X —= — X —
AP Q AP AP Q

P
Example43 If the demand function is g = 10@pi 2p°calculate the slapof demand curve and

also find Elasticity of demand when P = 100.

Solution
The demand function is q = 100 2p i 2p°
Differentiating wrt p
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dg d
—~ == —2p-2p)=-2-4
dp (100 —2p—2p*) =—-2-4p
d
Slope of the demand cureve_ —_ (-2 - 4p) =2+4p
dp
(ii) Elasticity of demand- _ x%
p
p
2+4
— P (-2-4p) = p(2+4p)
100—2p—2p?2 100—2p—2p2
Elasticity of demand whenp
10(2 + 40) -420 =70
~100—20-200 120 2
Example44 For the supply function x = 2 + 3pfind the elasticity of supply at p = 3
Solution
The supply function
X=2+37
Thus< =6p
dp
. . pd
Now elasticity of supply- _p p 6p?
x dp 2+3p2><6 _2+3p2
Elasticity of supply when p =3
2+ 27 29

5.22MAXIMA AND MINIMA

A function @) is said to have attained its maximum valuedat ¢ if the function ceases to

increase and begins of decreaseat®

Similarly, a function «) is said to have attained its minimum valuaxat Q if the function

ceases to decrease and beginstrease ab= Q

Let us suppose that a functiort) is defined in an interval by such an expression that it is

difficult to get an idea about its behavior just by a glance. In such cases, the best procedure is to
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draw the curver = f(x). We know that fodrawing a curve just plot some individual points and

then join these points by a smooth and regular curve.

Suppose that Fig. 1 shows the graph of some functionaf interval[¢) ¢J. The point, and
04 are calledt cuid 6a néied of the graph while the points, andds are callediigia 6a
Néied . The function has a maximum valog whenw= 0 2, and a maximum valug& whenw =
0 4. Again the function has a minimum valae when® = 0 1 and a minimum valués whenc

= 0 3. Notice that in this case the minimum vatugs greater then the maximum valog

Fig. 1
The following points regarding minima and maxima should be noted carefully :

() The maximum and minimum values of a function at a point does eahrthe greatest
and least values of the function; they only mean the greatest and the smallest value of the
function in the immediate neighborhood of that point.

(i) The function may have several maximum and minimum values, and these must occur
alternately.

(i) Some of the maximum values of the function may be greater than some of its maximum
values.
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(iv) The maximum and minimum values of the function together are also called the extreme
values (extrme) or optimum values (optima) of the function. Minimization and
maximization together may be called optimization.

(v) The whole concept of minimum and maximum values discussed above retat@grtor
1A 0Q minimum and maximum values, ‘Q, minimum or maximum value in its
immediate neighborhood. THE# cxdx or (X £668Q minimum or maximum value of the
function may not be any of them; it (global extreme value) may instead lie thgoarid
of the interval, as is the case in Figniwhich the overall maximum value lies@t= ®
and minimum value ab= @

(vi) The terms maxima, minima, extreme and optima are the plural forms of maximum,
minimum, extremum and optimum respectively.

CRITERIA FOR MINIMUM AND MAXIMUM

(a) Suppose @) has a maximum ab= @ Then, by definition, it is an increasing function for
the values ofw immediately beforecoy = @ and a decreasing function for the valuescof
immediately afteo = @ If the function and its derivatives are continuogs) will be positive
just beforeco = @ and increasing function aftéx= ¢ The derivativé £¢) will be negative just
beforeco= ¢ positive just afteco= czero atw= @ Thus, the following criteria for the minimum

and maximum emerge :

) @) has a minimum or maximum at a point whe§e) = 0. Let this point be.
(i) If %) > 0 for wa little less themoand ¥6) < 0 for wa little greater then, ¢) has a
maximum value ab= & Iff ¥6) < 0 for wa little less thewoand €6 > 0 for wa little

greater then, ¢) has a minimum value ai= @

(b) If the function &) is twice differentiable, the sign of the second derivative at a @dirt
whichf £6) = 0 may be used to determine the minimum and maximur{&¥ > 0,f £¢) will be
changing sign from negative to positive near the point (as we move from left to righit, ‘Q, at
= & ¢ will have a minimum value. &) < 0, ) will be changing sign from positive to

negative near the p 0= ¢)i. Q,atw= @ ) will have a maximum value.

