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   JAGAT GURU NANAK DEV PUNJAB STATE OPEN UNIVERSITY, 
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 (Established by Act No. 19 of 2019 of the Legislature of State of Punjab)  

  

PREFACE  

Jagat Guru Nanak Dev Punjab State Open University, Patiala was established in 

December 2019 by Act 19 of the Legislature of State of Punjab. It is the first and only 

Open University of the State, entrusted with the responsibility of making higher 

education accessible to all, especially to those sections of society who do not have the 

means, time or opportunity to pursue regular education.  

In keeping with the nature of an Open University, this University provides a flexible 

education system to suit every need. The time given to complete a programme is 

double the duration of a regular mode programme. Well-designed study material has 

been prepared in consultation with experts in their respective fields.   

The University offers programmes which have been designed to provide relevant, 

skillbased and employability-enhancing education. The study material provided in 

this booklet is self-instructional, with self-assessment exercises, and 

recommendations for further readings. The syllabus has been divided in sections, and 

provided as units for simplification.   

The University has a network of 10 Learner Support Centres/Study Centres, to enable 

students to make use of reading facilities, and for curriculum-based counselling and 

practicals. We, at the University, welcome you to be a part of this instituition of 

knowledge.  

  

  

  

  

                  Prof. G.S. Batra  

Dean Academic Affairs  
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BCDB31203T BUSINESS MATHEMATICS AND STATISTICS   
                                           MAX. MARKS: 100   

                                     EXTERNAL: 70   

                                  INTERNAL: 30   

PASS: 35%  

Objective:            Credits: 6  

The objective of this course is to familiarize students with the applications of mathematics and 

statistical techniques in business decision-making.  

Notes:  

1. Use of simple calculator is allowed.  

2. Proofs of theorems / formulae are not required.  

3. Trigonometric functions are not to be covered.    

INSTRUCTIONS FOR THE CANDIDATES:   

Candidates are required to attempt any two questions each from the sections A and B of the 
question paper and any ten short questions from Section C.  They have to attempt questions 
only at one place and only once. Second or subsequent attempts, unless the earlier ones have 
been crossed out, shall not be evaluated.  

Section A  
Business Mathematics   

Matrices : Definition of a matrix. Types of matrices; Algebra of matrices. Calculation of 

values of determinants up to third order; Adjoint of a matrix; Finding inverse of a matrix 

through ad joint; Applications of matrices to solution of simple business and economic 

problems Differential Calculus : Mathematical functions and their types ï linear, quadratic, 

polynomial; Concepts of limit and continuity of a function; Concept of differentiation; Rules 

of differentiation ï simple standard forms. Applications of differentiation ï elasticity of 

demand and supply; Maxima and Minima of functions (involving second or third order 

derivatives) relating to cost, revenue and profit.  

 Basic Mathematics of Finance : Simple and compound interest Rates of interest ï nominal, 

effective and continuous ï their interrelationships; Compounding and discounting of a sum 

using different types of rates  

  

Section B  
 Business Statistics    

Uni-variate Analysis : Measures of Central Tendency including arithmetic mean, geometric 

mean and harmonic mean : properties and applications; mode and median. Partition values - 

quartiles, deciles, and percentiles. Measures of Variation: absolute and relative. Range, 

quartile deviation and mean deviation; Variance and Standard deviation: calculation and 

properties. Bi-variate Analysis : Simple Linear Correlation Analysis: Meaning, and 

measurement. Karl  

Pearson's co-efficient and Spearmanôs rank correlation. Simple Linear Regression Analysis: 

Regression equations and estimation. Relationship between correlation and regression 

coefficients  



 

Index Numbers Analysis : Meaning and uses of index numbers; Construction of index 

numbers: Aggregative and average of relatives ï simple and weighted, Tests of adequacy of 

index numbers, Construction of consumer price indices.  

Time series analysis: Components of time series; additive and multiplicative models; Trend 

analysis: Finding trend by moving average method and Fitting of linear trend line using 

principle of least squares.  
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Unit 1 ï Matrices 
 

  

STRUCTURE   

1.0 Objectives   

1.1 Introduction   

1.2 Definition of Matrix   

1.3 Notations   

1.4 Types of Matrices   

1.5 Equality of Matrices   

1.6 Sub Matrix of a Matrix   

1.7 Multiplication of Matrix by a Scalar   

1.8 Addition of Matrices   

1.9 Difference of Matrices   

1.10 Properties of Matrix Addition   

1.11 Test Your Understanding (A)   

1.12 Multiplication of Matrices   

1.13 Properties of Matrix Multiplication   

1.14 Applications of Matrices to Business and Economic Problems   

1.15 Test Your Understanding (B)   

1.16 Transpose of a Matrix   

1.17 Symmetric Matrix   

1.18 Skew Symmetric Matrix   

1.19 Orthogonal Matrix   

1.20 Test Your Understanding (B)   

1.21 Let us Sum Up   

1.22 Key Terms   

1.23 Further Readings   
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1.0 OBJECTIVES   

  
After studying the Unit, students will be able to  

Å Define the Meaning of a Matrix.  

Å Understand different types of Matrices.  

Å Apply Addition, Subtraction and Multiplication of Matrices  

Å Apply the concept of Matrices to Business and Economic Problems.  

Å Distinguish between Single and Double Entry System.  

Å Find out Transpose of a Matrix.  

Å Understand the meaning of Symmetric, Skew-Symmetric and Orthogonal Matrix.  

  

  

  

 
1.1 INTRODUCTION  

  
Matrices are one of the most important and powerful tools in the mathematics for business. 

Matrices applications are helpful to solve the linear equations and with the help of this cost 

estimation, sales projection etc., can be predicted. Basically a matrix consists of a rectangular 

presentation of numbers arranged systematically in rows and columns describing the various 

aspects of a phenomenon inter- related in some manner.  

For example: Marks obtained by two students, say, Ram and Shyam, in English, Mathematics 

and Statistics are as follows:  

  

  English  Mathematics  Statistics  

Ram  60  80  85  

Shyam  65  90  80  

  

These marks may be represented by the following rectangular array enclosed by a pair of 

brackets [ ],  

  

i.e.   

ŷ  ŷ  ŷ  

First  Second Third  
Column Column Column  
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Each horizontal line is called a row and each vertical line is called a column. The first row 

indicates the marks obtained by Ram in English, Mathematics and Statistics respectively and the 

second by Shyam in the three respective subjects.  

Such a rectangular array is called a Matrix.  

  

  
1.2 DEFINITION OF A MATRIX  

 
An ά × ὲ matrix is a rectangular array of άὲ numbers (or elements) arranged in the form of 

an ordered set of ά rows and ὲ columns. A matrix ὃ having ά rows and ὲ columns is typically  

written as  

ὥ11  

ὥ 
ὃ   Ễ21   

ὥ12  

ὥ22  

Ễ  

Ễ  

Ễ  
Ễ  

ὥ1ὲ  

ὥ2ὲ   
] 

Ễ  

ὥά1  ὥά2  Ễ  ὥάὲ  ά ×ὲ  

  

The horizontal lines are called rows and the vertical lines columns.  

  

The numbers ὥ11, ὥ12ȟ Ễ ȟ ὥάὲ belonging to the matrix are called is elements.  

A matrix having ά rows and ὲ columns is said to be of έὶὨὩὶ ά × ὲ (read as óô by óô).  

The order may be written on right of the matrix, as shown above.  

  

 
1.3 NOTATIONS   

  
Matrices are denoted by capital letters such as and their elements by small  

letters etc. There are different nations of enclosing the elements constituting a  

matrix in common use, ὺiᾀ. , [ ], ( ), and { }, but we shall use the first one throughout the  chapter. 

The suffixes of the element ὥij depict that the elements lies in th row and th column.  Note that 

we always write row number first and column number afterward. Also, note that, for  the sake of 

brevity, the matrix ὃ given above may also be written as  = [ὥij]ά ×ὲ.   

  

 
1.4 TYPES OF MATRICES   
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(i) ROW MATRIX: If a matrix has only one row, it is called a ὶέύ άὥὸὶiὼ. Thus, any 1 

× ὲ matrix is called a row matrix, for example,  

ὃ = [ὥ1ὥ2ὥ3 ȣ ὥὲ]  
is a row matrix of order 1 × ὲ.  

  
(ii)  COLUMN MATRIX: A matrix consisting of only one column is called a  

ὧέὰόάὲ άὥὸὶiὼ. In other words, any  × 1 matrix is called a column matrix, for example  

ὥ1  

ὥ 2  

ὃ = [  ]  
ể  

ὥά  
is a column matrix of order  × 1.  

  

(iii)  ZERO OR NULL MATRIX (0): If every element of an ά × ὲ matrix is zero, the 

matrix is called a ᾀὩὶέ άὥὸὶiὼ of order ά × ὲ, and is denoted by 0ά × ὲ or 0άὲ or 0 simply. For 

example,  

  02×3 = [0  0  0]  

  0  0  0 2×3  is a zero matrix of order 2 × 3.  

  

(iv) SQUARE MATRIX: Any matrix In which the number of rows are equal to the number 

of columns is called a ὛήόὥὶὩ άὥὸὶiὼ. Thus any ὲ × ὲ matrix is a square matrix of order .  

Generally, we denote the order of a square matrix by a single number , rather than ὲ × ὲ.  

Remark:    The    elements   ὥij    for    which    i = j    in    ὃ = [ὥij]ὲ ×  ὲ    are    called    the  

ὨiὥὨέὲὥὰ ὩὰὩάὩὲὸί and the line along which the elements ὥ11, ὥ12ȟ ȣ ȟ ὥὲὲ lie is called the 

ὰὩὥὨiὲὫ ὨiὥὫέὲὥὰ or ὴὶiὲὧiὴὥὰ ὨiὥὫέὲὥὰ or ὨiὥὫέὲὥὰ simply. In a square matrix the pair of 

elements ὥij and ὥji are said to be conjugate elements.  

(v) DIAGONAL MATRIX: A square in which all elements except those in the leading 

diagonal are zero, is called a ὨiὥὫέὲὥὰ άὥὸὶiὼ. Thus, a diagonal matrix of order  will be:  

ὥ11  0  0  Ễ  0  

ὃ   Ễπ   ὥ Ễ22   Ễπ   ỄỄ   Ễπ     
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  0  0  0  Ễ  ὥὲὲ  

Sometimes a diagonal matrix of order ὲ with diagonal elements ὥ11, ὥ22ȟ ȣ ȟ ὥὲὲ is denoted by  

ὃ = ὨiὥὫ (ὥ11, ὥ22ȟ ȣ ȟ ὥὲὲ) .  

  
(vi) SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is called 

a  

ίὧὥὰὥὶ άὥὸὶiὼ. For example,  

  5  0  0  

[0  5 
 0] 0  0 

 5  
is a scalar matrix.  

  
(vii)  Identity or Unit Matrix ( I ): A scalar matrix in which each of its diagonal elements is 

unity is called an iὨὩὲὸiὸώ or όὲiὸ άὥὸὶiὼ.  

Thus, a square matrix ὃ = [ὥij]ὲ ×  ὲ is called identity matrix, if  

 

An identity matrix of order ὲ is denoted by Ὅὲ. Thus, Ὅ2 = [ 1  0] is a unit matrix of order 

2.  

0  1  
(viii)  TRACE OF A MATRIX: The trace of any square matrix is the sum of its main 

diagonal elements. For example,  

1 1  3  
If  ὃ = [2  0  5 ]  

2 3  τ  

Then  trace (A)  ρ  π  τ   

 σ  

For a square matrix ὃ = [ὥij]ὲ ×ὲ  

trace of  ὃ  Вάi=1    ὥii  

  

(ix) Triangular Matrix: If every element above or below the leading diagonal is zero, the 

matrix is called a ὸὶiὥὲὫόὰὥὶ άὥὸὶiὼ. If the zero element is lie below the leading diagonal, the 

matrix is called όὴὴὩὶ ὸὶiὥὲὫόὰὥὶ άὥὸὶiὼ; If the zero elements is lie above the leading 

diagonal, the matrix is called ὰέύὩὶ ὸὶiὥὲὫόὰὥὶ άὥὸὶiὼ. The matrices ὃ1 and ὃ2 given below 

are the examples of upper and lower triangular matrices respectively:  



6  
  

  ὥ11  

Ụ 0  
ὃ1 =  0  
Ụ  
Ụ Ễ  

ụ 0  

ὥ12  

ὥ22  

0  
Ễ  

0  

ὥ13  

ὥ23  

ὥ33  

Ễ  

0  

Ễ  

Ễ  

Ễ  
Ễ  

Ễ  

ὥ1ὲ ὥ2ὲ 

ủỦ  
ὥ3ὲ (upper triangular matrix)  

ủ  
Ễ ủ  

ὥὲὲỨ  

  

(lower triangular matrix)  

 
1.5 EQUALITY OF MATRICES  

 
Two matrices are called comparable, if each of them consists of as many rows and columns as 

the other. Two matrices ὃ = [ὥij] and ὄ = [ὦij] are said to be equal, if (i) they have the same 

order and (iii) have equal corresponding elements throughout (ὥij = ὦij for every i and ). The 

equality of matrices ὃ and .  

Thus, the matrices [1  7] and [1  2  3 are not comparable while [1  

]  

7  8 and  

]  

3  5  4  5  
1  2  6 

[ ] are comparable but not equal. 3  2 

 9  

9  3  5  4  

The matrices [1  5  9 ] and [1  5  3 × 3] are equal.  
  

3  4  12  3  2 × 2  3 × 4    

  

  

 
1.6 SUB MATRIX OF A MATRIX   

A matrix which is obtained from a given matrix by deleti called a ίόὦ-άὥὸὶiὼ of the 

given matrix.   

n

g 

a 

ny 

number 

of rows 

or 

column

s is   
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1   

For example, the matrix [2  3] is a sub-matrix of [4   

9  3   
7  and 1st column.   

 
1.7 MULTIPLICATION OF A MATRIX BY A SCALA  

2   

5   

9   

R   

3   
6]. 
Obtaine

d by 

deleting 

2nd 

row 

3   

Let ὃ = [ὥij] be an ά × ὲ matrix and let Ὧ be any real number (called scalar). Then the product of 

Ὧ and   denoted by Ὧὃ is defined to be the ά × ὲ matrix (i, j)th element is Ὧὥij, i.e.,  

Ὧὥ11  Ὧὥ12  Ễ  Ὧὥ1ὲ  

Ὧὃ = [ Ὧὥ 21  Ὧὥ22  Ễ  Ὧ  2ὲ ]  

Ễ  Ễ  Ễ  Ễ  
Ὧὥά1  Ὧὥά2  Ễ  Ὧὥάὲ  

Thus, if  ὃ = [ 2  3] , 3ὃ = [ 6  9 ]  

4  5  12  15  
  

Thus, we notice that, to get the scalar product each element of the given matrix is multiplied by 

the given scalar.  

PROPERTIES OF SCALAR MULTIPLICATION:  

(i) The product of a matrix with a scalar is commutative, i.e., Ὧὃ = ὃὯ.  

(ii)  If Ὧ  1ȟ ρὃ  ὥij]. Generally ρὃ is denoted by ɀ ὃ and is called the negative 

of matrix  , Thus, [ὥij   ὥij].  

(iii)  If   and ὄ are comparable matrices and Ὧ is any scalar, we have Ὧ(ὃ + ὄ) = Ὧὃ + Ὧὄ.  

(iv) If   and ὰ are any two scalars and ὃ is any matrix, we have (Ὧ + ὰ)ὃ = Ὧὃ + ὰὃ. (v) If Ὧ 

and ὰ are any two scalars, we have Ὧ(ὰὃ) = ( Ὧὰ)ὃ.  

  

                                                 
1
 .8 ADDITION OF MATRICES  

  
The matrices ὃ and ὄ are conformable for addition, if they are comparable. i.e., ὄ has the same 

number of rows and the same number of column as . Their sum, denoted by ὃ + ὄ, is defined to 

be the matrix obtained by adding the corresponding elements of ὃ and .  
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ILLUSTRATIVE EX AMPLES  

EXAMPLE 1.  Read the following elements ὥ21, ὥ32, ὥ22, ὥ11 in  

  

4  2  3  
ὃ = [9  0  4]  
8  7  9  

Solution:  ὥ21denotes element in second row and first column,  

ὥ21 = 9, ὥ32 = 7, ὥ22 = 0, ὥ11 = 4 .  

  
EXAMPLE 2.  Construct a 2 × 3 matrix   = [ὥij]2×3 whose general element is giving by 

Solution:  

  

  

EXAMPLE 3.  If ὃ = [ 2  3  5], find 3ὃ.  

Solution:   
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For example, if ὃ = [ 2  3  5]  

3  1  2  

and  ὄ = [ 2  3  0], 

we have 3  3 
 7  

3 

3 + 3  

3 + 1   

= [3  6  5].  
 

6  4  9   

In general, if ὃ = [ὥij]ά ×  ὲ and ὄ = [ὦij]ά ×  ὲ, which is a matrix obtained by adding the 

elements in the corresponding 

positions. Thus, from  

                                                 
2
 .10 PROPERTIES OF MATRIX ADDITION   

  
Suppose ὃ, ὄ, ὅ are three matrices of the same order ά × ὲ. Then the matrix addition has 

following properties:  

3
 .1. ASSOCIATIVITy  

ὃ + (ὄ + ὅ) = ( ὃ + ὄ) + ὅ  

i. Ὡ., the addition of matrices is associative.  

ὥ11  

ὥ ὃ 
  Ễ21   

ὥά1  

ὥ12  

ὥ22  

Ễ  

ὥά2  

Ễ 

Ễ  

Ễ  

Ễ  

ὥ1ὲ  

ὥ2ὲ   and  

] 
Ễ  

ὥάὲ  ά × ὲ  

ὦ11  ὦ12  

ὦ 
ὄ = [ 21  ὦ22  

Ễ  

Ễ  

ὦ1ὲ  

ὦ2ὲ ]  

  Ễ  Ễ  Ễ  Ễ  

  
We get  

ὦά1  

ὦ άὲ  

ὦά2  Ễ    

  ὥ11 + ὦ11  ὥ12 + ὦ12  Ễ  

  
 
ὥ22 + ὦ22  

Ễ  
Ễ 

Ễ  

  ὥά1 + ὦά1  ὥά2 + ὦά2  Ễ  
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ά × ὲ  

ὥ1ὲ + ὦ1ὲ  

ὥ2ὲ + ὦ2ὲ ]  

Ễ  

ὥάὲ + ὦάὲ  ά × ὲ  

  
1.9 DIFFERENCE OF MATRICES   

 
If and ὄ are two comparable matrices, then their difference ὃ  ὄ is matrix whose elements  

are obtained by subtracting the elements of  from the corresponding elements of .   

If  ὃ = [ὥij]ά × ὲ and ὄ = [ὦij]ά × ὲ   

Then  ὃ  ὄ = [ὥij  ὦij]ά × ὲ.   

  

  

1.2. COMMUTATIVITY   
ὃ + ὄ = [ὥij] + [ὦij] = [ὥij + ὦij]  

= [ὦij + ὥij] = [ὦij] + [ὥij]  

= ὄ + ὃ  

i. Ὡ., matrix addition is commutative.  

  

1.3. DISTRIBUTIVE LAW  

ά(ὃ + ὄ) = άὃ + άὄ (ά being an arbitrary scalar), because  

ά(ὃ + ὄ) = ά[ὥij + ὦij]  

= [ά ὥij + ά ὦij] = ά[ὥij] + 

ά[ὦij] = άὃ + άὄ.  

  
1.4. EXISTENCE OF ADDITIVE IDENTITY  

Let ὃ be any ά × ὲ matrix, and 0 the ά × ὲ null matrix. Then, we have  

ὃ + 0 = 0 + ὃ = ὃ  

i. Ὡ., the null matrix is the identity for the matrix addition.  

  
1.5. Existence of additive inverse  
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ὃ is the additive inverse of , because  

ὃ) + ὃ  ὥij] + [ὥij]  

 ὥij + ὥij] = 0 = ὃ  ὃ)  

Thus, for any matrix , there exists a unique additive inverse ɀ ὃ.  

  

1.6. Cancellation law   
ὃ + ὄ = ὃ + ὅ ᵼ ὥij + ὦij] = [ὥij + ὧij]  

ᵼ ὥij + ὦij = ὥij + ὧij  

ᵼ ὦij = ὧij  

ᵼ ὦij] = [ὧij]  

ᵼ ὄ = ὅ  

This is said to be left cancellation.  

Similarly, right cancellation, namely,  

ὄ + ὃ = ὅ + ὃ ᵼ ὄ = ὅ can be proved.  

Example 4. If   = [ 1  5  6] and ὄ = [ 1  υ  7], find ὃ + ὄ and ὃ  ὄ.  

  

 6  7 

 0  

 8  7  7  

 
Solution: Here  ὃ + ὄ = [ 1  

5  6] + [1  5  7]  

and   

 
  

Example 5. If   = [ 2  3  1] and ὄ = [ 1  2  φ], evaluate 3ὃ  τὄ.  

0 1  5  0  ρ  3  
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Solution:  

.  

Example 6. If X, Y are two matrices given by the eqations  

 1 X 

+ ὣ = [  

2   and 8  ὣ = [ 3  

]  

2 .  

] , ὪiὲὨ X, ὣ 

  

3  

Solution: We have  

4  ρ  0  

  1  ς 
X + ὣ = [  ]  

3  4  

é(i)  

  3  2 

8  ὣ = [  ]  é(ii)  

1  0  
By adding equations (i) and (ii),  

.  

  

Ḉ  ,  

From equation (i),  

  

1 2 1  ς 2  0 

ὣ = [    8      ]  

3  4  3  4  1  2  

 ρ  ς  ς  π   ρ  ς.  

σ  ρ  τ  ς  2  2  
  

  

 
1.11 TEST YOUR UNDERSTANDING (A)  
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1. Find the elements ὥ31, ὥ24, ὥ34, ὥ22in each of the following matrices given below. Also give 

their diagonal elements.  

   

2. Write the matrix ὃ = [ὥij]of order 2 × 3 whose general elements is given by (i) ὥij = ij  

(ii)  ij  ρij(i + j) 3. 

Find x and y, if  

 

       

 
4.   If ὃ = [ 0  

2  3 and ὄ = [ 7  

]  

6  3 , find the value of 2ὃ + 3ὄ. 

] 

 2  1  4  1  4  5  

  1  2  σ   3  ρ  2  

5. Given ὃ = [5  0  2 ] and ὄ = [4  2  5], find the matrix   such that ὃ + 
2ὅ = ὄ.  

1  ρ  1  2  0  5  
  

6. Solve the following  

        ,        ]  
3  3  2  ρ  4  τ  

ANSWERS  

1. 3, 0, -7, 3 and 3, 0, 8, 3; the diagonal elements are 8, 3, 8, 0 and 1, 3, 6, 0.  

  

2. (i)[1  2  3] (ii) ς  3  τ   

2  4  6  3  4  5  
  

3. ὼ = 5 , ώ  ς  
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5.  

  

.  

  

  

  
1.12 MULTIPLICATION OF MATRICES  

 
The multiplication of one matrix by another is possible, if and only if the number of columns of 

first matrix is equal to the number of rows of the second matrix. The resulting matrix will have 

the number of rows equal to those in the first matrix and the number of columns equal to those in 

the second matrix. Thus, if matrix ὃ is of order ά × ὲ and ὄ is of order ὲ × ὴ, the product ὃὄ is 

possible, i. Ὡ., the matrices ὃ and ὄ are conformable for multiplication in the order , . The 

order of the resulting matrix ὃὄ will be ά × ὴ. The (i, Ὧ)ὸὬ element (i. Ὡ., the element laying th 

row and th column) of ὃὄ is given by  

ὥi1ὦ1Ὧ + ὥi2ὦ2Ὧ  Ễ  ὥiὲὦὲ   Вὲ j=1 ὥijὦjὯ .  

Thus, to obtain the (i, Ὧ)th element of the product ὃὄ, we multiply the elements of the th row of 

ὃ to the corresponding elements of the th column of ὄ and add the products thus obtained. The 

resulting sum is the (i, Ὧ)th element of ὃὄ.  

If ὃὄ is denoted by ὅ = [ὧij], i. Ὡ. , ὃὄ = [ὧij], we have  

ὥ11  Ễ  ὥ1j  Ễ  ὥ1ὲ  ὦ 11  Ễ  ὦiὯ  Ễ  ὦiὴ   

 Ễ  Ễ  Ễ  Ễ  Ễ Ủ  Ễ  Ễ  Ễ  Ễ  Ễ Ủ  

ỤỤ  ὥi1  Ễ  ὥij  Ễ  ὥiὲ ủủ  ỤỤ  ὦj1  Ễ  ὦjὯ  Ễ  ὦjὴ ủủ  

Ụ Ễ  Ễ  Ễ  Ễ  Ễ ủ Ụ Ễ  Ễ  Ễ  Ễ  Ễ ủ  

ụὥ ά1  Ễ  ὥάj  Ễ  ὥάὲ Ứ ụὦὲ1  Ễ  ὦὲὯ  Ễ  ὦὲὴỨ  
ὧ11  Ễ  ὧ1Ὧ  Ễ  ὧ1ὴ  

 

Ễ 
Ễ  
Ễ  

Ễ  

ὧiὯ  
Ễ  

Ễ 
Ễ  
Ễ   
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Ụ     ủ  

  ụὧά1  Ễ  ὧάὯ  Ễ  ὧάὴỨ  

Where . Putting É  ρȟ ςȟ Ễ ȟ ά and Ὧ  ρȟ ςȟ σȟ ȣ ȟ ὴ, all the elements of ὅ will be 

found.  

In the product ὃὄ, ὃ is said to be pre-multiplier or pre-factor while ὄ is said to be post-multiplier 

or post-factor. It is to be noted that in multiplying one matrix by another, unlike ordinary 

numbers, the placement of matrices as pre factor and post factor is very important. Thus ὃὄ is 

not the same as ὄὃ.  

  

  

 
1.13 PROPERTIES OF MATRIX MULTIPLICATION  

  
1. MATRIX MULTIPLICATION IS NOT COMMUTATIVE. To verify the above 

statement, let us take an example. Consider the matrices.  

1  1 0  1   .  

ὃ = [  ] , ὄ = [  ] 
  0  0  0  0  

It can easily found that  

ὃὄ = [0  1 ], while ὄὃ = [ 0  0]  

0  0  0  0  
  

so that ὃὄ  ὄὃ.  

  
This shows that matrix multiplication is not commutative. Actually speaking, for a given pair of 

matrices ὃ and , the products ὃὄ and ὄὃ may not be even comparable. For example, if ὃ is an 

ά × ὲ matrix and ὄ is an ὲ × ά matrix, ὃὄ would be an ά × ά matrix and ὄὃ would be an ὲ × 

ὲ matrix.  

  
It may also happen that for a pair of matrices ὃ and ὄ the product ὃὄ may be defined but the 

product ὄὃ may not be defined. For example, it ὃ is an ά × ὲ matrix and ὄ is an ὲ × ὴ matrix, 

ὃὄ would be an ά × ὴ matrix, but it is not meaningful to talk of ὄὃ unless ά = ὴ.  
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Note 1.It is worthwhile to note that the statement ómatrix multiplication is not commutativeô does 

not mean that there are no matrices ὃ and ὄ such that ὃὄ = ὄὃ. It simply means that generally 

ὃὄ  ὄὃ. Thus, we wish to convey that there do exist some pairs of matrices ὃ and ὄ for which 

ὃὄ = ὄὃ.  

  
Note 2. It is also to be noted that in matrices, ὃὄ = 0 need not always imply that either ὃ = 0 or  

ὄ = 0 , This will be clear, if we consider the matrices,  

  
1  1 1  0   .  

ὃ = [  ] , ὄ = [  ] 

1  1  ρ  0  
  

For these matrices, ὃ  = [ 0  0], but none of   and ὄ is zero matrix.  

0  0  
  

Note 3. The familiar cancellation law of multiplication for numbers fails to be true for matrix 

multiplication. Below we give the properties which hold good for matrices.  

  
2. ASSOCIATIVE LAW: Let ὃ, ὄ and ὅ be the matrices of suitable size for the products  

ὃ(ὄὅ) and (ὃὄ)ὅ to exist. Then, ὃ(ὄὅ) = ( ὃὄ)ὅ.  

3. DISTRIBUTIVE LAW: ὃ(ὄ + ὅ) = ὃὄ + ὃὅ, (left distributive) and (ὄ + ὅ)Ὀ = ὄὈ 

+ ὅὈ (right distributive), provided that the matrices ὃ, ὄ, ὅ and are of the sizes that they are 

conformable for the operations involved so that the above relations are meaningful.  

4. MULTIPLICATION OF A MATRIX BY A UNIT MATRIX: If ὃ is square matrix 

of order ὲ × ὲ and Ὅ is the unit matrix of the same order, we get  

Ὅ = ὃ = Ὅὃ.  

5. MULTIPLICATION OF A MATRIX BY ITSELF: The product ὃ, ὃ is defined, if 

the number of column is equal to the number of rows of ὃ, i. Ὡ., if ὃ is a square matrix and in that 

case .   = ὃ2 will also be a square matrix of the same type. Also,  

ὃ. ὃ. ὃ = ὃ2ὃ = ὃ3. 

Similarly, ὃ. ὃ. ὃ ȣ Ȣ ὲ times= ὃὲ.   



17  
  

Note: If Ὅ is a unit matrix, we have Ὅ = Ὅ2 = Ὅ3  Ễ  Ὅὲ.  

  2  2  3  
Example 7. If     ς σ ρ    3 1 2  

0 0 2 
 
and ὄ = [0 1 2],   

1 2  0   
  

Obtain the product ὃὄ and ὄὃ and show than ὃὄ  ὄὃ.  

  
Solution:  

  

2  2  3    0 
 0  2  
  

ὃὄ = [ 2  3  ρ   [0  1 
 2]  

  

3  1  2 3×3 1  2  0 3×3   

  

Number of columns of ὃ = Number of rows of ὄ  

   

Ḉ  
  

  

  

  

  

ὃὄ is defined  

0 + 0 + 3  0 + 2 + 6  4 + 4 + 0  

ὃὄ  π  π  ρ  π  σ  ς  4 + 6 + 
0 ]  

0 + 0 + 2  0 + 1 + 4  φ  ς  π  

3  8  8  

 ρ  1  10]  

2  5  τ  

0 0  2  2  2  3    

ὄὃ = [0  1  2]  [ 2  3 
 ρ    

  

1 2  0 3×3  σ  1  2 3×3  

π  π  φ  0 + 0 + 2  0 + 0 + 4  

 π  ς  φ  0 + 3 + 2  π  ρ  τ   

2 + 4 + 0  2 + 6 + 0  σ  ς  π 3×3   
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6  2  4  

 τ  5  3]  

6  8  1  

  
Hence  ὃὄ  ὄὃ.  

Example 8. Write down the products ὃὄ and ὄὃ of the two matrices ὃ and , where  

  

1  
ὃ = [1  2 

 3 
 4]a
nd ὄ 
= 

[2]. 

3  

4  
  

Solution: Since ὃ is a 1 × 4 matrix and ὄ is a 4 × 1 matrix. ὃὄwill be a 1 × 1 matrix.  



19  
  

  

1  

ὃὄ = [1  2  3  4] × [ 2]  

3  
4  

  

= [1.1 + 2.2 + 3.3 + 4.4] = [30]  

  
ὄὃwill be a 4 × 4 matrix.  

  

1  
2 

ὄὃ = [ ] [1  2  3  4]  
3  

4  
  

   

1 × 1  2 × 1  3 × 1  4 × 1  1  2  3  4  

= [1 × 2  2 × 2  3 × 2  4 × 2] = [2  

1 × 3  2 × 3  3 × 3  4 × 3  3  
1 × 4  2 × 4  3 × 4  4 × 4  4  

  
Example 9. ὉὺὥὰόὥὸὩ ὃ2  τὃ  υὍȟ ×ὬὩὶὩ  

  

1 2  2  1  0  0  

ὃ = [2  1  2] ὥὲὨ Ὅ = [0  1  0]  

2 2  1  0  0  1  
  

Solution: We have  

  

1 2  2  1  2  2  

ὃ2 = [2  1  2] [2  1  2]  

2 2  1  2  2  1  
  

4  

6  
8  

6  

9  
12  

8 ]  
12  
16  

1 + 4 + 4  2 + 2 + 4  2 + 4 + 2  9  8  8  

= [2 + 2 + 4  4 + 1 + 4  4 + 2 + 2] = [8  9  8]  

2 + 4 + 2  4 + 2 + 2  4 + 4 + 1  8  8  9  

9  8   1   2  1  0  0  

ὃ2  τὃ  υὍ = [8  9  ψ   τ ς  1  ς   υ π  1  0]  

8  8  9  2  2  1  0  0  1  
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 0  0  0  

 = [0  0  0] = 0 .  

  

  

0  0  

Where 0is the null matrix.  

0  

Example 10. If ὃ = [ὥ  ὦ] and Ὅ = [ 1  0], show that  

ὧ  Ὠ  0  1  
  

ὃ2  ὥ + Ὠ)ὃ = (ὦὧ  ὥὨ)Ὅ.  
  

Solution:  ὃ2 = ὃ. ὃ = [ὥ  ὦ] × [ὥ  ὦ]  

ὧ  Ὠ  ὧ  Ὠ  
  

= [ὥ2 + ὦὧ  ὥὦ + ὦὨ]  
ὥὧ + ὧὨ  ὦὧ + Ὠ2  

ὥ 
  ὃ2  ὥ + Ὠ)ὃ = [   2 + ὦὧ  ὥὦ + ὦὨ   ὥ + Ὠ) [ὥ  ὦ]  

ὥὧ + ὧὨ  ὦὧ + Ὠ2  ὧ  Ὠ  
  

= [ὥ2 + ὦὧ  ὥὦ + ὦὨ   ὥ2 + ὥὨ  ὥὦ + ὦὨ] 
ὥὧ + ὧὨ  ὦὧ + Ὠ2  ὥὧ + ὧὨ  ὥὨ 
+ Ὠ2  

  

=  [ὦὧ  ὥὨ  0  ] = ( ὦὧ  ὥὨ) [1  0]  

0  ὦὧ  ὥὨ  0  1  
  

= (ὦὧ  ὥὨ)Ὅ.  
  

Example 11. If ὃ = [ 1  2], ὄ = [ 1  0 ] and ὅ = [ 1  ρ], show that ὃ(ὄ + ὅ) =  

  

3  4  

ὃὄ + ὃὅ.  

Solution: We have  

2  σ  0  1  
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1 

ὄ + ὅ = [  

0  1 
 ρ 

] + [  ]  

  

 2  3  0  1    

  
 

.   

  

  

 
ὃ(ὄ + ὅ) = [ 1  2] × [ 2 

 ρ]  

3  4  2  ς  

  

  2 + 4  ρ  τ 

= [  ] = [ 6  

5 ],  

é(i)  

  6 + 8  σ  ψ  14  11   

  

  

  

Again,  
1  2 1  0  
ὃὄ = [  ] × [  ]  

3  4  2  σ  

 

  

  

and  1  2 1  ρ 
ὃὅ = [  ] × [  ]  
3  4  0  1  

  

,  

    

  

  

  

  

  

Ḉ  ὃὄ +  ὅ = [ 5  φ ] + [ 1  1] = [ 6  υ ]  

11  ρς  3  1  14  ρρ  

From (i) and (ii), we have  

ὃ(ὄ + ὅ) = ὃὄ + ὃὅ.  

1  0  2  1  
Example 12. If [1  1  ] [0  2  1] 

[1] = 0 find  2  1 
 0  1  

1 0  2  

Solution: [1  1  ὼ] [0  2  1]  

2 1  0  

é(ii)  
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 = [1 × 1 + 1 × 0 + ὼ × 2  1 × 0 + 1 × 2 + ὼ × 1  1 × 2 + 1 × 1 + ὼ × 0]  

= [1 + 0 + 2 ὼ  0 + 2 + ὼ  2 + 1 + 0]  

= [2ὼ + 1  2 + ὼ  3]  

1  
Now,  [2ὼ + 1  2 + ὼ  3] [1] = 0  

1  
ᵼ  2ὼ + 1 + 2 + ὼ + 3 = 0  

ᵼ  or  

Example find ὥ and .  

Solution: We have  

  

and   

Ḉ  é(1)  

Also  

  
  (  

  

.  é(2) 
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Now given that  (ὃ + ὄ)2 = ὃ2 + ὄ2.  

Hence from (1) and (2), we get  

 

     

 or  ὥ  ρ  π  and  ὦ = 4 .  

 Hence  ὥ = 1, ὦ = 4 .   

  

  
1.14 APPLICATIONS OF MATRICES TO BUSINESS AND ECONOMIC PROBLEMS   

 
Example 14. A manufacturer produces three items ὖ, O and  and sells them in two  

markets   and  . Annual sales are given below:   

  

  ὖ  O     

I  6,000  2,000  3,000   

II  8,000  4,000  2,000   

If sales price of each unit of P, Q, R is Rs. 4, Rs. 3, Rs. 2 respectively, then find the total  

revenue of each market using matrix.   

Solution: Let ὃ = Ὅ [6,000  2,000  3,000] is the sales matrix and   

ὍὍ 8,000  4,000  2,000   

ὖ 4   
ὄ = ὗ [3] is the price matrix   

Ὑ 2   

6,000  2,000  3,000  4   

Ḉ Revenue matrix ὃὄ =  [8,000  4,000  2,000] [3]   

2   
  

6,000 × 4  +  2,000 × 3  +  3,000 × 2 36,000   

= [  ] = [  ] 

8,000 × 4  +  4,000 × 3  +  2,000 × 2  48,000   
  

Hence   

  

Total Revenue of Market I = Rs. 36,000   
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Total Revenue of Market II = Rs. 48,000   

  
1.15 TEST YOUR UNDERSTANDING (B)   
4  

1. If   = [3  6  υ  and ὄ = [7] , find ὃὄand ὄὃ.  

2  

2. If ὃ = [ 2  5] and ὄ = [ 1  ρ], find ὃὄand ὄὃ. Is = ὄὃ?  

1 3  σ  2  

2 3  

3. If ὃ = [  1  ς  3] and  ὄ = [4  5], find ὃὄ and show that ὃὄ = ὄὃ.  

4  2  5  

2  1  

4. When ὃ = [ 1  i ] and ὄ = [ i  ρ] and É  Ѝρ, determine ὃὄ. Also compute  

  i  1  ρ  É   ὄὃ.       
1  1  ρ  ρ  ς  ρ  ρ  ρ  1  

5. If   = [2  σ  4 ], ὄ = [ 6  12  6 ] andὅ = [ 2  2  ρ,  

3  ς  3  5  10  5  σ  3  3  
Show that ὃὄ and ὅὃ are the null matrices but ὄὃ and ὃὅ are not the null matrices.  