Thus, an alternative criteria for the minimum and maximum may be given a under :
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0] @) has a minimum or maximum at a point whege) = 0. Let this point be.
(i) If ‘@) >0, ¢ hasa minimum.

If @) >0, ¢)hasamaximum.

Notes :

(i) The conditions (i) and (ii) [given under (a) and (b) above] are chtldrder condition
andsecond order conditionrespectively.

(i) The points at which the first derivative is zero are dal¢ationary points. At a

stationary point, we have a minimum, maximum or point of inflexion.

Working rule for finding maximum and minimum values of a function :

()  Findaxfor the given functiomdy ).
dx

(1)  Find the values of for whichévis zero. Let these b1, ® 2, W3, € .
dx

Method 1.

(1) Take the first value, . If 4v is positive forw< 3 and negative fow> , the function
dx

has a maximum gt= a,. If dvis negative fow < & i1and positive forew > @ 1, the
dx

function has a minimum ab= ¢a. Similarly test the other valués, ¢sh 0B found in

step II.

Method 2.

dx?
(V) Put If the result is negative, the function has a maximum value at
d2y

X = ai in )
dx?
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@ = ¢x and the maximum value i& ). If, by putting the result is positive, the

function has a minimum value@t= ¢ and the minimum value ). Similarly

test the other valua®, Gxh oBwfound in step II.

ILLUSTRATIVE EXAMPLES

Example 45.Find the maximum and minimum values of the polynomial
85 Pty 1012

Solution : Let W= 80¢F pfy- 1008

C v = 40x* — 60x3 + 20x

dx

For maxima or minima,
d
Y—-0
dx

I.'Q, 40x* — 60x3 + 20x = Oor .
20(x — 1)2(2x + 1) = 0

Hence, foy to be maximum or minimuny=0,1, 1/2.
2
Now, 4? = 160x3 — 180x2 + 20

dx?

= 20(8x3 —9x%2 + 1)
When= —1 d — —45which is negativeTherefore, for this value of, chas a maximum
2 dx?
and that value ig1.

10

Again, wheny = ), dz_y: 20which is positive. Therefore, ai= 0, whas a minimum
dx?

which is zero.

Now, ate = 1, ﬁ: 0. Hence, for further investigation, we will have to find the next higher

dx?
derivative.
2
Now, 4 ¥ = 480x2 — 360x-
dx?
2 . . N . .
~at x = 1, <* = 120 which is not zero. Hence, @t= 1 the function has neither a

dx?
maximum nor a minimum but a point of inflexion.
Example 46.Test the following function for minimum, maximum and point of inflexion :

w=0® U8

Solution : At minimum or maximum,
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y1i=0= 3x2-3=0 = x+1.
Now,y 2 =6
Atw=1,0w=6>0.Hencewhas a minimum at=1.
Atx , @ ¢ . Hencewohas a maximum ab . p
At a point of inflexiong» =0 andvz . Tt
Now, (&) T & @wa0.
u® @ . Henagew has a

point of inflexion atw= 0.

Example 47.Show that the demand function = 4¢2  ¢&j2 + )3 (where is price,0 is
guantity, @is positive constant ang < 2¢) is downward sloping with a point of inflexion.
Solution: dx = —6ap + 3p2 = —3p(2a —p) <0 (¢ ©>nandn>0)
dp
Hence, the function is downward sloping
At the point of inflexion, we have

2 3
x_0 and d*=%0.
dp? dp3
2
Now %=0 = —6a+6p=0=>p=a
dp
d3x

_=d_[—6a+6p]=6i0.
dp3 dp

C At = & the function has a point of inflexion. Thus, the function is downward sloping with

a point of inflexion.

Example 48. The production manager of a company plans to includ80 square
centimeters of actual printed matter in each page of a book under production. Each page
should have2. 0 cm wide margin along the top and bottom a@d 5 cm wide margin along the

sides. What are the most economical dimensions of each printed fage

Solution : Let x, w denote the length and breadth of the printed matter in each page. Then,
printed area of each page,
= 180 e (i)
Due to margin, the dimensions of each pagebeifo+ 2 x 2) and(w+ 2 x 2.5),i. Q, @+
4) and(w+ 5).
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Let 0 be the total area of each page; then,
A=(x+4)(y+5)=xy+5x+4y+20

=200+ 5x + 4x é(ii)

X

For maximum and minimum,
d4=0=5-720=
dx 2

t x2 =144 = x = +£12
Cm= 12, discarding the negative value.

Again, g4 2XT20 o whernx =12

dx? x2
C o= 12 minimizesA .

Substitutingg = 12 in (i), we have
180
12

Hence, the most economical dimensions are :
lengthk @+ 4 = 16 cm and breadth
+5=20 cm.
Example 49.The demand function for a particulars commodityis= 15Q 93, < y <
8, wheren is price per unit and) is the number of units demanded. Determine the price and

quantity for which the revenue is maximum

Solution : The demand function i$=15Q ¥ 0 ® Y

C Total Revenue = Y = 1. ® = 15Qw« ¢
4R = 15 [xe=*/3. (= 1) + 1.e /3]
dx 3

= 15e-*/3[—x 4+ 1] = 15e~%/3 [— x+3]
3 3

= e~*/3[15 — 5x]
'R = e=2/3(=5) + e=¥/3 (— 1) (15 — 5x)
3

prea
— e~%/3[=5— 5+ x] = e=/3 [5x — 10]
3 3

AR =0 = ex/3(15—-5x)=0=>15—-5x=0=x=3
dx
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and

Now,
2p .

Also, 47 givese-3/3[5x3 —10] = —5< 0
dx? y—3 3 e

C'Y is maximum whemo= 3. whenw= 3,
15

e

we havep = 15¢-*/3 =

Example 50.The cost of manufacturing a certain article is given By= g2 TN, p T TT

whereq is the number of articles manufacturedrind the minimum value of.. Solution : Here

=12 1+ 100

> de=2q—4
C i

Now, for the minimum de=0 = 29g—4=0 = q=2.

dq
2C
Also, 4 =2>0
dg?
: 2 , . -
Since, %> 0, thereforey) = 2 gives minimum costs.
dq

5.23TEST YOUR UNDERSTANDING (G)
1. Find the maximunand minimum value of the functiai= 2 ¢8 262 + 3¢+ 1
3

2.  Find the maximum and minimum valueswof (@ o @ o

3. The demand equation f o =84, wheaeo usfthe aumber efr 0 s p
4

units and) is the price per unit. At what value afwill there be maximum revenue ? What

is the maximum revenue ?

4. The cost of manufacturing a particular type of Cricket ball is given by

6§ = ¥ p Q360040
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Where @ denotes the number of balls produced. How many balls should the company
manufactureat which cost is minimum, and what would be cost per ball at this level of
production ?

5. If the cost function is given by= &+ cw+ @, wherew is the quantity of output. Show
that

4 (AC)=1M.C. AC)
dx ' x

where M.C. and A.C. are marginal cost and average cost respectively.

6. The demand curve for a monopolist is givemby p 1 m). T
(i) find total average and marginal revenue.
(i) atwhat value of, M.R= 0
(iif) what is the price when M.R. 0 ?

7. The demanddr a certain product is represented by the equation :
N=20+50 G
wherewis the number of units demanded anid the price per unit.

() Find the marginal revenue. (iQbtain the marginal revenue when 2 units are sold.

Answers
v _ 2_\/3— Mi _=-2,/3
ax (¥)x=2-1/3 = gV o, M. (y)x=2+1N3 9

1Max (y)x=1 = %
2. !
3 w=40, ™. 400
4 w= 600, Y. 40
6.

(i)R = 25 — g2 A.R.
4
=25-1g, MMR=25-14
4 2

(i) M.R.=0 whennp=50
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(i) MR.=0, pc O u

7. (MR.=20+106 &)
M.R. at=24.

5.24LET US SUM UP

A In this unit we have discussed the meaning of Derivative of a function as the rate at
which a function changes with respect to its independent variable.

A We learnt the method of finding the derivative of a function by using definition (First
Principle).

A After that derivative of some standard functions were discussed along with derivative of
sum, product and quotient of two functions,

A Derivative of composite, logarithmic, exponential and implicit functions were also
discussed.

A Differentiation of €cond and third order is covered in the unit.