6. If ὃ = [ 3  2] and ὄ = [ὥ  ὦ],  

4  1  3  5  

Find ὥ and ὦ such that ὃὄ = ὄὃ. Also compute ὃ + 5ὄ.  

7. If ὃ = [ 1  2], ὄ = [ 2  1] and ὅ = [ 5  1], show that  (ὄ + ὅ) = ὃὄ + ὃὅ.  

3  4  4  2  7  4  

8. If , prove by mathematical induction that  

        

 
9. Given  ὃ =  [ 1 2   10   ρσ     ,  = [ 10   32 ]  and ὅ = [12   20   ςσ  

 41  ]  ,   

3  ρ  2  ρ  4  

Show that (ὃὄ)ὅ = ὃ(ὄὅ) .  

5  ς  1  

10. If ὃ = [ 4  3  3 ]  

6  6  ς  

Find the matrix ὄ such that ὃ + ὄ = unit matrix.  
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11. There are two families ὃ and . In family , there are 4 men, 6 women and 2 children; 

and in family ὄ there are 2 men, 2 women and 4 children. The recommended daily 

requirement for calories is:  

Calories:  Man 2,400;  Woman 1,900;  Child 1,800  

Protein:  Man 55 gm;  Woman 45 gm;  Child 33 gm  

Calculate the total requirements of calories and proteins for each of the two families using 

matrix method.  

12. The co-operative store of a particular school has 10 dozen books of physics, 8 dozen of 

chemistry books and 5 dozen of mathematics books. Their selling price are Rs. 65.70, Rs.  

43.20 and Rs. 76.50 respectively. Find by matrix method the total amount, the store will 

receive from selling all three items.  

  

Answers      
    

12  24  ςπ  13  8  1  2  

1.   ὃὄ = [44] , ὄὃ = [21  42  συ,  2.   ὃὄ = [ 8  5 ], ὄὃ = [ 4  ω ],  

 

3.   ὃὄ = [  
0  τ

]  6  12  ρπ  4.   ὃὄ = [
0  0

], ὄὃ = [  
2i   2 

],  

10  3  0  0  ς  ςÉ  

   6  2  ρ  

10. τ  ς  σ   

6  φ  ρ  

11. Calories for family A and B are 24,600 and 15,800 and proteins are 556 gms and 332 gms 

respectively.  

12. Rs. 16,621.20  

  

 
1.16 TRANSPOSE OF A MATRIX  

  
A matrix obtained by interchanging the corresponding rows and columns of a given matrix ὃ is 

called the transpose matrix of . The transpose of a matrix is denoted by ὃὝ or  .  
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For example,   

If  ὃ = [1  5],  then  

ὃᴂ = [ 1] 5  

If  ὃ = [ 2 ],  then  

3  

ὃᴂ = [2  σ   

If  ὃ = [ 1  2],  then  
1 

 3 ὃᴂ 

= [  ]  

3  4  

Properties of the transpose matrix  

(i) (ὃᴂ)ᴂ = ὃ  

(ii)  (ὃ + ὄ)ᴂ = ὃᴂ + ὄᴂ  

(iii)  (‗ὃ)ᴂ = ‗ὃᴂ  

2  4  

(iv)  If ὃ and ὄ are two matrices which are conformable for multiplication, then  

(ὃὄ)ᴂ = ὄᴂὃᴂ This 

is called óὙὩὺὩὶίὥὰ ὒὥύô.  

   

Example 15.  

 1  2  3  

If  ὃ = [3  0  2 ]  

 4  5  0  

 1  0  0  

and   = [2  1  0]  

0  1  3  

Then, verify that  (ὃὄ)Ὕ = ὄὝὃὝ  

  

Solution.  
  1 2  

ὃ = [3  0  
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From (i) and (ii),  

3   

2 ]    

1 

and ὄ = [2  

0  

1  

0   

0] 

 3 ×3  0  1  3 3 × 3  

 1  0  0        

 [2  1  0]  

0  1  3  

  π  ς  σ   π  π  ω   

  (0 + 0 + 2)  (0 + 0 + 6)]  

 0)  (0 + 5 + 0)  (0 + 0 + 0)  

9   
6 ]  

0   
   

 ]  é(i)  

          

  1  2  0    

  , ὄὝ = [0  1  1]  

 3 ×3   0  0  3 3 ×  3  

1 3  4  

2 0  5]  

3  2  0  

  (3 + 0 + 0)  (4 + 10 + 0)  

 (0 + 0 + 2) (0 + 5 + 0) ]  (0 + 0 
+ 6) (0 + 0 + 0)  

    

 ]  é(ii)  
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(ὃὄ)Ὕ = ὄὝὃὝ  
  

  

1.17 SYMMETRIC MATRIX  

  

A square matrix ὃ such that ὃᴂ = ὃ is called symmetric matrix, i. Ὡ., matrix [ὥij] is symmetric 

provided ὥij = ὥji for all values of i and .  

  For example:    

 ὥ  Ὤ  Ὣ  

 ὃ  Ὤ  ὦ   is a symmetric matrix.  

 Ὣ    ὧ  

  

  
1.18 SKEW-SYMMETRIC MATRIX  

 
A square matrix ὃ such that ὃᴂ  ὃ is called skew-symmetric matrix, i. Ὡ., matrix [ὥij] is skew-

symmetric provided ὥij  ὥji for all values of  and .  

For example:  

0  1  σ  
ὃ  ρ  0  5 ] is a skew-symmetric matrix.  

3  υ  0  

Remarks. In a skew-symmetric matrix, we have ὥij  ὥji. For diagonal elements  

ὥij  ὥji, i. Ὡ. , 2ὥij = 0, or ὥij = 0 .  

Thus every diagonal element of a skew-symmetric matrix is zero.  

  

Example 16.  

Show that every matrix can be unequally expressed as the sum of a symmetric and a skew-

symmetric matrix.  

Solution:  Let ὃ be any square matrix.  

Now, we have  

 é(i)  

Now, 
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(since matrix addition is commutative)  

and (ὃ  ὃᴂ)ᴂ = ὃᴂ  ὃᴂ)ᴂ = ὃᴂ  ὃ  ὃ  ὃᴂ) Hence (ὃ + ὃᴂ  is 

symmetric and (ὃ  ὃᴂ  is skew-symmetric.  

Consequently  is a symmetric matrix and  is a  

skew-symmetric matrix.  

Hence  ὃ = ὖ + ὗ.  

Thus, any square matrix, can be expressed as the sum of symmetric and skew-symmetric matrix. 

Uniqueness. To show that this representation is unique, let us suppose that another 

representation ὃ = Ὑ + Ὓ is possible, where Ὑ is symmetric and Ὓ is skew-symmetric, i. Ὡ. Ὑ = Ὑᴂ 
and = Ὓᴂ .  

Now  ὃᴂ = (Ὑ + Ὓ)ᴂ = Ὑᴂ + Ὓᴂ = Ὑ  Ὓ  

Also,  ὃ + ὃᴂ = (Ὑ + Ὓ) + ( Ὑ  Ὓ) = 2Ὑ  

and  ὃ  ὃᴂ = (Ὑ + Ὓ   Ὑ  Ὓ) = 2Ὓ  

or   

Hence  , is a unique representation.  

2  6  ψ  

Example 17. Express [ 4  2  1 ] as a sum of a symmetric and skew-symmetric 

matrix.  

8  6  13  

Solution: Let   

Ḉ   

Ḉ  

Ḉ  
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Which is a symmetric matrix.  
   

Again  

      
Which is a skew-symmetric matrix. Now 

  

i. Ὡ.,  

Example 18. If A and B are both symmetric then, show that AB is symmetric iff A and B 

commute.  

Solution:  Since ὃ and ὄ are symmetric, we have  

ὃᴂ = ὃ and ὄᴂ = ὄ  

Then  (ὃὄ)ᴂ = ὄᴂὃᴂ  (reversal law)  

= ὄὃ = ὃὄ, iff ὃ and ὄ commute Thus 

ὃὄ is symmetric iff   and ὄ commute.  

  

  
1.19 ORTHOGONAL MATRIX  

 
A square matrix ὃ is said to be orthogonal if ᴂὃ = ὃὃᴂ = Ὅ  

Now, we know that  

|ὃᴂ| = |ὃ|  

Also |ὃᴂὃ| = |ὃᴂ||ὃ| or |Ὅ| = |ὃ|2 or |ὃ|2 = 1  

This shows that the matrix ὃ should be nonsingular and invertible, if it is orthogonal matrix. 

Hence the condition  

ὃᴂὃ = Ὅ Implies that ὃ1 = ὃᴂ Example 

19. Verify that  
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is orthogonal.   Solution: 

We have  
 
 

   

  
  

Then  

  
  

We have  
   

Hence, by definition, matrix ὃ is orthogonal.  

  

  
1.20 TEST YOUR UNDERSTANDING(C)   

 
1. If ὃ and ὄ are symmetric, then show that  + ὄ is symmetric.   

2. If ὃ = [ 5  3], verify that (6ὃ)ᴂ = 6ὃᴂ.   

2  4   

3. Given : ὃ = [ 2  3 ], ὄ = [ 2  σ] obtain the matrix 2ὃᴂ + 3ὄᴂ.   

1 1  1  4   

2 1  ρρ    
4. Express [ 6  13  7 ] as a sum of a symmetric and skew-symmetric matrix.   

4  ς  1   



32  
  

  

Answers   
  

  

1.21 LET US SUM UP   

 
Å A Matrix is a particular type of arrangement of m n numbers which are arranged in 

the  form of an ordered set of m rows and n columns.   

Å There are different types of Matrices like Row, Column, Square, Rectangular, Null,  

Diagonal, Scalar, Unit, Triangular matrix etc.   

Å Matrix algebra includes addition of matrices, difference of matrices, multiplication of 

a  matrix by a scalar and matrix multiplication.   

Å We can obtain the Transpose of a Matrix by interchanging the corresponding rows 

and  columns of a given matrix.   

  

 
1.22 KEY TERMS   

  
Å ROW MATRIX: If a matrix has only one row, it is called a ὶέύ άὥὸὶiὼ.  

Å COLUMN MATRIX: A matrix consisting of only one column is called a  

ὧέὰόάὲ άὥὸὶiὼ.  

Å ZERO OR NULL MATRIX (0): If every element of an ά × ὲ matrix is zero, the 

matrix is called a ᾀὩὶέ άὥὸὶiὼ.  

Å SQUARE MATRIX: Any matrix In which the number of rows are equal to the 

number of columns is called a ὛήόὥὶὩ άὥὸὶiὼ.  

Å DIAGONAL MATRIX: A square in which all elements except those in the leading 

diagonal are zero, is called a ὨiὥὫέὲὥὰ άὥὸὶiὼ.  
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Å SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is 

called a ίὧὥὰὥὶ άὥὸὶiὼ.  

Å IDENTITY OR UNIT MATRIX ( I ): A scalar matrix in which each of its diagonal 

elements is unity is called an iὨὩὲὸiὸώ or όὲiὸ άὥὸὶiὼ.  

Å TRACE OF A MATRIX: The trace of any square matrix is the sum of its main 

diagonal elements.  

Å TRIANGULAR MATRIX: If every element above or below the leading diagonal is 

zero, the matrix is called a ὸὶiὥὲὫόὰὥὶ άὥὸὶiὼ.  

Å TRANSPOSE OF A MATRIX : A matrix obtained by interchanging the 

corresponding rows and columns of a given matrix.  

Å SYMMETRIC MATRIX: A matrix which is equal to its own transpose.  

Å SKEW SYMMETRIC MATRIX:  A matrix which is equal to negative of its own 

transpose.  

  

 
1.23 FURTHER READINGS  

  
1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.  

2. N. D. Vohra, Business Mathematics and Statistics, McGraw Hill Education (India) Pvt Ltd 

3. J.K. Thukral, Mathematics for Business Studies, Mayur Publications  

4. J. K. Singh, Business Mathematics, Himalaya Publishing House.  

5. J. K. Sharma, Business Statistics, Pearson Education.  
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B. COM (Hons.) 

(Accounting and Taxation) 

SEMESTER II  

COURSE: BUSINESS MATHEMATICS AND STATISTICS  

  

  

  

 

Unit 2 ï Determinants  

  
  

STRUCTURE  

2.0 Introduction  

2.1 Determinants  

2.2 Properties of Determinants  

2.3 Test your Understanding (A)  

2.4 Minors  

2.5 Co-factors of a Matrix  

2.6 Adjoint of a Matrix  

2.7 Inverse of a Matrix  

2.8 Test your Understanding (B)  



35  
  

2.9 Solving Linear Equations by Matrix Inverse Method  

2.10 Test your Understanding (C)  

2.11 Solving Linear Equations by Cramerôs Rule  

2.12 Test your Understanding (D)  

2.13 Let us Sum Up  

2.14 Key Terms 2.15 
Further Readings  

  

 
2.0 OBJECTIVES  

  
After studying the Unit, students will be able to  

Å Define the Meaning Determinant.  

Å Calculate the Determinant of a Square Matrix.  

Å Implement the properties of Determinants.  

Å Understand the difference between Minors and Co-Factors.  

Å Find the Inverse of a Matrix.  

Å Solve the Linear Equations with help of Matrices.  

Å Solve the Linear Equations with help of Determinants  

  

  

2.1 DETERMINANT  

To every square matrix ὃ = [ὥij]ά ×  ά, we associate a number called determinant of the 

matrix . It is denoted by determinant ὃ or |ὃ|. The matrix which is not square does not possess 

determinant.  

FINDING VALUE OF A DETERMINANT  

1) Determinant of order 1, i. Ὡ. of 1 × 1 matrix  

The value of the determinant of order one is the number of which the determinant is 

formed.  

Thus, |ὥ11| = ὥ11  

For example  ȿ ςȿ  ς  

2) Determinant of order 2, i.e. of 2 × 2 matrix  

The value of the determinant of order two is found as under :  
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For example  

3) Determinant of order 3, i.e. of   × 3 matrix  

The value of the determinant of order three is found by expanding the determinant by any  

row or any column.  

   ὥ11 ὥ12  

 For example |ὃȿ  Ў  ȿὥ21 ὥ22  
 
  ὥ31 ὥ32  

Expanding it by 1st row, we get   
ὥ22  ὥ23  ὥ 

Ў= ὥ11    ὥ12  

ὥ13 ὥ23| ὥ33  

  

21  ὥ23  ὥ21 

 ὥ22  

  ὥ13    

ὥ32  ὥ33 ὥ31  ὥ33 ὥ31  32 

= ὥ11(ὥ22ὥ33  ὥ23ὥ32   ὥ12(ὥ21ὥ33  ὥ23ὥ31) + ὥ13(ὥ21ὥ32  ὥ22ὥ31) 

Similarly we can expand it by any other row or any column, taking care of the fact the 

signs meddler for adding the terms will follow the following pattern  

+    +  
ȿ   +  ȿ  

+    +  

Thus, by expanding the determinant by, say, second column, we have  

ὥ21  ὥ23  ὥ11  ὥ13  ὥ11  ὥ13  

Ў  ὥ12 ὥ31  ὥ33   ὥ22 ὥ31  ὥ33   ὥ32 ὥ21  ὥ23   

 ὥ12(ὥ21ὥ33  ὥ23ὥ31) + ὥ22(ὥ11ὥ33  ὥ13ὥ31   ὥ32(ὥ11ὥ23  ὥ13ὥ21)  

Thus if we have  
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then   

2  

ὃ  ȿ ρ  

4  

1  

5  

3  

0  

2|  

1  

  2  1  0  

  |ὃȿ  ȿ ρ  5  2|  

  4  3  1  

Expanding it by óὙ1ô, we get  

 
  

Example 1. Find the value of determinant  

  3 5  8  

|6  τ  σȿ ὦώ ὩὼὴὥὲὨiὲὫ iὸ ὦώ  

4 2  0  

(i) ίὩὧέὲὨ ὶέύ ὥὲὨ (ii) ὸὬiὶὨ ὧέὰόάὲ.  

  

  

Solution:  (i) Expanding by the second row,    

  

 

8  3  
  σ    

0  4  

5 

ς   

4  2  0  
  

 φ ρφ   τ σς   σ ςφ   
96 + 128 + 78 = 302  

  

(ii) Expanding by the third column,       
  

  

  
8  6  
σȿ  ψ   

  

4  3  
  σ    

  

5  3  
  π   

5  
  

  
4  2  

4  
0  

2 4  
  

2  6  4  

 ψ ςψ   σ ςφ   π  

= 224 + 78 = 302 , same as before.  
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2.2 PROPERTIES OF DETERMINANTS  

  
The following are the important properties of determinants. The students are advised to verify 

these properties on their own.  

(i) If any two rows (or columns) of a determinant are interchanged, the sign of the 

determinant is changed, the absolute value remaining unaltered, For example,  

ὥ1  ὥ2  ὥ3  ὥ1  ὥ3  ὥ2  

|ὦ1  ὦ2  ὦ3 ȿ   ȿὦ1  ὦ3  ὦ2 |  

ὧ1  ὧ2  ὧ3  ὧ1  ὧ3  ὧ2  

  

In this example the second and third columns have been interchanged.  

  
(ii)  If every element in any row (or column) of a determinant is multiplied by the same 

scalar , the determinant thus obtained is ὧ times the original determinant. Thus,  

ὥ1  ὧὥ2  ὥ3  ὥ1  ὥ2  ὥ3  
|ὦ1  ὧὦ2  ὦ3 | = ὧ |ὦ1  ὦ2  ὦ3 |.  

ὧ1  ὧὧ2  ὧ3  ὧ1  ὧ2  ὧ3  

(iii)  If a determinant rows are changed into columns of columns into rows, the value of the 

determinant remains unchanged. Thus,  

ὥ1  ὥ2  ὥ3  ὥ1  ὦ1  ὧ1  
|ὦ1  ὦ2  ὦ3 | = ὧ |ὥ2  ὦ2  ὧ2|.  

ὧ1  ὧ2  ὧ3  ὥ3  ὦ3  ὧ3  

(iv) If any two rows (or columns) of a determinant are identical, the value of the determinant 

is zero. Thus,  

ὥ1  ὦ2  ὧ3  3  9  5  3  3  5  

|ὥ1  ὦ1  ὦ1| = 0, |2  4  7| = 3 |2  2  7| = 3 × 0 = 0.  

ὥ2  ὦ2  ὧ2  1  3  6  1  1  6  

(v) If each element of any row or any column is the sum (or difference) of two quantities, 

the determinant can be expressed as the sum (or difference) of two determinants of the same 

order, as given below :  

ὥ1  ὥ2  ɻ  ὥ3  ὥ1  ὥ2  ὥ3  ὥ1  ɻ  ὥ3  

|ὦ1  ὦ2  ɼ  ὦ3| = |ὦ1  ὦ2  ὦ3 | + |ὦ1  ɼ  ὦ3 |.  