™

Economic applications of Revenue, Cost and Elasticity is discussed in the unit.

A Concept of Maxima and Minima is also discussed in the unit.

5.25KEY TERMS

A DERIVATIVE: The rateat which a function changes with respect to its independent
variable is called thderivativein the function.

A ELASTICITY OF DEMAND: The responsiveness of change in demand to change is
price is called price elasticity of demand. So, we can define pasticly of demand as
relative change in demand due to relative change in price.

A PRICE ELASTICITY OF SUPPLY: The responsiveness of change in supply to change
is price is called price elasticity of supply. So, we can define price elasticity of supply as
relative change in supply due to relative change in price..

A MAXIMA: A function ¢) is said to have attained its maximum valugvat ¢ if the

function ceases to increase and begins of decrease at

160



A MINIMA :Similarly, a function ¢) is said to hee attained its minimum value @t= Q

if the function ceases to decrease and begins to increase'@t

5.26 FURTHER READINGS

1. Mizrahi and John SullivarMathematics for Business and Social Sciendéey and Sons.
2. Budnick, P Applied MathematicsvicGraw Hill Publishing Co.

3.N. D. Vohra,Business Mathematics and StatistisbcGraw Hill Education (India) Pvt Ltd 4.
J.K. Thukral Mathematics for Business Studi®gyur Publications

5. J. K. SinghBusiness Mathematicklimalaya Publishing House.
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B. COM (DIGITAL)

SEMESTER I

COURSE: BUSINESS MATHEMATICS AND STATISTICS

Unit 6 T Basic Mathematics of Finance

STRUCTURE

6.0 Objectives

6.1Introduction

6.2Interest

6.3Simple Interest

6.4 Compound Interest

6.5 Test Your Understanding (A)

6.6 Nominal and Effective Rate of Interest
6.6.1Nominal Rate of Interest
6.6.2Effective Rate of Interest

6.7 Continuous compounding of Interest

6.8 Test Your Understanding (B)

6.9 Compounding and Discounting of a sum using different types of rates
6.9.1Compounding
6.6.2 Discounting

6.10Test Your Understanding (C)

6.11Let us Sum Up

6.12Key Terms

6.13Further Readings

6.00BJECTIVES

After studying the Unit, students will be able to
A Describe the concept of Interest.
A Understand the meaning of simple and compound interest.
A Calculate Nominal and Effective rate of interest.
A Apply the concept of compounding and discount in real life situation.
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A Apply the concept of continuous compounding.

6.1 INTRODUCTION

In this chapter, our main focus is on the concept of time value of money. Time value of
money basically meartbat the value of a unity of money is different in different time periods. It
is based on the concept that the present worth of money received after some time will be less
than a money received today. So as the value of money keeps on changing withetiefere
sometimes it becomes necessary to evaluate the value of money at a particular point of time. In

the present chapter we will cover such issues.

6.2 INTEREST

Interest is the additional amount paid by a borrower for the use of a lendersy.mh you
borrow (or lend) some money from (or to) a person for a particular period, you would have to
pay (or would receive) more money than your initial borrowing (or lending). This excess or
additional money you paid (or received) is called interes

Interest can be calculated in two ways:

(i) Simple Interest
(i) Compound Interest

6.3SIMPLE INTEREST

Simple interest is the interest computed only on the original amount borrowed (or lent). It is
the extra money paid (or taken) on that principal for one time perié when the principal
remains the same for entire loan period, irrespective of thgtheof period for which it is
borrowed (or lent) then interest is called Simple interest. It is calculated by using following
formula :

_erxt
100

S. L
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Where 0 = Principal {. ‘Q,the initial amount of borrowing or lending).
i = Rate of Interesi.(Q,the interest charged generally fiocX2i per Rs. 100).

t= Time period for which money is borrowed or lent(in years).

Note :
For any transaction, time may be given in months, weeks or days. However, in 46k of

formula,tmust be in yearsndy. For that the following conversions may be used :

¢ months= "years(¢ 1 year= 12 months)
12

& weeks= "years(¢ 1 year= 52 weeks)
52

_k

TBQeéays years (¢ 1 year= 365 days)
Also, 0 = The total money paid back at the end of specified period.
C 0 £020= 01 QNGO+ O3 Ao
i.'Q, 6=0+"Y
Example 1.Find the simple interest on R2000 at6% ., 0= 2 WA i .
Solution : Here,0 = Rs.2000,1 = 6% 1). &), 0= 2 «X2i i

C 5.1 =2000%6%2 _ ps 240

100

Example 2. Find the simple interest oni. 10, 000 for 7 «X2ii at5% r). & Find the
amount at the end of ¢X2i i .

Solution : Here,0 = 10,000, 1 = 5% 1., 0= 7 ¢XXi

C S ]| = P><rxt= 10,000x5x7
o 100 100

=Y. 3500
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¢ Oa£6E0=0+ YO
= 10,000 + 3500
= 'Yi. 13,500

Example 3.Find the time required to earni. 72, 675as simple interest on the principal of
i .5, 000at the rated4. 5%n. @

Solution : Here,0 = 85,000, = 4.5% 1. Q, 0= 2,5 ."0= 72,675

We know that, g j = PXt
100
' 72,675 — 85,000x4.5xt
100
' — 72,675X1004.5
85,000
85.5
t=_""=19
45

C The required time i$9 XA i .
Example 4.At what rate of interest would the sumi. 46, 875grow to i. 50, 000in 1
X2i and G €5 ?
Solution : Here,0 = . 46,875
0 = "Yi. 50,000

0=1 ¢X23 and8 & ££GQ

= l— years
27
2
= 1_years
3
5
=_y ars
3
Now, Ba £680= 0l &GN+ "Ya /Q
®aQA0
i.Q 6=0+"Y0
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PXrxt
100

t A=P+
t A=pP(1+"1D)
100

50,000 = 46,875 (1 + _ i)
3

t (wherei=_")

100
50,000 5.
t e = —
46,875 1 T 31
(1.067— ) * i
1 x c=
t
i i =0.04
t 1 =4% 1.Q

Example 5. Ram deposited some amount in a bank at simple interest, such that it would
amountto i. 7650in 4 «X2ii and i. 8100in 6 ¢X2ii. Find the sum deposited and the rate
of simple interes?

Solution : Here,

01 i£ ncd+ "Y'Ofor 4 ¢X2i i = M. 7650 e (i

01 i& NG+ "Y'Ofor 6 ¢X23 i = 'Yi. 8100 e (i
Subtracting (ii) from (i), we obtain

"Y& NAQ®AQ ‘A ofor 2 aXAd i = Y. 450
C  S.1.for1year =""=Rs.225

2
Now, "Y'Ofor 4 ¢X2ii = M. (4 x 225)
='Yi.900 é (i ii)

Putting (iii) in (i), we get

01 i€ N+ Yi. 900 ="Yi . 7650
t Principal = Rs. (7650 — 900) = Rs. 6750

166



NOW, as _ Pxrxt
S. L 100

(: __ S.Ix100
T =
Pxt

Ford i, "Y'O=1i.900
Also, 0="Yi.6750

= 900x100 _ 10
6750x4 3

1
r=3§%p.a

i. Q , which is the required rate.

Example 6.A sum of i. 720 is due after4 «X2ii at5% n. & simple interest. Find its
present worth?

Solution:Le 6 6be t he

required present worth.

Now, according to given question

0="M.720
0= 4 GO i
i =5% .0
As i 6=0+"Y0
=P(1+%)

720 = P (1 +2%
100

720 = P (1 +22)

100
t
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t 720 = P (120)
100

_ 720%100

P = Rs. 600

120

Hence, the present worth of the given suniis600.

6.4 COMPOUND INTEREST

In this case, the borrower and the lender agree to fix up a certain interval of time (that may be a
year or a halyearor a quarter of year or a month etc.), so that the amautl Qi i£ cncix +

‘®0Q Q0 at the end of each interval becomes the new principal for the next interval, thus
increasing the principal base, at the end of each specified pertodepfon which subsequent
interest is calculated. By repeating this process till the last period of specified time, if we
calculate the total interest over all the intervals, the interest thus calculated is called the

compound interest.

i.Q 6.70=0a €680 Diitdna

i. 'Q the difference between the final amount and the original principal gives required

compound interest for the given time.