ὧ1  ὧ2  ɾ  ὧ3  ὧ1  ὧ2  ὧ3  ὧ1  ɾ  ὧ3  

(vi) If any row (or column) or a multiple thereof is added to or subtracted from any other 

row (or column), the value of the determinant remain unchanged. Thus,  
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ὥ1  ὥ2  ὥ3  ὥ1  ὥ2  ὥ3 + Ὧὥ1  

|ὦ1 ὦ2 ὦ3 | = | ὦ1 ὦ2 ὦ3 + Ὧὦ2| ὧ1 ὧ2 ὧ3 1 ὧ2 
ὧ3 + Ὧὧ2  

  

  

Example 2. Without expanding prove that  

  

  6  2  7  

|15  5  5| = 0  

21  7  3 
Solution: Let  

     
 

  
6  2  7  

  Ў= |15  5  5|  

  21  7  3  

Taking ó3ô common from , we have  

2  2  7  

Ў= 3 |5  5  5|  
7  7  3 = 3(0) = 0  (ḉ ὅ1 ὥὲὨ ὅ2 ὥὶὩ iὨὩὲ iὧὥὰ)  

  
Example 3. Withoutexpanding evaluate the determinant  

  

  

42  2  5  

|80  8  9|  

30  6  3  

Solution: Let  

   

  

  

42  2  5  

Ў= |80  8  9|  

30  6  3  

Applying ὅ1 = ὅ1  ψὅ3, we get  

2  2  5  

Ў= |8  8  9|  

6  6  3  

ᵼ  Ў  π  

   
  
  
  
  

ḉ ὅ1 ὥὲὨ ὅ2 ὥὶὩ iὨὩὲὸ ὧὥὰ)  

  Example 4. Prove that    
  

1  1  
|ὃ| = | ὥ  ὦ  

  
  

1  

  

ὧ  | = 0  
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 ὦ + ὧ  ὥ + ὧ  ὥ + ὦ   

Solution:    

  
  1  1  1  

|ὃ| = |  ὥ  ὦ  ὧ  |  

ὦ + ὧ  ὥ + ὧ  ὥ + ὦ  
  

Applying Ὑ1 = Ὑ1 + Ὑ2, we get  

1  1  1  

|ὃ| = |ὥ + ὦ + ὧ  ὦ + ὥ + ὧ  ὧ + ὥ + ὦ|  

ὦ + ὧ  ὥ + ὧ  ὥ + ὦ  

1  1  1  

= (ὥ + ὦ + ὧ) |  1  1  

ὦ + ὧ  ὥ + ὧ  

1  | {taking (ὥ + ὦ + ὧ) common from 

Ὑ2  

ὥ + ὦ  

= (ὥ + ὦ + ὧ) × (0)  
  

= 0  
  

Hence proved.  

  

Example 5. Prove that  

  

  ὦὧ  ὥ  ὥ2  1  ὥ2  ὥ3  

|ὧὥ  ὦ  ὦ2| = |1  ὦ2  ὦ3|  

  ὥὦ  ὧ  ὧ2  1  ὧ2  ὧ3  

(ḉ Ὑ1 ὥὲὨ Ὑ2 ὥὶὩ iὨὩὲὸiὧὥὰ)  

Solution:  

  

 
  

(by multiplying Ὑ1, Ὑ2, Ὑ3 by ὥὦὧ respectively)  

 (taking ὥὦὧ common from ὅ2  )  

1  ὥ2  ὥ3  

= |1  ὦ2  ὦ3| = Ὑ. Ὄ. Ὓ. 
1  ὧ2  ὧ3  
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Example 6. Without expansion, prove that  

0  ὥ  ὦ  

ȿὥ  0  ὧ | = 0 ὦ 
 ὧ  0  

  
Solution: Let  

  
0  ὥ  ὦ  

Ў  ȿὥ 0 ὧ | ὦ ὧ 0  
  

  

  

  

ᵼ  

ᵼ  

ᵼ  

  
i. Ὡ.  

0  

 ρ3 ȿ ὥ  

ὦ  

0  ὥ  

  ȿὥ  0  

ὦ  ὧ  

 Ў    

  

Ў  Ў  

  

ςЎ  π  

  

Ў= 0  

0  ὥ 

 ὦ  

ὥ  ὦ  
0 ὧ | (by taking ρ  common from each of 3 rows)  

ὧ  0  

ὦ   
ὧ |  

0  

(Interchanging rows and columns)  

ȿὥ  0  ὧ | = 0  

ὦ  ὧ  0  
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  1  1  0 
 0  1  

0 0
  1  

=
 
(

ὥ  ὦ)(ὦ  ὧ) | 1 1 ὧ 
| ὥ + ὦ ὦ + ὧ ὧ2  

1 1
  

= (ὥ  ὦ)(ὦ  ὧ      
ὥ + ὦ ὦ + 

ὧ = (ὥ  ὦ)(ὦ  ὧ)(ὦ + ὧ  ὥ  

ὦ)  

= (ὥ  ὦ)(ὦ  ὧ)(ὧ  ὥ).  
  

Example 8. Prove that  

  

ὥ2  ὥὦ  ὥὧ  
| ὦὥ  ὦ2  ὦὧ | = 4ὥ2ὦ2ὧ2,  

ὥὧ  ὦὧ  ὧ2  
  

Solution:   

  

ὥ  ὦ  ὧ  
L.H.S.= ὥὦὧ | ὥ 
 ὦ  ὧ |  

ὥ  ὦ  ὧ  
   
on taking out ὥ, ὦ and ὧ common 

( fromὙ1, Ὑ2andὙ3repectively )  

  1  1  1  on taking out ὥ, ὦ and ὧ common  

= ὥ2ὦ2ὧ2 | |  ( )  

  

  Example 7. Prove that  

 

 1  1  1  

 | ὥ  ὦ  ὧ | = (ὥ  ὦ)(ὦ  ὧ)(ὧ  ὥ).  

  ὥ2  ὦ2  ὧ2  

 Solution:    
  

  

  

| ὥ  
ὥ2  

ὦ  
ὦ2  

ὧ | = | ὥ  ὦ  

ὧ2  ὥ2  ὦ2  

ὦ  ὧ  

ὦ2  ὧ2  

ὅ 

ὧ | where 1 = ὅ1  ὅ2  
ὅ 2 = ὅ2  ὅ3  

ὧ2  
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  1  ρ  1  
fromὅ1, ὅ2andὅ3repectively  

1  1  ρ  

0 0  2  

= ὥ2ὦ2ὧ2 |1  ρ   1 |  (applyingὙ1 = Ὑ1 + Ὑ2)  

1 1  ρ  

= ὥ2ὦ2ὧ22(1 + 1) = 4 ὥ2ὦ2ὧ2,  

Example 9. Show that  

ώ + z    ώ  

|z +   z  | = (  + ώ + z)(   Ú2.  

 + ώ  ώ  z 

Solution:    

  
(ὼ + ώ + ᾀ)  ὼ + ώ + ᾀ  ὼ + ώ + ᾀ  

ώ + ᾀ  ὼ  ώ  2 

 |ᾀ + ὼ ᾀ ὼ| = | ᾀ + ὼ ᾀ ὼ |  ὼ + ώ ώ ᾀ ὼ + ώ ώ ᾀ  

operating Ὑ1 = Ὑ1 + Ὑ2 + Ὑ3  

2  1  1  

= (ὼ + ώ + ᾀ) |ᾀ + ὼ  ᾀ  ὼ|, (taking (ὼ + ώ + ᾀ) common from  )  

ὼ + ώ  ώ  ᾀ  
0  0  1   

= (ὼ + ώ 
+ ᾀ) |ὼ  ᾀ  ᾀ  ὼ  ὼ|,  

  

 (taking (ὼ  ᾀ) common from Ὑ 1)  

  

= (ὼ + ώ + ᾀ)(ὼ  ᾀ)(ώ  ᾀ + ὼ  ώ)  

= (ὼ + ώ + ᾀ)(ὼ  ᾀ)2.  
  

  

 

ὼ  ώ  ώ  ᾀ ᾀ  

ὼ  ᾀ  ᾀ  ὼ  

= (ὼ + ώ + ᾀ  ὼ  ώ  
ώ  ᾀ   
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2.3 TEST YOUR UNDERSTANDING (A)  

  
1  2  5  

1. Evaluate | 2  3  1|.  

1  1  1  

1  1  1  
2. Evaluate |1  1 + ὼ  1  |.  

1  1  1 + ώ  
  

ὦ + ὧ  ὥ + ὦ  ὥ  

3. Evaluate |ὧ + ὥ  ὦ + ὧ  ὦ|.  

ὥ + ὦ  ὧ + ὥ  ὧ  
  

4. Show that    
1  ὥ  ὦ + ὧ  1  ὦὧ  ὥ(ὦ = ὧ)  

(a) |1  ὦ  ὧ + ὥ| = 0  (b) |1  ὧὥ  ὦ(ὧ + ὥ)| = 0.  

1  ὧ  ὥ + ὦ  1  ὥὦ  ὧ(ὥ + ὦ)  
  

5. Prove that  

1  ὥ2 + ὦὧ  ὥ3  

|1  ὦ2 + ὧὥ  ὦ3ȿ  ὦ  ὧ)(ὧ  ὥ)(ὥ  ὦ)(ὥ2 + ὦ2 + 
ὧ2). 1  ὧ2 + ὥὦ  ὧ3  

6. Show that  

ὥ  ὥ2  ὥ3  

|ὦ  ὦ2  ὦ3 | = ὥὦὧ(ὥ  ὦ)(ὦ  ὧ)(ὧ  ὥ)  

ὧ  ὧ2  ὧ3  

7. Prove that (without expanding)  

1 + ὥ  ὦ  ὧ  

| ὥ  1 + ὦ  ὧ  | = 1 + ὥ + ὦ + ὧ ὥ 
 ὦ  1 +  ὧ 

8. Show that  

ὥ  ὦ  ὧ  2ὦ  2ὧ 

|  2ὥ  ὦ  ὧ  ὥ  2ὧ  | = (ὥ + ὦ + ὧ)3  

  2ὥ  2ὦ  ὧ  ὥ   ὦ 
  

9. Prove that  

ὥ2  ὦὧ  ὥὧ + ὧ2  

|ὥ2 + ὥὦ  ὦ2  ὥὧ  |  = 4ὥ2ὦ2ὧ2  

ὥὦ  ὦ2 + ὦὧ  ὧ2  
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10. Show that    

 

  
Answers   

 1. 21,  2.   ὼώ  3. ὥ3 + ὦ3 + ὧ3  σὥὦὧ  

  

  

  

 
2.4 MINORS  

  
  

Consider the determinant of a square matrix ,  

ὥ11  ὥ12 

 ὥ13 |ὃ| = |ὥ21  ὥ22 

 ὥ23|.  

ὥ31  ὥ32  ὥ33  

When we delete any one row and any one column of |ὃ|, we get a 2 × 2 determinant. For 

example, if we strike off the row and column passing through ὥ11, i. Ὡ., the first row and first 

column, we get the determinant as  

 

This determinant is called the minor of the element ὥ11 in determinant .  

Thus, the minor of the element in the determinant of the square matrix may be defined as a 

determinant which is left after deleting the row and column in which the element lies. The 

number of minors in a determinant will be equal to the number if elements therein. The following 

is the list of all nine minors in |ὃ|.  

The minors of ὥ11, ὥ12 and ὥ13 are  

ὥ22  ὥ23  ὥ21  ὥ23  ὥ21  ὥ22  

ὥ32  ὥ33 , ὥ31  ὥ33  and ὥ31  ὥ32  respectively.  

The minors of ὥ21, ὥ22 and ὥ23 are  

ὥ 12  ὥ13 ὥ11  ὥ13  ὥ11  

 ,   and  

ὥ12 

 respectively.  

ὥ32  ὥ33  ὥ31  ὥ33  ὥ31  ὥ32  
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The minors of ὥ31, ὥ32 and ὥ33 are  

12  ὥ13 , 11  ὥ13  

and 11  
ὥ12 

 respectively.  

ὥ22  ὥ23  ὥ21  ὥ23  ὥ21  ὥ22  

In general, the determinant obtain by striking off the th row and th column of a matrix ὃ = 

[ὥij]ὲ ×  ὲ is called the minor of ὥij in |ὃ|. The minor of element ὥij is determinant by ὓij.  

  

  

 
2.5 CO-FACTORS OF A MATRIX  

  
If we multiply the minor of the element in the th row and th column of the determinant of the 

matrix by ρi +j  the product is called the co-factor of the element. It is usual to denote the co- 

factor of an element by the corresponding capital letter. Symbolically ὃij  ρi +j  × minor of 

ὥij in ὃ  

 ρi + j ὓij. If 

we consider a determinant  

  ὥ11  ὥ12  ὥ13  

  |ὃ| = |ὥ21  ὥ22  ὥ23|  

  ὥ31  ὥ32  ὥ33  

   

  

We get  ὥ22 

ὃ11  ρ1 +1  ὥ32  

ὥ21 

ὃ12  ρ1 +2  ὥ31  

ὥ11 

ὃ23  ρ2 +3  ὥ31  

ὥ12  

ὃ31  ρ3 +1  ὥ22  

ὥ23 

ὥ33 ȟ  

ὥ23 

ὥ33 ȟ  

ὥ12 

ὥ32 ȟ  

ὥ13  

ὥ23 ȟ and so on.  

Note :  

1. The sum of the products of the elements of any row (column) of a determinant with the 

corresponding co-factors is equal to the value of the determinant, i. Ὡ.,  

|ὃ| = ὥ11ὃ11 + ὥ12ὃ12 + ὥ13ὃ13,  

= ὥ12ὃ12 + ὥ22ὃ22 + ὥ32ὃ32, etc.  
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2. The sum of the products of the elements of any row (column) with the co-factors of the 

corresponding elements of any other row (column) is zero, i. Ὡ.,  

0 = ὥ11ὃ12 + ὥ12ὃ22 + ὥ13ὃ23,  

= ὥ13ὃ11 + ὥ23ὃ21 + ὥ33ὃ31, etc.  

Example 10. Find theminors and co-factors of matrix ὃ and use it to evaluate the 

determinant of the matrix  

3  1  τ  
ὃ = [2  5  ]  

1  4  8  

Solution: The minors are calculated as follows:  

As  ὓij = minor of ὥij  

Ḉ    

 
  

 
  

 
  

 
  

 
 

1 

  ρς  ρ  ρρ  

4  

 
  

 
  

 
  

Now as co-factor ὃij of element ὥij  ρi+jὓij Ḉ 

 Co-factors  

ὃ11  ρ2ὓ11 = +(16) = 16  

ὃ12  ρ3ὓ12  ρπ   ρπ ὃ13 

 ρ4ὓ13 = +(3) = 3  
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ὃ21  ρ3ὓ21  ςτ   ςτ  

ὃ22  ρ4ὓ22 = +(28) = 28  

ὃ23  ρ5ὓ23  ρρ   ρρ  

ὃ31  ρ4ὓ31 = +(26) = 26  

ὃ32  ρ3ὓ32  ςφ   ςφ  

ὃ33  ρ6ὓ33 = +(13) = 13  

Also |ὃ| = ὥ11ὃ11 + ὥ12ὃ12 + ὥ13ὃ13  

 .  

   

 
2.6 ADJOINT OF A MATRIX  

  
Let ὃ = [ὥij] be a square matrix of order ὲ and let ὃij denote the co-factor of ὥij in |ὃ|. Then 

the adjoint of matrix is defined as the transpose of the matrix [ὃij] and is expressed by writing 

ὥὨj ὃ.  

Thus, in order to find the adjoint of a matrix, replace each element of this matrix by the co- 

factor of that element and then transpose this matrix of co-factors. The two operations may also 

be performed in reverse order, i. Ὡ., first find the transpose of the given matrix and then replace 

each element by its co-factor.  

 
 
ὥ12  

ὥ22  

Ễ  
Ễ   

Hence, if  Ụ  
ὃ =  Ễ  

Ễ  Ễ  
Ễ ủ,  

 Ụ Ễ  Ễ  Ễ  Ễ ủ  

we have   

ụὥὲ1  ὥὲ2  Ễ  ὥὲὲỨ  

 ὃ  
11  

ὃ 

Ụ 21  

ὥὨj ὃ  Ụ Ễ  

ὃ12  

ὃ22  

Ễ  

Ễ  

Ễ  

Ễ  

ὃ1ὲ  Ủ 

ὃ2ὲ ủ  

Ễ ủ  

 Ụ Ễ  Ễ  Ễ  Ễ ủ  

 ụὃὲ1  ὃὲ2  Ễ  ὃὲὲỨ  

where capital letters denote the co-factors of small letters in |ὃ|.  

i. Ὡ. , ὃij = co-factor of ὥij in |ὃ|.  
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Some Properties  

(i) If is a square matrix,  

ὃ. (ὥὨjὃ) = ( ὥὨjὃ). ὃ  

= |ὃ|Ὅ  
Where is the matrix of the same order as .  

(ii)  If ὃ = [ὥij] is a square matrix of order , we have  

|ὥὨj ὃ| = |ὃ|ὲ 1, provided |ὃȿ  π.  

(iii)  If  and are two square matrices of ὲ × ὲ order each, we have  

ὥὨj(ὃὄ) = ( ὥὨj ὄ). (ὥὨj ὃ).  
  

 
2.7 INVERSE OF A MATRIX  

  
If, for a given square matrix ὃ of order × ὲ , there exists of matrix such that ὃὄ = ὄὃ = Ὅὲ 

(where Ὅὲ is a unit matrix of order ), the square matrix ὄ is said to be an inverse of . We write 

as ὃ 1, read as óὃ inverseô. A matrix having an inverse is called an inverse matrix.  

From the definition given above, we see that we can talk of an inverse of a square matrix 

only. Also, we find that, if ὄ be an inverse of a square matrix only. Also, we find that, if be an 

inverse of , is also an inverse of .  

We already know that  

ὃ. (ὥὨj ὃ) = |ὃ|Ὅ  

or  , provided |ὃȿ  π.  

  

Hence,  .  

Thus, we find another from the inverse or reciprocal of the matrix , which is quite 

suggestive of the procedure for finding an inverse.  

ὃ 1 is said to be the inverse of  because it possesses the property ὃὃ 1 = ὃ 1ὃ = Ὅ.  

  

Theorem 1. The inverse of a matrix is unique.  

Proof. If possible, let and be two inverse of a square matrix . Since ὄ is an inverse of , 

we have  

ὃὄ = ὄὃ = Ὅ  é(i)  

Again, since is an inverse of , we have  
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ὃὅ = ὅὃ = Ὅ  é(ii)  

From (i), we have  
 
 

ὅ(  ὄ) = ὅὍ = ὅ  é(iii) Also, from (ii), we have  
 
 

(ὅὃ)ὄ = Ὅὄ = ὄ  é(iv)  

We know that  ὅ(ὃὄ) = ( ὅὃ)ὄ.  
 
 

Therefore, from (iii) and (iv) it follows that  
 
 

 = ὅ  
i. Ὡ., the inverse is unique.  

  

Theorem 2. A square matrix ὃ has an inverse, if and only if |ὃȿ  π.  

OR  

A square matrix is invertible, if and only if  is non-singular.  

Proof. The condition is necessary Let 

be the inverse of the matrix , then  

ὃὄ = Ὅ.  

Therefore,  |ὃ||ὄ| = |Ὅ| = 1 .  