Note :

Interest need not to be compounded annually only, but it may be compoundetheealily,
i. ‘Q two times a year or quarterly’Q four times a year, and so on. This fixed interval of time at
the end of which the interest is calculated and added tprihepal to form a new principal for

the next interval is called the conversion period.
The formula for calculating the compound amount and compound interest is given below:

t
A=P(1+)
100
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Where 0 = Principal

i = Rate of Interest per payment period

0 = Number of payment periods or total

number of conversion periods

0 = Total amount accumulated aftgpayment periods
C OEANEEQOEN D O= O £0E0 Dl iE N

i.Q 6.0=0 0

.Q cL=P[1 +f(;0t - 1]

Note :
If i 1,12,13are the rates of interest (per payment period) fordirsonversion periods, second

€2 conversion periods, thirgk conversion periods then

n n n3
A=PQA+ " (142" (14
100 100 100

DOUBLING PERIOD
The time period in which an amount becomes double of itself at a certain given rate of interest

can be calculated by puttiig= 20 and then finding.

This doubling period can also be calculated by using the following formula:

(a) Rule of72 :
Doubling Period =

72

Rate of interest

(b) Rule of69:
Doubling Period = 0.35 +

Rate of interest

69
Example 7.Find the compound interest oni. 500 for 3 «X2ii at5% n. @ compound

annually.

Solution : Here,0 = 'Yi. 500, 6= 3 ¢X2ii,i =5% . Q
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¢ A=P ()
5 3
=500 (1+ )

= 500(1.05)? = Rs.578.8125

Hence, compound interest

6.0=06 0
vuxy8uywpgu VT
='Yi.78.81

Example 8.Mr. Ramesh depositsi. 10, 000 today at6% ). & rate of interest. In many
years will this amount become double of its@liVork out this problem by using the rule af2

and rule of69.

Solution : According to rule of 72

Doubling period = i

Rate of interest

=7 12 years
6

and, According to rule of 69

Doubling period = 0.35 + i

Rate of interest

=035+
6

= 0.35+ 11.50
= 11.85 =~ 12 years.

Example 9.Find the compound amount of i . 5000lent for 3 «X2Zi i at16% ). G

converted.
(a) Annually (b) SemiAnnually  (c) Quarterly
Solution : Here,0 = 'Yi. 5000
0=3 Wi
@i QN |
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= 12 063 &1 |

= 8% 1. &

= 2% RO 6 oW
Now,

() Annually

t
A=P(1+)
100

3
=5000(1+ ")
100

= 5000 (1.08)3
= Rs.6298.56

(b) SemtAnnually

t
A=P1+)
100

6
=5000(1+ ")
100

= 5000 (1.04)6
= Rs.6326.59

(c) Quarterly
t
A=P(1+)
100

2 )12
= 5000 (1 + 7
= 5000 (1.02)12

= Rs.6341.20
Example 10.When a child was born, a sum ofi. 5000 was deposited in his bank account.

The bank payd2% n. & interest compounded halfearly. What amount would be received by
the child on his ' birthday ?
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Solution:Her e, t
Yi . 5000after5 oX24 i

Now, 0 =5000
r=12%p.a.
= 6% half yearly
t =5 years
= 10 half years

t

- _r
G A=P (1 4

6 1
= 5000 (1 + —)

100
= 5000(1.06)1°

= Rs.8954

he

0

amount

received

on

Example 11.Find the compound interest oni. 7000 for 3 oX2i i, if the rate of interest for

first two years i6% ). cd and 9% r). ca for the third year half yearly

Solution : Here,0 = "Yi. 7000

i 1 = rate of interest for first two years6% ). 1
r, =rate of interest for the third year99 p. a. = 2% half yearly
2

0= o+ &
=2 GBI T + 1 X
=261 G|

Now,
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Compound Amount = Principal + Compound Interest
A=P+C.I

C.l.=A—-P

=P(1+L)t1 (142 )tz —pP
100

100

6 2 9 2
=7000[(1+ 59 A+ —1

= 7000 [(1.06)2(1.045)2 — 1]
7000 [(1.1236)(1.092025) — 1]
7000 [0.2269929]

Rs.1588.99

Rs.1589

Example 12.In how many years will a certain sum double itself 0% 1. & when the
interest is compounded half yeatrly