Hence,    |ὃȿ  π.  

The condition is sufficient. Suppose |ὃȿ  πȢ Let us assume that  

   

Ḉ  

Similarly,  

Ḉ  

Hence, has an inverse.  

  

Theorem 3. Reversal Law : If and ὄ are invertible square matrices of the same order, then 

ὃὄ is also invertible and  

(ὃὄ) 1 = ὄ 1ὃ 1  
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Given ὃ, ὄ are invertible matrices of same order, hence  

  

  |ὃȿ  π,  and  |ὄȿ  π.  

ᵼ ȿὃ||ὄȿ  π ᵼ ȿὃὄȿ  π ᵼ ὃὄ is invertible. 
  
 

Let (ὃὄ) 1 = ὅ, then (ὃὄ)ὅ = Ὅ = ὅ(ὃὄ)  

Now,  (ὃὄ)ὅ = Ὅ  ᵼ   ὃ(ὄὅ) = Ὅ  

ᵼ  ὃ 1[ὃ(ὄὅ)] = ὃ 1  
 
    

ᵼ  (ὃ 1ὃ)(ὄὅ) = ὃ 1  ᵼ   Ὅ(ὄὅ) = ὃ 1  

ᵼ  ὄὅ = ὃ 1  ᵼ   ὄ 1(ὄὅ) = ὄ 1ὃ 1  

ᵼ  

ᵼ  

(ὄ 1ὄ)ὅ = ὄ 1ὃ 1  ᵼ  

ὅ = ὄ 1ὃ 1  

 Ὅὅ = ὄ 1ὃ 1  

Hence,  (ὃὄ) 1 = ὄ 1ὃ 1.    

Example 11. Find the adjoint of the matrix ὃ = [ 2  3]  

5  4  

Solution :  ὃ = [ 2 

 3  υ 

 4  

Here, co-factor of ὥ11  ρ1 +  1 4 = 4  

Co-factor of ὥ12  ρ1 +  2 υ   υ   υ  

Co-factor of ὥ21  ρ2 +  1 σ  σ  

Co-factor of ὥ22  ρ2 +  2 ς   ς  

  Adjoint of 

  

2  1  4  

Example 12. Find adjoint of   = [3  1  3]  
   4  1  5  

  2  1  4    

Solution :  ὃ = [3  1  3]    

  4  1  5    

Now, If  ij = co-factor of ὥij  

ὥ11  ὥ21  ὥ31  

Then ὃὨj ὃ = [ὥ12  ὥ22  ὥ32]  
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ρ   
ᴂ  

1 Ủ  

1 

  

 
11 
ủ 
  

ụ  1  3  3  3  3  
ᴂ 

υ  σ   ρυ  ρς   σ  τ      

ὃὨj ὃ  υ  τ   ρπ  ρφ   ς  τ   

σ  τ   φ  ρς   ς  σ   

2  σ ρ ᴂ  2  ρ  ρ  

ὃὨj ὃ  ρ  φ  ς   σ  φ  6 ]  

1  6  ρ  ρ  2  ρ  

1  0  2  

ρ Ứ  

Example 13. Find ὃ 1 for ὃ = [2  1  0].  

Solution :   

The adjoint of ,as calculated in example 1 of the proceeding section, is as under :  

1  4  2  

ὥὨj ὃ  ς  5  4 ]  

1  2  1  

1  0  2  
|ὃ| = |2  1  0| = 1(1) + 2(1) , expanding by the first row  

3  2  1  

   

.   

Note. The answer can be verified from the fact that 1ὃ = Ὅ, as shown below.  
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.  

  

Example 14. Calculate the inverse of the matrix  

ὃ = [ὥ  ὦ].  

ὧ  Ὠ  

Solution :   Here |ὃȿ  ὥ  ὦ   ὥὨ  ὦὧ.  

ὧ  

Now,  |ὃ| = 0 , if ὥὨ  ὦὧ = 0 .  

Let us assume that ὥὨ  ὦὧ  π so that ὃ 1 exists.  

But  .  

Now, we have   

.  

Ḉ  

And  

Example 15. Find the inverse of the matrix :  

  3  ρπ ρ  

ς 8  2 ]  
2 4  ς  

3 10  ρ  

Solution : Let  ὃ  ς  8  2 ]  

2  τ  ς  
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|ὃȿ  σ ρφ  ψ   ρπ τ  τ   ρ ψ  ρφ   

 ςτ  π  ψ  ρφ  π  Ḉ ὃ 1 exists  

The co-factors are    

  

ὃ11  ρφ  ψ  ψ,    

,  

ὃ13  ψ  ρφ  ψ,    

,  

ὃ22  φ  ς   τ,    
,  

ὃ31  ςπ  ψ  ρς    
  

ὃ32  φ  ς   τ  

  

ὃ33  ςτ  ςπ  τ    

8  0  ψ   

Ḉ Matrix of co-factors  ρφ  τ  ψ     
  

  
Then  

  

Example 16. Given the matrix  

  

1  4  2     

8  ρ  2  1],   show thatXX 1 = Ὅ3.  

1  3  

Solution : We know that  

2     

.  

We have ȿ8ȿ  ρ τ  σ   τ ς  ρ   ς σ  ς   σ  

Let us find adjoint of    
1 +  1 ς  ρ   ρ,  

ὃ11  ρ 
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3 2  

1 +  2 ρ  ρ   σ,  

ὃ12  ρ 

1  2  
1 + 3 1  2 

  ,  

 1  1  

3 +  3   ρ  4 
  φ  

ὃ33  ρ 

 1  2  

1  3 
 υ  

Hence, co-factor matrix  ς  0  1 ]  

  

ὃ13  ρ       υ 

2  3  

4 

ὃ21  ρ2 +  1  

2   ,  

  ς 

3  2  

1 

ὃ22  ρ2 +  2  

2   ,  

  π 

1  2  

1 

ὃ23  ρ2 +  3  

4   ,  

  ρ 

1  3  

4 

ὃ31  ρ3 +  1  

2   ,  

  π 

2  1  

1  2 

ὃ32  ρ3 +  2     σ,  
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Example 17. Show that ὃ = [2  1  2] satisfies the equation ὃ2  τὃ  υὍ = 0 where Ὅ  
2  2  1  

is identity matrix and 0 denotes the zero matrix. Hence find the inverse of .  
      

  Solution : Here,      
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     2  2  

Ḉ   1  2]  

2  1  
2 + 4  2 + 4 + 2  9  8  8  

4 1 + 4  4 + 2 + 2] = [8  9  8]  

4 2 + 2  4 + 4 + 1  8  8  9  

  

   

Also,             

             

            and          

   

             

 8  8  5  0  0  

  Ḉ  ὃ2  τ  ψ   π  5  0]  

   8  4  0  0  5  

 8  ψ  ψ  

 τ  υ  ψ  ψ   

 8  ω  τ  υ  
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  . Ὄ. Ὓ.  

  
To find  .  

|ὃȿ    ς   ς τ  ς   υ  π  

Hence, ὃ 1 exists.  

Multiplying the both sides of the equation  

ὃ2  τὃ  υὍ = 0  

by  1, we have  

or  or Ḉ  

  

  
2.8 TEST YOUR UNDERSTANDING (B)  

 
  

5. For the matrices ὃ = [ 1  ς] and ὄ = [ 5  6] prove that (ὃὄ) 1 = ὄ 1ὃ 1.  

3 4  σ  2  
4 3  3  

6. If  ὃ  ρ  0  ρ,  

4  τ  σ  

Find ὥὨj ὃ, and hence, find the inverse of .  

7. Verify the theorem ὃ. (ὥὨj ὃ) = ( ὥὨj ὃ). ὃ = |ὃ|Ὅ3for the matrix,  

1  2  3  
ὃ = [1  3  4].  

1  4  3  

3  4  6  
8. If ὃ = [1  2  3 ], verify that  1ὃ = Ὅ.  

8  5  10  
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1  1  2  1  2  0  

9. If ὃ = [0  2  σ, ὄ 1 = [0  3  ρ, find (ὃὄ) 1.  

3  ς  4  1  0  2  

1  2  3  
10. If ὃ = [3  ς  1], show that , where is a unit matrix of order 3  

4   2  1 and 0 is null matrix of order . Hence (not 

otherwise), compute ὃ 1.  

11. Verify  2 + 3ὃ + 4Ὅ = 0 for the matrix  

1  
ὃ = [  

1   
.  

] 

2  2  

Hence, obtain the inverse of .  

12. Show that the matrix  

2  ρ  1  

ὃ  ρ  2  ρ   

1  ρ  2  

Satisfies the equation ὃ3  φὃ2 + 9ὃ  τὍ = 0 , and hence, deduce ὃ 1.  

Answers  

  

    

4  3  3  4  3  3  

1.ὥὨj ὃ = [ 1  0  1 ],ὃ 1  ρ  0  1];  

4  4  3  τ  4  3  

5.  

   

6. 

  

  

8.  

  

  

  
 

2.9 SOLVING LINEAR EQUATIONS BY MATRIX INVERSE METHOD  
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With the help of matrices a set of linear equations can be solved to find unknown values.  

Suppose we have the following set of linear equations:  

ὥ11ὼ1 + ὥ12ὼ2 +éé+ὥ1ὲὼὲ = ὦ1 ὥ21ὼ1 

+ ὥ22ὼ2 +éé+ὥ2ὲὼὲ = ὦ2  

 :  
 :  
  

ὥὲ1 ὼ1 + ὥὲ2 ὼ2 +éé+ὥὲάὼὲ = ὦὲ.  

  
These equations may be written in the following way:  

  

ὥ11  

ὃ = [ 21  

:  

ὥὲ1  

ὥ12  

ὥ22  

ὥὲ2  

Ễ  

Ễ  

Ễ  

ὥ1ὲ  

ὥ2ὲ  

] ;  

  

ὼ1 ὼ2  

[ : ]   

ὼὲ  

ὦ1  

ὦ [ 
2 ]X  

:  

ὦὲ  

ὥὲά  

  

If ὃ is a non-singular matrix then  

  

 
 or   

  

Criterion of Consistency:  

  
Let ὃX = ὄ be a system of -linear equations in ὲ unknowns  

Case I : If |ὃȿ  π, then the system is consistent and has a unique solution given by X =  

ὃ 1 ὄ.  

  
Case II : If |ὃ| = 0 and (ὥὨj ὃ) . ὄ = 0 , then the system is consistent and has infinite many 

solutions. Case III : If |ὃ| = 0 and (ὥὨj ὃ) .    π, then the system is consistent.  

  
Note : If |ὃ| = 0 , then system will have infinite numbers of solutions.  

  
Example 18. Solve the system of equations  
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 + ώ + z = 6  

  ώ + z = 2  
2  + ώ  Ú   

Solution: The system of equations in matrix from is ὃX = ὄ, where  

  

   

  
Now  

Ḉ  

  

Ḉ  ὼ = 1, ώ = 2, ᾀ = 3  
  

Example 19. Solve the following equations by matrix inverse method  

1 + 2 2 = 10  

2 1  2 = 15  

Solution: ὃ = [ 1  2 ] , X = [ὼ1] , ὄ = [ 10]  

2  ρ  ὼ2  15  
  

ὃX = ὄ  
  

|ὃȿ  1  
2   
  ρ  τ  υ  

2  1  

Ḉ  |ὃȿ  υ  

Co-factor of ρ  ρ,  

Co-factor of ς  ς  
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Co-factor of ς  ς  

Co-factor of ρ  ρ  

Ḉ  Matrix of co-factors   [ 1  ς]  

  
2  1  

 1  
ὃὨj. = [  

2 

]  

  2  1  

   

    

 Ḉ  1 = 8, 2 = 7  

  

 
2.10 TEST YOUR UNDERSTANDING (C)  

  
  

1.  Solve the following equations by matrix method :  

ὼ  ώ = 5; 3ὼ + 4ώ = 7 2. 

Solve the following equations by Matrix method :  

ὼ + 3ώ + ᾀ = 16;  2ὼ + ώ + 3ᾀ = 19;  ὼ + 2ώ + 4ᾀ = 25 3. 

 Solve the following equations by using matrix method :  

ὼ + ώ + ᾀ = 6;  ὼ + 2ώ + 3ᾀ = 14;  ὼ + ώ + 7ᾀ = 24 4.  Solve 

the following system of linear equations by using matrix method :  

ὼ  ςώ = 3;  6ὼ  σώ = 5  

5. Solve the following equations by matrix method  

ὼ1 + 5ὼ2 = 11;  4ὼ1  σὼ2 = 9  

6. Solve the following equations by inverse method  

ὼ1 + ὼ2 + ὼ3 = 1;  2ὼ1 + 2ὼ2 + 3ὼ3 = 6;  ὼ1 + 4ὼ2 + 9ὼ3 = 3  

7. Solve the following equations by inverse method  

ὼ1  ςὼ2 + 5ὼ3 = 1;  2ὼ1  τὼ2 + 8ὼ3 = 2;  σὼ1 + 6ὼ2 + 7ὼ3 = 1  
8. A salesman has following record of sales during three months for three items ὃ, ὄ and ὅ  
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which have different rates of commission.   

Months Sale of Units     Total Commission  

A  B  C  Drawn (in Rs.)  

January  90  100  120  800  

February  130  50  40  900  

March  60  100  30  850  

Find out rates of commission per item on ὃ, ὄ and  by matrix 

method.  

 2.1, 2, 5  3.1, 2, 3  4. Inconsistent  

  

5.   ὼ1 = 3, ὼ2 = 1  6.  1 = 7, ὼ2  ρπȟ ὼ3 = 4  
  

 8.ὼ = 2, ώ = 4, ᾀ = 11  

  

  

 
2.11 SOLVING THE EQUATIONS BY CRAMER RULE  

  
It is a method that adopts determinants therefore it is also known as solving equations by the 

method of determinant. By using this method, in a set of three (say) linear equations, the 

unknown values , ώ and ᾀ can be obtained. To solve the equations, 4 determinants are to be 

computed. They are :  

|Ὀ| = For the information given in the matrix i. Ὡ. determinants of coefficient of , , .  

|Ὀ1| = Determinant obtained from |Ὀ| by replacing its first column by the values of .  

|Ὀ2| = Determinant obtained from |Ὀ| by replacing its second column by the values of . |Ὀ3| 

= Determinant obtained from |Ὀ| by replacing its third column by the values of .  

  
(i) If |Ὀȿ  π, then the values of unknowns are given by :  and 

  

(ii)  If |Ὀ| = |Ὀ1| = |Ὀ2| = |Ὀ3| = 0 then the given set of equations is consistent having 

infinite solutions.  

(iii)  If |Ὀ| = 0 and at least one of the determinants |Ὀ1|, |Ὀ2| and |Ὀ3| is non-zero, then the 

system is inconsistent.  

   

Answers    
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Example 20. Solve the following equations by Cramerôs Rule :  

2   ώ = 5  

  τώ  ρ  

Solution: The above equations can be presented in the form of matrices :  

Consider   

Ḉ  

  

Ḉ  ὼ = 3 , ώ = 1 .  

Example 21. Solve the following equations  

6  + ώ  σÚ  υ  
+ 3ώ  2z = 5  

2  + ώ + 4z = 8  

Solution: The above equations can be presented in the form of matrix  

6  1  σ  ὼ  5  
[1  3  ς  ώ] = [5]  

2  1  4  ᾀ  8  

ὃX = ὄ  
  

To solve the equations, consider the determinant  

  

6  1  σ  

|Ὀ| = |1  3  ςȿ  φ ρς  ς   ρ τ  τ   σ ρ  φ   

2  1  4  

 φ  ρτ  ψ  ρ  υ  σ  ψτ  ψ  ρυ  ωρ  
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5  1  σ  

|Ὀ1| = |5  3  ςȿ  υ ρς  ς   ρ ςπ  ρφ   σ υ  ςτ   

8  1  4  

 χπ  σφ  υχ  ωρ  

6  5  σ  

|Ὀ2| = |1  5  ςȿ  φ ςπ  ρφ   υ τ  τ   σ ψ  ρπ   

2  8  4  
  

 ςρφ  τπ  φ  ρψς  

  

6  1  5  

|Ὀ3| = |1  3  υȿ  φ ςτ  υ   ρ ψ  ρπ   υ ρ  φ   

2  1  8  

Ḉ   

  

   

    

 Ḉ  ὼ = 1 , ώ = 2 , ᾀ = 1 .  

  
Example 22. The sum three numbers is 20. If we multiply first by 2 and add the second 

number and subtract the third, we get 23. If we multiply the first by 3 and add second and third 

to it, we get 46. Find the numbers.  

Solution: Let the number be , ώ and ᾀ repectively. According, the question we have  

ὼ + ώ + ᾀ = 20  (First Condition)  

2ὼ + ώ  ᾀ = 23  (Second Condition)  

3ὼ + ώ + ᾀ = 46  (Third Condition)  

The above equations can be presented in the form of a matrix.  

1  1  1  ὼ  20  

[2  1  ρ  ώ] = [23]  

3  1  1  ᾀ  46  

ὃX = ὄ  
  

To solve the equations, consider the determinant  
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1  1  1  

|Ὀ| = |2  1  ρȿ  ρ ρ  ρ   ρ ς  σ   ρ ς  σ   

3  1  1  

 ς  υ  ρ  ς  φ  τ  

  

  

20 |Ὀ1| = 
|23  

46  

1 
1  

1  

1  

ρȿ  ςπ ρ  ρ   ρ ςσ  τφ   ρ ςσ  τφ  

1  

  

 τπ  φω  ςσ  τπ  ως  υς  

  

1  20  1  

|Ὀ2| = |2  23  ρȿ  ρ ςσ  τφ   ςπ ς  σ   ρ ως  φω   

3  46  1  

 φω  ρππ  ςσ  ως  ρππ  ψ  

  

1  1  20  

|Ὀ3| = |2  1  ςσȿ  ρ τφ  ςσ   ρ ως  φω   ςπ ς  σ   

3  1  46  

Ḉ   

  

 
  

 
  

Thus, ὼ = 13 ,   = 2 and ᾀ = 5 .  

  
Example 23. Solve the following system of equations  

 + 3ώ + 4z = 8  

2  + ώ + 2z = 5  

5  + 2z = 7  

1  3  4  ὼ  8  
Solution:  ὃ = |2  1  2|,   = [ώ], ὄ = [5]  

5  0  2  ᾀ  7  

ὃX = ὄ  
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|Ὀȿ  ρ ς  π   σ τ  ρπ   τ π  υ   ς  ρψ  ςπ  π  

Since |Ὀ| = 0 , the system may have infinite number of solutions  

Now solve any two of the given equations. Solving the last two equations i. Ὡ. equation (ii) 

and (iii), we get  

2ὼ + ώ + 2Ὧ = 5 , 5ὼ + 2Ὧ = 7  

ᵼ   

  

Putting this values of ὼ in equation (ii) we get  

  

 
  

ᵼ   

  

Thus all the infinite solutions of the given system are given by  

  

 
  

Where Ὧ is arbitrary real number. By putting different values of , we can get different 

solutions. For example, putting Ὧ = 1 , we get a particular solution ὼ = 1 ,   = 1 , ᾀ = 1 .  

  

  

 
2.12 TEST YOUR UNDERSTANDING (D)  

  
1. Solve the following equations using Cramerôs rule :  

2ὼ  ώ = 1 ;  7ὼ  ςώ  χ  

2. By Cramerôs rule, solve the following equations :  

2ὼ  ώ + ᾀ = 4 ;  ὼ + 3ώ + ᾀ = 12 ;  3x + 2y + z = 5  

3. Solve the following linear equations by Cramerôs rule :  

ὼ + ώ + ᾀ = 1 ;  ὼ + 2ώ + ᾀ = 1 ;  3ὼ  ώ  ςᾀ = 6  

4. Solve the following equations by Cramerôs rule :  

ὼ + ώ + ᾀ = 9 ;  2ὼ + 6ώ + 7ᾀ = 55 ;  2ὼ + ώ  ᾀ = 0  

5. Solve the following equations by Cramerôs rule  

 

6. Solve the following system of equations  
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(a) 5ὼ  φώ + 4ᾀ = 15 ;  7ὼ + 4ώ  σᾀ = 49 ; 2ὼ + ώ + 6ᾀ = 46  

(b) ὼ + ώ + ᾀ = 9 ;  2ὼ + 6ώ + 7ᾀ = 55 ; 2ὼ + ώ  ᾀ = 0  

7. Solve the following equations using Cramerôs rule :  

ὼ  ώ + ᾀ = 4 ;  ὼ + 3ώ + 2ᾀ = 12 ;  3ὼ + 2ώ + 3ᾀ = 10  

8. Using determinants, show that the following system of equations has infinite number of 

solutions.  

ὼ + 3ώ + 4ᾀ = 8 ;  2ὼ + ώ + 2ᾀ = 5 ;  5ὼ + 2ᾀ = 7  

9. Solve the following set of equations  

ὼ + ώ + ᾀ = 1  

ὼ + 2ώ + 3ᾀ = 4  

ὼ + 3ώ + 5ᾀ = 7  

10. A manufacturer is manufacturing two types of products ὃ and . ὒ1 and ὒ2 are two 

machines which are used for manufacturing these two types of products. The time taken 

by both   and ὄ on machines is given below:  

  Machine ὒ1  Machine ὒ2  

Product ὃ  20 hrs.  10 hrs.  

Product ὄ  10 hrs.  20 hrs.  

If 60 hours is the time available on each machine. Calculate the number of units of each 

type manufactured using matrix method.  

Hint :  20ὼ + 10ώ = 600 10ὼ 
+ 20ώ = 600  

Answers  

1.  ὼ  σ, ώ  χ  

2.   

3.   

4.  

5. ὼ = 1 , ώ = 2 , ᾀ = 3  

6. (a)ὼ = 3 , ώ = 4 , ᾀ = 6 ;  (b)ὼ = 1 , ώ = 3 , ᾀ = 5  

7. System is inconsistent since |Ὀ| = 0 and |Ὀ1ȿ  π  

8. For Ὧ = 1 , ώ = 1 , ᾀ = 1  

9. Infinite solutions, ὼ = Ὧ  ς, , ᾀ = Ὧ  

10. ὼ = 20 ,   = 20 .  
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2.13 LET US SUM UP  

  
Å To every square matrix, we associate a single number that gives us an important 

information about that matrix. That number is called determinant of the matrix.  

Å The matrix which is not square does not possess determinant.  

Å Determinant is used to know whether the matrix is invertible or not.  

Å Determinant of any square matrix can be easily calculated by applying its various 

properties.  

Å Matrices and Determinants can be used to solve a system of linear equations.  

Å There are two methods to solve linear equations i.e. Method of Determinants (Crammerôs 

Rule) and Matrix Inverse Method.  

  

 
2.14 KEY TERMS   

  
  

Å Determinant: To every square matrix, we associate a single number that gives us an  

important information about that matrix. That number is called determinant of the  

matrix.   

Å Minor: The minor of the element in the determinant of the square matrix may be  

defined as a determinant which is left after deleting the row and column in which the  

element lies.   

Å Adjoint of a Matrix: A matrix obtained by interchanging the rows and columns of 

the  co-factor matrix of the given square matrix.   

Å Inverse of a Matrix: The inverse of any square matrix óAô is another square matrix  

óBô such that AB = BA = I.   

  

  

  

 
2.15 FURTHER READINGS   

  
1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.  
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2. N. D. Vohra, Business Mathematics and Statistics, McGraw Hill Education (India) Pvt Ltd 

3. J.K. Thukral, Mathematics for Business Studies, Mayur Publications  

4. J. K. Singh, Business Mathematics, Himalaya Publishing House.  

5. J. K. Sharma, Business Statistics, Pearson Education.  
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STRUCTURE   

3.0 Objectives   

3.1Functions   

3.2Domain, Co-domain and Range of a Function   

3.3Algebra of Functions   

3.4 Kinds of Functions   

3.5 Test Your Understanding (A)   

3.6Classification of Real Functions   

3.7 Some special Functions related to Business and Economics   

3.8 Test Your Understanding (B)   

3.9 Let us Sum Up   

3.10 Key Terms   

3.11 Further Readings   

  

 
3.0 OBJECTIVES   

  
After studying the Unit, students will be able to   

Å Define the Meaning of a Function.   

Å Understand the concept of Domain and Range of a Function.   

Å Differentiate between various types of Functions.   

Å Describe Algebra of Functions.   

Å Apply Functions in Business and Economics   
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Suppose ὃ and ὄ are any two non-empty sets. Let ὃ = {ὥ, ὦ, ὧ, Ὠ}, ὄ = {ὼ, ώ, ᾀ}. Suppose by 

some rule or other, we assign to each element of , a unique element of . Suppose ὥ is 

associated to ὼ, ὦ is associated to ώ, ὧ is associated to ὼ and Ὠ is associated to . The set of such 

assignment is called a óόὲὧὸiέὲô or óάὥὴὴiὲὫô from ὃ to . If we denoted this set by , then we 

write  

 Ḋ ὃ O  ὄ  

which is read as ñ ò or ñ ò. In fact a 

function can be thought of like a machine: when we put ὼ into the machine, it comes out with 

corresponding .  

Definition 1.Let A and B be two given sets. Suppose they exists a rule denoted by f, which 

associates to each member of A, a unique member of B. Then f is called a function or a mapping 

of A to b. The mapping of A to B is denoted by  Ḋ ὃ O  ὄ or by ὃ O  ὄ.  

  

  

 
  

Fig. 1  

Further,if ὥ צ ὃ, then the element in ὄ which is assigned to ὥ is called the  image of ὥ or the 

value of the function  for ὥ and is denoted by ὥ) .  

Definition 2.Let x be some variable quantity. Then a rule that assigns a definite value to 

every value that x may have, is called a function of x.  

Definition 3. If x and y represent members of two set A and B respectively, we say that y is a 

function of x and write ώ   , provided we can associate, by some method or procedure, to 

every ὼ צ ὃ, a unique   .ὄ צ  

(Note : The symbol óô stands for óbelongs toô)  
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Example. Giving the following two sets :  

ὃ = { Tony Greig, Bobby Fischer, P. Padukone, Chris Evert} ὄ 

= { Badminton, Tennis, Chess, Cricket, Hockey, Volley Ball}.  

  
Set ὃ lists the players and ὄ the games. For ὼ צ ὃ, andώ צ ὄ, we define a procedure for assigning 

a member set ὄ to each member of ὃ by ὼ plays . This rule thus defines a function from ὃ to ὄ 

that associates Tony Greig to Cricket, Bobby Fischer to Chess, P. Padukone to Badminton and 

Chris Evert to Tennis.  

  

The general notation of a function is  

ώ  ὼ)  é(1)  

It means ώ is a function of , or ὼ) is the value of the function at ,or ώ is the image of ὼ under 

. In this notation, ὼ is said to be the independent variable, since it may have any value from 

among the member of set , while ώ is dependent variable, for the values of ώ depend upon the 

particular choice of .  

Note : The rule Ὢ should possess the characteristics that there may be some elements of the 

set ὄ which are not associated to any element of the set ὃ but each element of the set ὃ must 

be associated to one and only one element of the set . Two or more elements of the set ὃ 

may be associated to the same element of the set ὄ but association of one element ὃ to more 

than one element in ὄ is not permissible.  

  

 
3.2 DOMAIN, CO -DOMAIN AND RANGE OF FUNCTION  

  
Let   be a mapping of ὃ into . Then ὃ is called the Ὠέάὥiὲ of the function   and ὄ the ὧέ- 

Ὠέάὥiὲ of the function . It is evident from the definition that each element of ὄ need not 

appear as the image of an element in . We define the range of  to consist of all those elements 

in which appear as  image of at least one element in . There can be more than one element of   

which have the same image in . The image set ὃ] is called the range of .  
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FUNCTIONS DEFINED AS SETS OF ORDERED PAIRS :Let ὃ and ὄ are any two non- 

empty sets, then a mapping  of   to ὄ is a subset  of   × ὄsatisfying the following conditions  

:  

(a) for each ὥ צ ὃ, (  B; (b) צ for some ὦ , צ ( ,

if  , ,and (ὥ  צ (   ᴂ   .then ὦ = ὦᴂ , צ 

  
The first condition ensures that we have a rule that assigns to each element ὥ צ ὃ some 

element ὦ צ ὄ. Thus each element in ὃ will have image. The second condition guarantees that 

the image is unique. Accordingly,  is a function from ὃ to  .  

Note:If ȡ ὃ ᴼ ὄ, it is important to distinguish between a function  and the value ὼ) of   for 

any element . While  is a subset of ὃ × ὄ, ὼ) is an element of the set .  

  
EQUAL FUNCTIONS : Two functions f and g are said to be equal iff :  

(i) the domain of = domain of ,  

(ii)  the co-domain of = the co-domain of   and (iii )(ὼ) = Ὣ(ὼ) 

for every ὼ belonging to their common domain.  

  
Example :Let ὃ = {1,2} , ὄ = {3,6} and given by ὼ) = ὼ2 + 2 and given 

by  (ὼ) = 3ὼ. Then, we observe that  and Ὣ have the same domain and co-domain and also  

ρ   σ  Ὣ(1)  and  ς   φ  Ὣ(2) Hence

  = Ὣ.  

   

 
3.3 ALGEBRA OF FUNCTIONS  

  
If  and Ὣ are two functions, we define  

(i) The sum function   Ὣ by  

  Ὣ)(ὼ   ὼ) + Ὣ(ὼ) ,  

(ii)  The difference function   Ὣ by  

  Ὣ)(ὼ   ὼ   Ὣ(ὼ) ,  

(iii)  The product function Ȣ Ὣ by  
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Ȣ Ὣ)(ὼ   ὼ). Ὣ(ὼ), (iv) The 

quotient function ȾὫ by where Ὣ(ὼ   πȟ for any óô ϳὫ)(ὼ) 

 ὼ)/ Ὣ(ὼ) .  

  

  
3.4 KINDS OF FUNCTIONS  

 
If is a function, then  associates all elements of set ὃ to elements in set ὄ such that an 

element of set ὃ is associated to a unique element of set . Following these two conditions we 

may associate :  

(i) difference elements of set ὃ to different elements of set , or  

(ii)  more than one element of set  may be associated to the same element of set , or 

(iii)  all elements in   may have their pre-images in .  

Corresponding to each of these possibilities we define a type of a function as given below :  

  

(1) ONE-ONE FUNCTION (INJECTION) : A function ȡ ὃ ᴼ ὄ is said to be a one-one 

function or an injection if different elements of ὃ have different image in .  

  

 
  

Fig. 2  

  
Thus, ȡ ὃ O  ὄ is one-one ᵾ ὥ  ὦ  

ᵼ  ὥ   ὦ) for all , ὦ ɴ  ὃ.  

- ὥ   ὦ  ᵼ ὥ = ὦ for all , ὦ ɴ  ὃ.  

  

Examples :  
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(i) A function which associates to each country in the world its capital is one-one because 

different countries have their different capitals.  

(ii)  Let X = {1,2,3,4}; ὣ = {1,4,9,16}and ȡ 8 ᴼ ὣ s.t. ὼ) = ὼ2 ᶪ ὼ ᶰ 8, then  is one- one 

mapping of X into Y, as no two distinct elements of X have the same f-image in Y.  

  

(2) MANY -ONE FUNCTION : A function ȡ ὃ ᴼ ὄ is said to be a many-one function of two 

or more elements of set ὃ have the same image in .  

Thus, ȡ ὃ O  ὄ is many one function if there exist ,ώ ɴ  ὃ such that   ώ but  (ὼ   ώ).  

In other words, ȡ ὃ O  ὄ is a many-one function if it is not a one-one function :  

  

 
  

Fig. 3  

Examples :  

(i) ὃ  ρȟ ρȟ ςȟ ς  and ὄ = {1, 4, 9, 16}.   Consider   ȡ ὃ ᴼ ὄ   s.t.   ὼ) = ὼ2.   

Then ρ   ρ,  (1) = 1 , ς   τ, f(2) = 4 .  

Clearly and 1 have the same image. Similarly, 2 and 2 also have the same image. So,  is 

a many-one function.  

(ii)  Consider a function ȡ ὤ O  ὤ given by ὼ) = |ὼ|.  

Then   is a many-one function because for every ὥ ɴ  ὤ, ὥ  π, ὥ  ὥbut  (ὥ   ὥ) .  

ḉ ȿὥȿ  ȿ  ὥ|]  
  

(3) ONTO FUNCTION (SURJECTION): A function  is said to be an onto 

function or a surjection if every element of ὄ is the f-image of some element of , i. Ὡ., if ὃ) = ὄ 

or range of  is the co-domain of  .  
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Fig. 4  

Thus, ȡ ὃ O  ὄ is a surjection iff for each ὦ ɴ  ὄ, ɱ ὥ ɴ  ὃ such that (ὥ) = ὦ.  

  

(4) INTO FUNCTION: A function of is an into function if there exists an element 

in ὄ having no pre-image in  .  

  

 

Fig. 5  

In other words, ȡ ὃ O  ὄ is into function if it is not an onto function.  

Examples :  

(i) Let ὃ  ρȟ ρȟ ςȟ ς, ὄ = {1, 4}and ȡ ὃ ᴼ ὄ be a function defined by (ὼ) = 

ὼ2. The  is onto because ὃ   ρ, ς, ς   ρȟ τ   ὄ  

(ii)  A function ȡ ὔ ᴼ ὔ defined by ὼ) = 2ὼ is not an onto function, because ὔ) 

 ςȟ τȟ φȟ ȣ ȣ   ὔ (co-domain).   
(5) BIJECTION (ONE -ONE ONTO FUNCTION): A function  is a bijection if it is 

one-one as well as onto.  
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Fig. 6 In other words, a function ȡ ὃ ᴼ ὄ is a bijection if 

:  

  
(i) It is one-one,i. ὩȢ ȟ ὼ   ώ  ᵼ ὼ = ώ for all ,   ɴ  ὃ.  

(ii)  It is onto, i. Ὡ., for all ώ ɴ  ὄ, there exists ὼ ɴ  ὃ such that ὼ) = ώ.  
  

Example : Let ὃ be the se of even integers and ὄ be the set of odd integers, then the mapping 

ȡ ὃ O  ὄ given by  

ὼ) = ὼ  ρȟ ᶪ ὼ ɴ  ὃ  

is one-one onto.  

  

(6) ONE-ONE INTO MAPPING : Any mapping which is one-one as well as into is called 

one-one into mapping.  

Example : Let X be the set of integers and ὣ be the set of all even integers, then the mapping ȡ 

8 ᴼ ὣ. s.t. ὼ) = 2ὼ, ὼ ɴ  8 is an into mapping which is also one-one.  

  

  

 
  

Fig. 7  
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Example 1. Given Ὢ( ) = 2 2  σ + 1 ; find  (2) , Ὢ(0) , Ὢ σ. 

Solution : ς   ς Ȣ ς2  σ Ȣ ς  ρ  ς Ȣ τ  φ  φ  ψ  φ  ρ  

3;  

;  

σ   ς σ2  σ σ   1 = 

18 + 9 + 1 = 28 .  

  
  

Example 2. The rule defining a function   is as follows :     

 . Find the domain of definition of  .  

Solution :  

, here  (ὼ) is undefined at ὼ = 0 . So the domain of definition of  is the set  

of real numbers except 0.  

(ii)  ὼ) is undefined for ὼ = 1 only. Hence the domain of definition of  is the set of all real 

numbers except 1.   

Example 3. Find the range of  ( ) = 2,  ɴ  (real number).  

Solution : π   π and for every non-zero real values of , (positive or negative) ὼ2 is 

always positive. So we get π  range  Њ.  

  

Example 4. If Ὢ( ) =  + | |, find Ὢ(3) and Ὢ σ  and show also they are not equal.  

Solution :  σ   σ  ȿσȿ  σ  σ  φ,  

σ   σ  ȿ σȿ  σ  σ  π, As    π, so σ   σ. [Note : If  (ὼ) = 

ὼ) , in this case σ   σ, then ὼ) will be an even function of ].  

  

Example 5. Show that is undefined for  = 2 .  

Solution : ;putting ὼ = 1 ,  

 

ḉ  ρ   σ, which is definite  

Again for is definite at ὼ = 1  
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ḉ  ρ   ρ, which is definite so this define at ὼ  ρ  

For ὼ = 2 , we get  

, which is meaningless  

  

Ḉ  ὼ) cannot be defined for ὼ = 2 .  

  

  

Example 6. Find the domain of the function .  

Solution : Here ὼ) has a unique value except for ὼ = 3 , 3.  

For (undefined)  

(undefined) Ḉ domain of the function ὼ) is Њ 

< ὼ  σ; 3 < ὼ < 3 ; 3 < ὼ  Њ.  

  

Example 7. Given the function :  

Ὢ( ) = 5 2   ρ,  for  ρ   < 0  

,  for  π   < 1 .  

  ,  for  ρ    σ.  

Find .  

Solution : Now ρ   υς ρ  ρ  (since 1 lies in ρ  ὼ < 0 )  

= 52  ρ  ςυ  ρ  ςτ. Point 

lies in the second interval, so  

    

,  

 (as 2 lies in the 3rd interval)  

  

  

Example 8. If  ( ) = 2  , prove that  Ὤ  ρ   Ὢ Ὤ   

Solution :  Ὤ  ρ   Ὤ  ρ2  Ὤ  ρ   
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Ḉ   

  

Example 9. If Ὢ( ) =  2  υ + 4 , for what values of x is 2Ὢ( ) = Ὢ(2 )?  

Solution :  ςὼ) = 2(2ὼ)2  υ ςὼ) + 4  

= 2 .4ὼ2  ρπὼ + 4 = 8ὼ2  ρπὼ + 4  

ςὼ) = 2(2ὼ2  υὼ + 4) = 4 ὼ2  ρπὼ + 8  

By condition we have, 8ὼ2  ρπὼ + 4 = 4ὼ2  ρπὼ + 8 or,  ὼ2 = 4 or,  2 = 1 or, ὼ = ±1 .  

   

Example , then show that .  

Solution :  We have :   

Ḉ   

Ḉ  

  

  

Example , show that .  

  
Solution :  We have  

Ḉ   

  

Then,  
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é(i) 

  
  

Again,   

é(ii)  

From (i) and (ii) it is clear that .  

  

  

Example 12. Find the domain of each of the following real valued functions  

   
  

Solution :  (i)  We have   

  

Clearly, ὼ) assumes real values for all ὼ except for the values of ὼ satisfying ὼ + 2 = 0 , i. Ὡ. 