Solution:Her eP6 iifs d&@ he

principal

6=20
Also, i =10% 1.8 o BX20 &
0= ?, whered= no. of haf years
Now, as
A=PA+D)

2 t
C 2P=P(1+j3

100

10
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Taking log on both sides, we get
log2 = t(log21 — log 20)

t 0.3010 = t(1.3222 — 1.3010)
t(0.0212) = 0.3010

t=21=142 half years

212

¢ Required time= % = 7.1 years
2

Example 13.At what rate of compound interest will a certain sum double itself in
6 0ii?
Solution:Her ePd iifs @ he principal amount, then
GEANEGEQOA £0680,0 = 20

Also, 0=6 uX2i i
1 =7

C A=pP(1 J{(ﬁ

6
2 1

6
22 = (14+7)
P 100
6
2=(1+7,)

t

Taking log on both sides, we get
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log2 =6log(1+_)
100

t 03010 = Jog (1 + L)
6 100

0.0501 = log (1 4+ )
100
Antilog(0.0501) = (1+ )
100

1+ _ Apti
m Antilog (0.0501)

1+ — 1122
100

-
Too = 1122 -1 =0.122

r=0.122x100 =122

t

t

C Required rate of interest 12.2% ). @

6.5TEST YOUR UNDERSTANDING (A)

H wNPE

Find the simple interest on a sum™f. 600for 4 years ab% ).

At what rate percent a sum¥f. 5000amounts téYi . 10,000in 5 years.

How long will it take for a certain sum of . 2000to accumulate t&v . 2500at5% r). &

A certdn sum amounts t&i . 2784in 2 years andvi . 3360in 5 years at simple interest.
Find the sum and the rate of simple interest.

Calculate the compound value '®f. 12,000 at the end o8 years atl0% n. & rate of

interest. Also find the compournigterest.
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10.

11.

12.

Find the amount ofvi. 2800 lent for theliyears atl0% n. @, interest being payable
2
compounded half yearly.

Ram offers his friend to payi. 12,000 after 15 years in exchange 6fi. 1000 today.
What interest rate is implicit in the offer ?

Divide 'Yi. 24,000between Ram and Shyam so that the amount Ram receéggans at
12.5% n. @ rate of interest is equal to the amount received by Shy&@nyears atl0% .

Q rate of interess

In how many years will a certain sum double itself@f#6 r). @, interest being compounded

guarterly.

The difference between compound interest and simple interest on a certain sum of money at
5% 1). & for 2 years isYi . 2.3Q Find the sum ?

An investment company pay2% ). & rate of interest by compounding the sum quarterly.

If "Yi. 5000is deposited initially, how much shall it grow toSryears ?

What rate of interest per annum doubles an investmentyears, if the interest is being

compounded annually ?

Answers

© © N oo o0 > w0 DN PF

[
o

11.

M. 120
20%
5years
M. 2400, 8%
™M . 15,972 Y. 3972
M. 3241.35
18%
Yi. 10,892 Yi. 13,108
7.03years
Yi. 1000
Yi. 9030
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12. 10.41%0. G

6.6 NOMINAL AND EFFECTIVE RATE OF INTEREST

From the above discussion and examples it is clear that in case of compound interest if the
interest is being compounded more than once a year, the amount grows faster. It is so because the
actual rate of interest realized, calleffective rateln case dbmulti-period compounding is more

than the apparent annual rate of interest caltedinal rate

For example, the future value ¥f. 100 at the end of one year, at the rate of intet88b 1. G
will becomeYi. 110. But if the interest is calculed on half yearly basis, then At the end of first

six months, we will havéyi. 105.

i.'Q, Yi. 100 + 5% of Yi. 100 = 'Yi. 105 And so,

at the end of next six months, it will be

"Yi. 105 + 5%of 'Yi. 105 ="Y. 110.25
Hence, the total interestalized in case half yearly compoundingris 10.25 or we can say that
effective rate of interest 80.25% while the nominal rate i1$0%.