, ὼ  ς.   

Hence, domain of the function ὼ)  

  
i. Ὡ.,  Domain   Ὑ  ς   

(ii)  We have   

  
Clearly, ὼ) assumes real values for all ὼ except for the values of for which ὼ2  σὼ +  

2 = 0, i. Ὡ. , ὼ = 1, 2.  

Ḉ  Domain   Ὑ  ρȟ ς   

  
(iii)   We have   

  

Clearly, ὼ) assumes real value, if ὼ  τ  π ᵼ ὼ  τ ᵼ ὼ ɴ  τȟ Њ   

  
Hence, Domain   τȟ Њ.  
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3.5 TEST YOUR UNDERSTANDING (A)  

  
  

1. (i)  If  ὼ) = ὼ2 + 2ὼ4  verify  that  ὼ   ὼ), (ii) ὼ) = ὼ + 2ὼ3  verify  that ὼ) = 

ὼ)  

2. If ὼ) = ( ὼ  ρὼ  ςὼ  σ  find the values of :  

(i)  ρ   (ii) ς   (iii) σ   (iv) π   

[Ans. 0; 0; 0; 6]  

3. If ώ = 5 for every values of , can   be regarded as a function of ὼ ? [Ans. Yes]  

4. ὼ) = ὼ + |ὼ|, are τ  and τ  equal ?  

[Ans. No]  

5. , then .  

6. Show that is undefined for ὼ = 2 and also find φ.  

 

7. Let ὼ)  = 2 ὼ,   

= 4 ,  π  ὼ < 1  

= 2ὼ  ρ,  ρ    σ.  

Calculate ρ, π, ρ, σ.  

[Ans. 2; 4; 1; 5]  

8. If ὼ) = ὼ2 + ὼ prove that Ὤ  ρ   Ὤ  ς   φὬ.  

9. Find the domain of , if  

  
  

[Ans.Domain   Њȟ υ]  [Ans. Domain   Ὑ  ρȟ τ]  

  
10. Find the domain of the function ὼ) , defined by :  

[Ans.Domain   Њȟ ρὟ(1, 4)]  
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3.6 CLASSIFICATION OF REAL FUNCTIONS  

  
  

(1) EXPLICIT AND IMPLICIT FUNCTIONS  

In an explicit function, we have dependent variable on one side of the equation and the 

independent variable on the other. We have been dealing so far with this type of functions. 

Thus, an explicit function is represented by the form . In implicit functions, we have 

both the variables (i. Ὡ., dependent and independent ones) on the same side (i. Ὡ., left hand 

side or right hand side or both sides). The general form of an implicit function is ὼ, ώ) = ὅ, 

where ὅ is a constant.  

The following are the examples of explicit functions :  

ώ = ὼ2, ώ = Ὡ2 and ώ = ὼ3 + 4ὼ  Ὡὼ The 

following are the examples of implicit functions :  

ὼ2 + ώ2 = 1 , Ὡὼ+ώ = 2  

and  3ὼ2 + 4ὼώ = 2ὼ3ώ2 + 10ὼ  ψώ.  
  

(2) EVEN AND ODD FUNCTIONS  

Leyώ  ὼ) be a function with its domain of definition Ὀ . If, for every ὼ ᶰ Ὀ , ὼ 

also belongs to , the function is said to be even or odd according as :  

ὼ   ὼ) or ὼ   ὼ) .  

(3) LINEAR FUNCTION  

A function of the form ὼ) = άὼ + ὧ (where ά and ὧ are real numbers) is called a linear 

function. Its domain is set of real numbers. Replacing ὼ) by , the function may be 

rewritten as  

ώ = άὼ + ὧ  é(1)  

In this case, ώ is a dependent variable and ὼ is an independent variable. Also, ά is the slope 

and ὧ is the intercept on axis. For example, ώ = 3ὼ + 4 is a linear equation with slope 3 

and intercept on axis 4. The equation (1) is also known as the equation of a straight line in 

slope-intercept form.  
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Fig. 8  

The graph of the linear function ώ = άὼ + ὧ is a straight line. To draw a straight line, we 

needed to find any two points that lie on the line and then to join them by a straight line and 

extend the line further on both the direction.  

(4) QUADRATIC FUNCTIONS AND PARABOLAS  

A function of the form  

ὼ) = ὥὼ2 + ὦὼ + ὧ  é(1)  

(where  , ὦ and ὧ are the constants and ὥ  π) is called a quadratic function. The graph 

of quadratic function.  

(1) is a curve, called a parabola. Its domain is the set of all real numbers. 

Putting ὦ = ὧ = 0 in (1) we get a simplest quadratic function  

ώ = ὥὼ2  
Its graphs when ὥ is negative and when it is positive are the parabolas as shown in Fig. and 

Fig. respectively. The lowest point on the graph when ὥ > 0 occurs at the origin, while the 

origin is the highest point when ὥ < 0 . In either case, this point is called the vertex of the 

parabola.  
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(5) POLYNOMIAL FUNCTION  

A function of the form ὼ) = ὥ0ὼ4 + ὥ1ὼὲ 1 + ὥ2ὼὲ 2 +ééééé..+ὥὲ , 

where ὥ0, ὥ1, ὥ2éééὥὲ are constants and ὲ is a non-negative integer, , is 

called a polynomial function of  of degree .  

  
(6) RATIONAL FUNCTION  

A function of the form where ὴ(ὼ) and ή(ὼ) are 

polynomials is  

  

called a rational function. For example, is a rational function.  

(7) EXPONENTIAL FUNCTION  

A function having a variable base and a constant exponent, 

 etc., is called a power function while a function having a constant 

base and variable exponent is called an exponential function. For example, ώ = ὥὼ, (ὥ 

> 0 ,  is an exponential function, where ὥ is the base and ὼ is a real number 

exponent.  

(8) LOGARITHMIC FUNCTIONS  

If ὥ > 0 and ὥ  ρ, the exponential function ὼ = ὥώ has an inverse function which is 

called the logarithmic functionto the base ὥ and is denoted by  = ὰέὫὥ ὼ. Thus,  

ὼ = ὥώ ᵼ ὰέὫὥ ὼ = ώ ὰέὫὥ ὥ  

Fig.   9   Fig.   10   
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ᵼ  ώ = ὰέὫὥ ὼ, which is called logarithmic function.  

Thus, if   > 0 , the logarithmic function ὰέὫὥ ὼ is the exponent to which the base ὥ must 

be raised to get .  

For example :  

23 = 8  Ḉ  ὰέὫ2 8 = 3;  

  
(9) MONOTONIC FUNCTION  

Let us consider any two numbers ὼ1 and ὼ2 in the domain of definition [ὥ, ὦ] of ὼ), such 

that ὼ2 > ὼ1. Then ὼ) will be said to be monotonic.  

(i) increasing in [ὥ, ὦ] if ὼ2   ὼ1) (ii)  

decreasing in [ὥ, ὦ] if ὼ2   ὼ1) .  

  
(10) GREATEST INTEGRAL FUNCTION  

ὼ) = [ ὼ] = greatest integer less than or equal to . i. 

Ὡ., if π  ὼ < 1 the function value is always 0.  

if ρ  ὼ < 2 , the function value is always 1. if ς  ὼ < 3 , the 

function value is always 2. again if ρ  ὼ < 0 , the functional 

value is always 1 and so on.  

  
(11) ABSOLUTE VALUE FUNCTION OR MODULUS FUNCTION  

A function ώ  ὼ) = |ὼ| is called an absolute value function (or modulus 

function). It is defined as follows :  

ώ  ὼ) = ὼ, for ὼ > 0  

= 0 , for   = 0  

 ὼ for   < 0  

Example :  When ὼ = 4 , ώ = |4| = 4  

= 0 , ώ = |0| = 0  

 τ,    ȿ τȿ  τ  

(12) IDENTITY FUNCTION  
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LetX be any set and the function ȡ 8 ᴼ 8 be defined by the formula ὼ) = ὼ ᶪ ὼ ᶰ 8, i. Ὡ., 

each element of X is mapped on itself, then  is called the identity map or the identity 

functionon .  

We denote this function by Ὅὼ usually. Thus if Ὅὼ denotes the identity mapping on a set , 

we have  

Ὅὼ(ὼ) = ὼ, ᶅ  ὼ ɴ  8.  

Example : Letὃ = {ὥ, ὦ, ὧ, Ὠ}. Then   ὥ, ὥ), (ὦ, ὦ), (ὧ, ὧ), (Ὠ, Ὠ)} is an identity 

mapping of . Identity mapping is always one-one onto.  

  
(13) INVERSE FUNCTION  

Definition : Let ȡ 8 ᴼ ὣ be a bijection. Then a function Ὣ: ὣ ᴼ 8 which associates each 

element ώ ɴ  ὣ to a unique element ὼ ɴ  8 such that ὼ) = ώ is called the inverse of , i. Ὡ.,  

  

  

 
  

Fig. 11   

ὼ) = ώ ᵾ 1(ώ) = ὼ.  
  
The inverse of  is generally denoted by 1.  

  
Thus, if ȡ 8 ᴼ ὣ is a bijection, then 1: ὣ O  8 is such that  

  

ὼ) =  ᵾ 1(ώ) = ὼ.  
  
Example : If ὃ = {1, 2, 3, 4}, ὄ = {2, 4, 6, 8} and ȡ ὃ O  ὄ is given by ὼ) = 2ὼ, then  

  
ρ   ςȟ ς   τȟ σ   φ and τ   ψ  

  
So,    ρȟ ς ȟ ςȟ τ ȟ σȟ φ ȟ τȟ ψ   

Which is clearly a bijection.  
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Ḉ  1 = {(2, 1), (4, 2), (6, 3), (8, 4)}  

  
  

(14) COMPOSITE FUNCTION  

Let X, ὣ, ὤ be three sets and  be a function defined from X to ὣ and Ὣ be a function 

defined from ὣ to .  

i. Ὡ.,  ȡ 8 ᴼ ὣ  and  Ὣ: ὣ O  ὤ.  

By  we mean that to every element , there corresponds a unique element  

Since the domain of g is , so by the function we mean to every element 

there corresponds a unique element of . Thus we notice that to every  

element ὼ ᶰ 8 there corresponds a unique element Ὣ ὼ  ᶰ ὤ under the mappings and  . 

This implies that there exists a mapping from X to  . This mapping is called the composite 

mapping or the product mapping of  and Ὣ and is denoted by Ὣέ  or Ὣ.  

Definition: Let ȡ 8 ᴼ ὣ and Ὣ: ὣ O  ὤ, then the composite of the functions  and Ὣ  

denoted by Ὣέ  or   is mapping Ὣέ ȡ 8 ᴼ ὤ ί. ὸ. (Ὣέ ὼ) = Ὣ ὼ ȟ ᶪ ὼ ɴ  8Ȣ  

  

  

 

  
Fig. 12  

  

Example13.Let Ὢ   and   Ὣ be   two   functions   defined   by    

,then describe the functions :  

(i)( Ὢ  ςὫ)( )  (ii)( ὪέὫ)(  )  

Solution : We have  

  
Ѝ (  4       2 )  
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And  

(i)  

  

(ii)  

  

  

  

Example 14.Let Ὢ: ὃ O  ὄ such that  ( ) =   ρ and Ὣ: ὄ O  ὅ such that Ὣ(ώ) = ώ2.  

Find ὪέὪ(ώ) . Solution 

: We have  

ȡ ὃ O  ὄ, Ὣ: ὄ O   ὅ ὼ) = ὼ  ρ  

and    Ὣ(ώ) = ώ2.  

Now  έώ   ώ)]  

 ώ  ρ   

= (ώ  ρ   ρ  ώ  ς.  

Example 15. Let Ὢ: ὔ O   ί. ὸ. Ὢ( ) = 2   σ and :  . Find the  

formula for ὫέὪ: ὔ ᴼ . Solution 

: We have  
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and   

Ḉ  

Example , find the value of  [Ὢ( )] .  

Solution : We have   

 

Now   

.  

  

  

 
3.7 SPECIAL FUNCTIONS RELATED TO BUSINESS AND ECONOMICS  

  
(1) DEMAND FUNCTION  

The demand of a particular commodity depends on its price. If the price is less, the 

demand will be higher. Similarly, as the price increases the demand keeps on decreasing.  

Thus, we can say that the demand of a commodity is a function of its price,  

i. Ὡ.,  ὼ  ὴ)  

Where óô is the demand function and óô is the price of a commodity.  

  
(2) SUPPLY FUNCTION  
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As the price increases, the supply tends to be increased by the producers. So, there is a 

direct relationship between supply and price of a commodity and mathematically, it can given 

as  

ί  ὴ) Where óô is the supply function 

and óô is the price of commodity.  

  
(3) COST FUNCTION  

The total cost at any level of output of any commodity bears a relationship with its 

quantity. Actually, the total cost does not increase in direct proportion to the number of units 

manufactured, but it is the sum of the fixed cost and the variable cost at any level of output, i. 

Ὡ., Total Cost = Fixed Cost + Variable Cost Thus, cost function can be expressed as  

ὅ(ὼ) = ὠ(ὼ) + Ὂ(ὼ)  

Where óô is the number of units produced.  

(4) TOTAL REVENUE FUNCTION  

It is the amount received by a firm by selling its product. Higher the sale, more would be 

the revenue of the firm.  

So, mathematically  Ὑ  ὼ)  

Where óô is the revenue function and óô is the number of units sold.  

  
(5) PROFIT FUNCTION  

Profit on a commodity depends upon its cost and sale price and its a function of number 

of units sold. Thus, mathematically  

ὖ(ὼ) = Ὑ(ὼ   ὅ(ὼ)  
  

Example 17.For a new product, a manufacturer sets up an infrastructure such that the 

manufacturing unit involves fixed cost of Rs. 50,000 and the additional cost, i. Ὡ. variable cost 

for producing each unit is Rs. 150 per unit. The selling price of each unit would be Rs. 500. 

Write down the cost function ὅ(ὼ) , Revenue function Ὑ(ὼ) and profit function ὅὖ(ὼ) for ὼ 

units of the product. Also determine the profit when 400 units are sold. Solution : Cost 

function  

ὅ(ὼ) = 50,000 + 150ὼ  
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Where óô is the number of units sold.  

Also,  Revenue function  

Ὑ(ὼ) = 500ὼ  

So,  Profit function  

ὖ(ὼ) = Ὑ(ὼ   ὅ(ὼ)  

= 500ὼ  υπȟπππ  ρυπὼ)  

ᵼ  ὖ(ὼ   υπȟπππ  συπὼ  

Now,  for ὼ = 400  

ὖ τππ   υπȟπππ  συπ τππ   

υπȟπππ  ρȟτπȟπππ  

= 90,000.  

  

  

  

  

 
3.8 TEST YOUR UNDERSTANDING (B)  

  
  

1. Let   σȟ ρ ȟ ωȟ σ ȟ ρςȟ τ  and Ὣ = {(1, 3), (3, 3), (4, 9), (5, 9)}. Show that έὫ and 

Ὣέ  are both defined. Also find έὫ and Ὣέ.  

[Ans.Ὣέ   σȟ σ ȟ ωȟ σ ȟ ρςȟ ω, έὫ = {(1, 1), (3, 1), (4, 3), (5, 3)}]  
  

2. Find έὫ(2) and Ὣέ ρ  when , ὼ) = ὼ2 + 8 and Ὣ: Ὑ ᴼ Ὑ, Ὣ(ὼ) = 3ὼ3 + 1 . 

[Ans.έὫ(2) = 633 , Ὣέ ρ   ςρψψ]  

3. Let Ὑ+  be the set of all non-negative real numbers. If Ὑ+  ᴼ Ὑ+  and Ὣ: Ὑ+  ᴼ Ὑ+  are define as 

ὼ) = ὼ2 and Ὣ(ὼ   Ѝὼ. Find έὫ and Ὣέ  are they equal functions ?  

[Ans.έὫ(ὼ) = ὼ, Ὣέὼ) = ὼ]  

4. If ὼ) = ὼ2  ς,  (ὼ) = 4ὼ + 1 , then describe the following  

(i) Ὣέ  (ii)  έὫ (iii) ὫέὫ (iv)  έ  (v)   (vi) ὫὫ  

[Ans.Ὣέ   τὼ2  χ,  έὫ = 16ὼ2 + 8ὼ  ρ,  έ   ὼ4  τὼ2 + 2 ,  ὫέὫ = 16ὼ + 5 ,  

  ὼ4  4ὼ2 + 2 ,   = 16ὼ + 5 ]  
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5. If , they verify that  

6. If ὼ) = 3ὼ  υ, find 1(ὼ) .  

  

  

7. If a company has a cost function ὅ(ὼ) = 50 + 20ὼ and demand function ὴ  χυ  σὼ, they 

find  

(i) Revenue function  

(ii)  Profit function  

 
  

 
3.9 LET US SUM UP  

  
Å Function is an expression or rule that defines the relationship between two variable 

quantities out of which one is independent and other one dependent.  

Å There are various types of functions.  

Å The algebra of Functions deal with addition and subtraction of functions and the 

evaluation of the function.  

Å Functions have many applications in the real business and economics.  

  

 
3.10 KEY TERMS  

  
  

Å FUNCTION: Function is an expression, mapping or rule that defines the relationship 

between two variable quantities out of which one is independent and other one 

dependent.  

Å DOMAIN AND RANGE: If  is a mapping from ὃ to , then ὃ is called the  

Ὠέάὥiὲ of the function  and ὄ the ὧέ-Ὠέάὥiὲ of the function . The image set f(A) 

is called the Range of the function f.  

Å ONE-ONE FUNCTION (INJECTION) : A function is said to be a one- 

one function or an injection if different elements of ὃ have different image in .  
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Å MANY -ONE FUNCTION : A function ȡ ὃ ᴼ ὄ is said to be a many-one function of 

two or more elements of set ὃ have the same image in .  

Å ONTO FUNCTION (SURJECTION) : A function is said to be an onto 

function or a surjection if every element of ὄ is the f-image of some element of , i. Ὡ., 

if  (ὃ) = ὄ or range of   is the co-domain of  .  

Å INTO FUNCTION : A function of is an into function if there exists an 

element in ὄ having no pre-image in    

Å ONE-ONE INTO MAPPING : Any mapping which is one-one as well as into is 

called one-one into mapping.  

Å SCALAR MATRIX: A diagonal matrix whose diagonal elements are all equal is 

called a ίὧὥὰὥὶ άὥὸὶiὼ.  

Å IDENTITY OR UNIT MATRIX ( I ): A scalar matrix in which each of its diagonal 

elements is unity is called an iὨὩὲὸiὸώ or όὲiὸ άὥὸὶiὼ.  

Å TRACE OF A MATRIX: The trace of any square matrix is the sum of its main 

diagonal elements.  

Å TRIANGULAR MATRIX: If every element above or below the leading diagonal is 

zero, the matrix is called a ὸὶiὥὲὫόὰὥὶ άὥὸὶiὼ.  

Å TRANSPOSE OF A MATRIX : A matrix obtained by interchanging the 

corresponding rows and columns of a given matrix.  

Å SYMMETRIC MATRIX: A matrix which is equal to its own transpose.  

Å SKEW SYMMETRIC MATRIX: A matrix which is equal to negative of its own 

transpose.  

  
3.11 FURTHER READINGS  

 
  

1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.  