6.6.1 NOMINAL RATE OF INTEREST : In case of compound interest, the apparent

annual rate of interest is called theminal rate of interest

6.6.2 EFFECTIVE RATE OF INTEREST : In case of compound interest, if the interest is
being calculated more than once a yeaiQ), a case of mukperiod compounding) the interest
actually earned or realized is called #ffectiverate of interest

Relationship between Nominal and Effective Rate of Interest

Let, O= Effective rate of interest= Nominal rate of interest

= Frequency of compounding per year
Then,

r m
E=(1+—) -1
100m
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Example 14. Find the effective rate of interest equivalento nominal rate of 6%
compounded monthly

Solution: 1 =6% .
a =12 Now,
as we have

r m
E=(1+") -1
100m

CEffective rate of interest,6 12
E=(1+— 1

1200
= (1.0075)12 — 1

=1.0930 -1
= 0.0930
=9.3%

Example 15.Which is better option for an investor, compoundif®y 1% semtannually or
9% monthly ?

Solution : Let us find the effective rate of interest when compounding is ddh& %t semt
annually.

CFor the first investment,
r=91%p.a.

m=2

. 9.1 2
C E=0+") -1
200

= (14 0.0455)2 — 1
= 0.09307025 = 9.30%

i. Q, Effective rate of interest in case of first investme®.30%

Now, to find the effective rate of interest when compounding is do®& ahonthly, we have
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r=9%np.a.

m=12 , 12
t E=01+—" 1

1200
= (1+40.0075)12 -1
x = (1.0075)12
e (i)

Let

Taking log on both sides, we get
log w= 12 log(1.0075)

= 12(0.0034)
C log = 0.0408
t w= Antilog (0.0408)
t w=1.098
C(i) becomes
0O p8TMTwWY P M8 TmwyY wdyYhk

i. 'Q, Effective rate of interest in case of second investmeéhB8%

CSecond investment option is better

6.7 CONTINUOUS COMPOUNDING OF INTEREST

We know that in case of compound interest,dhe mpound A@ mbamtt @ pr i nc

af tterydar i&twr ate of

t
Amount4 = P (1 +)
100

But, i f the compdumdckisng ni a dcecraeg ,0t hen we wi |
txXm
A=P(1+—)
mx100
Where, a =

When the compounding is done continuously ,& becomes very largé © Howe have
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] ro
a %100 100

, w
- [-_“),llm 1+

i
a % b 100d)r]

— {d 100
lim alie_

As (wo H:>(1+ @ To= Q

WhereQis the numerical constant a 2.7183

Thus, the compoandummocangdadanst erf 6the inter
continuoustdy, dats the rate 0

0 = 0'Qg 100
Example 16.Which investment option is bettet6% compounded quarterly od2. 2%

compounded continuously

Solution : For first investment Let
P =Rs.100

r=16%p.a.= 0o
4
guarterly

= 4% quarterly
0= 1 year= 4 quarters
4
A=100(1+7 ) =100(1.04)"
C
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= 100(1.169858)
='Yi.116.98

t Effective rate of interest

PPOB WY pmm
= 16.98% For

second investment

Let 0="Yi. 100
1=12.2%1.&
0=1 ¢X2i
As interest is being compounded continuously
C 6= 0Qq 100
t 0=100 % Q¢ 8¢ j=pOR'D.122
Taking log on both sides, we get

log 0 = log 100 + 0.122 log'Q
=2 +(0.122) log(2.7183) Q= 2.7183)

= 2 +(0.122)(0.4343)
=2+ 0.053
= 2.053
t 0 = Antilog(2.053) = 113.0

+ 0='Yi.113.0
Thus, Effective rate of interest

ppo8Tm p T
=13%

CFirst investment is better
NoteWe can also say that if the nominal rateis compounded continuously, then the
formula of effective raté&, becomes
In case of continuous compounding
'O= ('Qi 100 0
or 'O= 100(Qi100 p b
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Example 17.Find the effective rate equivalent teominal rate6% compounded

(a) Monthly (b) Continuously

Solution : (a) We have

CEffective rat

(b) We have
1 =6%
C ‘O= 'Qi 100 o
=Qjpnrl
= (.06 P
Take = '(9.06
C log = 0.06 log'Q= 0.06 x log(2.7183)
t log w=0.06 x 0.4343
= 0.026058
t w= Antilog (0.0260)
C w=1.062
t (i) becomes
O p8MEC p LECRINONS ®P8¢P
t 0=6.2%

6.8 TEST YOUR UNDERSTANDING (B)
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