2. Budnick, P. Applied Mathematics. McGraw Hill Publishing Co.  

3. N. D. Vohra, Business Mathematics and Statistics, McGraw Hill Education (India) Pvt Ltd 4. 
J.K. Thukral, Mathematics for Business Studies, Mayur Publications  

5. J. K. Singh, Business Mathematics, Himalaya Publishing House.   
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B. COM (DIGITAL)  

SEMESTER II  

  
COURSE: BUSINESS MATHEMATICS AND STATISTICS  

  

  

  

 
Unit 

4
 ï Limit and Continuity  

  
  

STRUCTURE  

4.0 Objectives  

4.1Limit -Concept  

4.2Rules for the Limit of a function  

4.3Some Important results on Limits  

4.4Methods for evaluation of Limits  

4.4.1. Direct Substitution  

4.4.2. Factorisation Method  

4.4.3. Rationalisation Method  

4.4.4. Use of some Standard Results  

4.4.5. Evaluation of Algebric Limits when x  Ð  

4.5 Continuity at a Point  

4.6 Check your Understanding (A)  

4.7 Let us Sum Up  

4.8 Key Terms 4.9 

Further Readings  

  

 
4.0 OBJECTIVES  

  
After studying the Unit, students will be able to  

Å Understand the concept of Limit.  

Å Describe the Rules for finding the limit of a function.  

Å Apply some standard results of Limits.  

Å Use various methods to find the Limit of a function.  

                                                 
4
 .1 LIMIT ï CONCEPT  

  
In case we are find the limit of a function, basically we are concerned with the manner in which a 

function, say , approaches a value as the independent variable óô approaches a 

particular value, say óô, which may be finite or infinite.  
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Å Understand the Continuity of a Function at a point  

  
When this value óô is finite, óô can approach óô either through value which are lesser than  

óô (to be denoted as ὼ ᴼ ὥ) or through values which are greater than óô (to be denoted as ὼ ᴼ 

ὥ+ ).  

 Thus, we can define the limit of a function as :  

  
Definition. A limit of a function is a value that the function approaches as the independent 

variable of the function approaches a particular value, i.e. ñThe limit of the function ὼ), as óô 

approaches óô, is óô written as  

  

 
  

Also, we can say that  

  
lim  ὼ) =  lim + ὼ) = ὰ  

ὼ O  ὥ  ὼ O  ὥ  
  

Here,  lim ὼ) is termed as Left-Handed Limit (L.H.L.) and  lim 
+ ὼ) as the 

Right-  

ὼ O  ὥ   

Handed Limit (R.H.L.) of the function.   

ὼ O  ὥ   

4.2 RULES FOR THE LIMIT OF A FUNCTION    

For two functions ὼ) and Ὣ(ὼ) , such that where ὰ1 and  

ὰ2 are real numbers, we have the following rules :  

  
1. Sum or Difference Rule  

lim [ 

ὼ O  ὥ ὼ) ± Ὣ(ὼ)] = ὼ limᴼ  ὥ ὼ) ±  ὼ lim O   ὥ Ὣ(ὼ)  

= ὰ1 ± ὰ2  

(Note. If ὰ1 and ὰ2 are infinite then Њ  Њ  Њ, but Њ  Њ is indeterminate)  

  

  

2. Product Rule 
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ὼlim O    ὥ ὼ  Ͻ Ὣ(ὼ)] = ὼ limᴼ  ὥ ὼ  Ͻ  ὼ lim O   ὥ Ὣ(ὼ)  

= ὰ1 Ͻ ὰ2  

(Note. If  1 and ὰ2 are infinite then , but one of the ὰ1 or ὰ2 is , then is 

indeterminate)  

  

3. Quotient Rule  

(ὰ1 and ὰ2 are finite and ὰ2  π) (Note. 

and are indeterminate)  

 
  

4. Power Rule  

If ὴ and ή are integers, then  

 

= ὰ1ὴ ϳή provided ὰὴϳή is a real number.  

  
5. For any real number óô i. Ὡ., a constant  

 
  

6. The limit of a constant function the constant itself  

i. Ὡ.,  If Ὤ(ὼ) = ὧ, a constant then 
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4.4 METHODS FOR EVALUATION OF LIMITS  

 
4.4.1 Direct Substitution  

  

Example 1.  Evaluate  

  

Solution : Example 2. Find the limit of 

Ὢ(   ρπ  ς  υ , when   approaches .  

  

Solution :  

 ρπ  τ  ςπ  

 ρτ  

  

  

4.4.2 Factorisation Method: It is a technique to find the limit of a function by cancelling 

out the common factors so as to convert the given function into a determinate form.  

  Example 3.  Evaluate  lim  2+ 2  

  

 
Solution :  When ὼ = 1 , we have form  

4.3   SOME   IMPORTANT    RESULTS   ON   LIMITS    

lim    
ὼ   O    ὥ   

lim    
ὼ   O    ὥ   

lim    
ὼ   O    ὥ   

ὼ ὲ  ὥ ὲ   
=    ὲὥ ὲ  1 ,   ὲ   being   a   positive   integer.   

ὼ  ὥ   
  
(1   +    ὼ )  1 ϳ ὼ   =    Ὡ   
  

(1   +    
1 
)  
ὼ   

=    Ὡ   
ὼ   

  
lim    
ὼ   O    ὥ   

lim    
ὼ   O    ὥ   

ὥ ὼ  1   =    log   
ὼ   

  
Ὡ ὼ  1   =    1 

  
ὼ   

ὥ   (  ὥ   >    0)    

  
lim    
ὼ   O    ὥ   

log(1+  ὼ )   =    1 
  

ὼ   

1.   

2.    

3.    

4.    

5.    

6.    

e   



99  
  

Now,  Factorise the numerator and denominator  

ᵼ   

  

Example 4.  Find  lim 3 8  

  

 
Solution :  When ὼ = 2 , we have form  

So,  now factorise the numerator and denominator  

ᵼ   

  

  

4.4.3 RATIONALISATION METHOD: It is a technique by which we find the limit by 

rationalizing the numerator or denominator that is by multiplying the numerator or 

denominator by their respective conjugates.  

  

Example 5.  Evaluate  

Solution :  When we put Ὤ = 0 in the given function, we get form  

So,  Rationalizing the numerator we get  

  

 ḉ ὥ  ὦ)(ὥ + ὦ) = ὥ2  ὦ2)  

   
Solution :  When ὼ = 4 , the expression would be of the form .  
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So,  Rationalise the denominator  

   

  
  

Example 7.  Evaluate  

Solution :  When we put  = 1 in the given expression, we would obtainform.  

So,  Ratinalise the numerator  

 

 
  

  

4.4.4 USE OF SOME STANDARD RESULTS  

  

Example 8.  Evaluate  

Solution :  When we put ὼ = 1 in the expression we would get form.  

So,  apply the result  

    

 Example 6.  Evaluate  lim 2 16  
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For this multiply and divide the given expression by (ὼ  ρ   

   

  

Example 9.  If When ὲ Ὁ ὔ, then find óô  

Solution :  

ᵼ  ὲ Ͻ ςὲ 1 = 80   

Clearly   

ᵼ  υ Ͻ ςυ ρ = 80  

Ḉ óô must be 5 i. Ὡ.  ὲ = 5 

Example 

, 

then find óô.  

Solution :  

ᵼ  

ᵼ  

ᵼ  ὥ8 = 1  

ᵼ  ὥ = ±1  

  

Example 11. Evaluate  

  

Solution :  ὼ limᴼ ὥ  (1 + 5ὼ)ρϳὼ  

= lim ( 1 + 5 ὼ) 1/5ὼ×5 5ὼ ᴼ 
ὥ  

= [ lim (1 + 5ὼ  )1/ 5ὼ]  5   

5ὼ O   ὥ 
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= Ὡ5   

  

Example 12. Evaluate lim ὥ 1  

  

   

Solution : 

 

  

Taking log both sides, we get  

  
  

Example 13. Evaluate Solution :  

 

ᵼ  

ᵼ   

  
= 1 + 1 = 2  
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Example 14. Evaluate Solution : 

  

ḉ ÌÏÇ άὲ = ὲ log ά)  

 

= 1  
  

  
4.4.5 EVALUATION OF ALGEBRAIC LIMITS WHEN  O  Њ  

  

Example  

Solution  

So,  dividing the numerator and denominator by óὼ2ô, we get  

     

 

  

Example 16. Find  

Solution :   

So,  dividing the numerator and denominator by óô, we get  
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Example 17. Find the limits  

Solution :   

So,  dividing each term in the numerator and denominator by óô, we get  

  

   

 
  

  

  

  

  
4.5 CONTINUITY AT A POINT  

 
A function ὼ) is said to be continuous at a point ὼ = ὥ (of the domain of the function ), if 

lim  (ὼ) = lim +  ὼ   ὥ)  

ὼ O  ὥ  ὼ O  ὥ  

and  ὥ) is finite.  

If ὼ) is not continuous at a point ὼ = ὥ, then it is said to be discontinuous at ὼ = ὥ.  

Note. A function is discontinuous at ὼ = ὥ in the following cases :  

(i)  is not defined at ὼ = ὥ,  

i. Ὡ.  (ὥ) does not exist  

(ii)  lim 
   ὼ) or  lim 

+ ὼ) does not exist,  
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ὼ O  ὥ  ὼ O  ὥ  

i. Ὡ. either of ὒ. Ὄ. ὒ. or Ὑ. Ὄ. ὒ. does not exist  

(iii)  Both the limits  lim 
   ὼ) and  lim 

+ ὼ) exist but are not equal,  

ὼ O  ὥ  ὼ O  ὥ  

i. Ὡ. ὒ. Ὄ. ὒȢ  Ὑ. Ὄ. ὒ.  

(iv) Both the left handed and right handed limits exist, but not equal to ὥ) . i.

 

Example 18. Discuss the continuity of the function Ὢ( ) = 3 2  ς at   = 2 Solution : 

 

Now  

Ḉ Hence   is continuous at ὼ = 2 .  

  
5   τȟ  when 0 < ὼ  ρ 

Example 19.   Show that Ὢ( ) = {    

4 3  σ,  when 1 < ὼ < 2  

is continuous at  = 1 .  

Solution :  We have  
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And  

Ḉ So,  ὼ) is continuous at ὼ = 1 .  

  
Example 20. Discuss the continuity of the function ( ) at   = 3 .  
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Solution :  

3)  

3)  

Clearly  

Hence,  

We have  

(ὒ. Ὄ. ὒ. at ὼ = 3) = lim 
 ὼ) ὼ ᴼ 

3  

lim  
=  σ  ὼ)  
ὼ O  σ  

= 0  

(Ὑ. Ὄ. ὒ. at ὼ = 3) = lim 
+ ὼ) ὼ ᴼ 

3  

lim  
=  (3 + ὼ)  
ὼ O  σ  

= 6  

lim  ὼ    lim +  ὼ)  
   

ὼ O  σ  ὼ O  σ  

ὼ) is discontinuous at ὼ = 3 .  

ḉ  ὼ   σ  ὼ when ὼ <  

ḉ  ὼ) = 3 + ὼ ύὬὩὲ ὼ   

  
Example 21. For what value of , the function  

 

is continuous at  = 2  

Solution :  Since ὼ) is continuous at ὼ = 2 , therefore  
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i. Ὡ.   é(i)  

Now  

ᵼ   é(ii)  

By (i) and (ii), we have  

Ὧ = 32  
  

  
 

4.6 TEST YOUR UNDERSTANDING (A)  

  

    

 1.  Find the following limits  

 
    

 2.  Evaluate   
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3. Evaluate  

  
  

4. Evaluate   

    

 5.  Evaluate the following :  

 
6. Find     

 
  

7. Show that  

    

 8.  Evaluate the following limits :  

 
  

9. Discuss the continuity of ὼ) , where  
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at ὼ = 1  

10. Examine the continuity of the function ὼ) at ὼ = 3  

if   

  

  

11.  

Show that ὼ   ρ  ὼ ,   ὼ < 0  

1 + ὼ , ὼ  π  

is continuous at ὼ = 0 .  

12.  For what value of óô is the function defined 

by     

   

continuous at ὼ = 0 ?  

  
  
  
  
  
  

Answers  

1. (a) 11  (b) 21  

  

2.    (b) 2     

      

3.  

    

4.    

  

    

5.    
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9. Discontinuous at  = 1  

  
10. Continuous  

  

 

 
4.7 LET US SUM UP   

  
Å The concept of the Limit and Continuity of a function is very important to understand to  

do calculus.   

Å Limits basically tells us how does a function behave as we approach a particular value,  

regardless of the functionôs actual value there.   

Å We have different rules and some standard formula which makes it easier to find the  

Limit of a function as the variable approaches a particular value.   

Å A function is said to be continuous at a point if both Limit and Function exists at that  

point and are also equal at that point.   

  

 
4.8 KEY TERMS   

  
Å LIMIT: A limit of a function is a value that the function approaches as the independent 

variable of the function approaches a particular value.  

Å CONTINUITY: A function ὼ) is said to be continuous at a point ὼ = ὥ (of the domain 

of the function ), if and   ὥ) is finite.  

Å INDETERMINATE FORMS : When we cannot find the limit solely from the limits of 

the individual functions.  

Å METHOD OF FACTORIZATION: It is a technique to find the limit of a function by 

cancelling out the common factors so as to convert the given function into a determinate 

form.  
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Å METHOD OF RATIONALIZATION : It is a technique by which we find the limit by 

rationalizing the numerator or denominator that is by multiplying the numerator or 

denominator by their respective conjugates.  

  

 
4.9 FURTHER READINGS  

  
  

1. Mizrahi and John Sullivan. Mathematics for Business and Social Sciences. Wiley and Sons.  

2. Budnick, P. Applied Mathematics. McGraw Hill Publishing Co.  

3. N. D. Vohra, Business Mathematics and Statistics, McGraw Hill Education (India) Pvt Ltd 4. 
J.K. Thukral, Mathematics for Business Studies, Mayur Publications  

5. J. K. Singh, Business Mathematics, Himalaya Publishing House.   
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COURSE: BUSINESS MATHEMATICS AND STATISTICS  

  

  

  

 
Unit 5 ï Differentiation  

  
STRUCTURE  

5.0 Objectives  

5.1Introduction  

5.2Derivative of a function  

5.3Finding Derivative using definition  

5.4Derivative of some standard functions  

5.5 Differential coefficients of sum of two functions  

5.6 Test your Understanding (A)  

5.7 Differential coefficients of product of two functions  

5.8 Differential coefficients of quotient of two functions  

5.9Test your Understanding (B)  

5.10 Derivative of function of a function  

5.11 Differential coefficients of a
x
  

.12Test your Understanding (C)  

5.13 Finding Derivative using Ὠ 

5.14 Logarithmic Differentiation  

5.15 Test your Understanding (D)  

5.16 Differentiation of Implicit functions  

5.17 Differentiation of parametric equations  

5.18 Test your Understanding (E)  

5.19 Successive Differentiation  

.20Test your Understanding (F)  

5.21 Application of Differentiation  

5.21.1 Average Cost and Marginal Cost  

5.21.2 Total Revenue, Average Revenue and Marginal Revenue  

5.4.3Elasticity of Demand and Supply  

5.22 Maxima and Minma  

5.23 Test Your Understanding (G)  

5.24 Let us Sum Up  

5.25 Key Terms  
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5.26 Further Readings  

  

  
5.0 OBJECTIVES  

 
After studying the Unit, students will be able to  

Å Understand the concept of Differentiation of a fucntion.  

Å Find the derivative using definition.  

Å Differentiate various functions using different formulas.  

Å Find the second and third order derivatives. Å Find the Maxima and Minima of a function.  

  

 
5.1 INTRODUCTION  

  
If ώ is a function of only one independent variable, it is called a univariate function.  

  
The rate at which a function changes with respect to its independent variable is called the 

derivative in the function. Thus, in more precise words, in case of dependency of ώ on ὼ (means 

), the differentiation is a method to find the rate at which a quantity óô changes with 

respect to the change in another quantity óô upon which it depends. This rate of change is called 

derivative of ώ with respect to .  

(a) INCREMENT  

In case , a small change in the value of variable ὼ is called increment in ὼ and is 

denoted by Ўὼ or ‏ὼ (Ўὼ or ) corresponding to this very small change in , Ўώ denotes 

the small change in variable .  

(b) AVERAGE RATE OF CHANGE  

In case ώ  ὼ) the average rate of change of the function  when   changes to   Ўὼ  

 

is defined by ratio ώ/Ўὼ .  

Ḉ  Average rate of change of  w.r.t. ὼ  

 
  

(c) INSTANTANEOUS RATE OF CHANGE  
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The limiting value of average rate of change of function ὼ) as is known as 

instantaneous rate of change of function (ὼ)(i. Ὡ., ώ) w.r.t. .  

  

  
5.2 DERIVATIVE OF A FUNCTION y = f(x) w.r.t. x  

 
  

The instantaneous rate of change of function (ὼ) = ώ w.r.t ὼ is called derivative of  w.r.t ὼ i. 

Ὡ.,   or   

, provided this limit exists.  

Note 1.  is also called the differential coefficient of  w.r.t .  

  

Note 2.   represents a single operator and is not to be interpreted as the ratio of two  

quantities Ὠώ and Ὠὼ.  

Note 3. is also written as  

  

   

 
5.3 FINDING DERIVATIVES USING DEFINITION (FIRST PRINCIPLE)  

  
In this section, we shall present some example of finding the derivatives by using the above 

definition of the derivative. This method of finding the derivative is also called the method of 

finding the derivative by first principle or by delta method or by ab-initio method.  

  

Example 1. Find the derivative of the function ώ = 3 from the first principles Solution 

: Let ώ  ὼ) = ὼ3. Then, ὼ  Ὤ   ὼ  Ὤ3.  

By definition,  , provided the limit exists.  
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Ḉ   

  

Example 2. Differentiate Ὢ( ) = 2 + 3  from definition  

Solution :  We have, ὼ) = ὼ2 + 3ὼ  

Ḉ  ὼ  Ὤ   ὼ  Ὤ2 + 3(ὼ  Ὤ   

From first principles, we have  

.  

  

Example 3. Differentiate from first principles : .  

Solution :  We are given  . Hence,  .  

  

From first principles, we have  

  

.  

  

Example 4.Differentiate , using ab-initio method  

Solution : We are given . Hence, .  

Hence, by definition  
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.  

  

  
5.4 DERIVATIVES OF SOME STANDARD FUNCTIONS  

 
(i) DIFFERENTIAL COEFFICIENT OF A CONSTANT  

Let ὧ be a constant quantity. If ὼ) = ὧ, we have (ὼ  Ὤ   ὧ, as the constant remains 

uncharged for every value of ,  

Ḉ  .
 
 

Ḉ  

  

(ii)  DIFFERENTIAL COEFFICIENT OF ὲ  

Let ὼ) = ὼὲ; the, ὼ  Ὤ   ὼ  Ὤὲ.  

Ḉ   

ḉ  

  

(iii)  DIFFERENTIAL COEFFICIENT OF THE PRODUCT OF A CONSTANT AND 

A FUNCTION OF .  

Let ὧ be a constant and ὼ) be the given function; then,  
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ὒi 

.  

Hence, the differential coefficient of the product of a constant and function is equal to the 

product of the constant and the differential coefficient of the function.  

  

(iv) DIFFERENTIAL COEFFICIENT OF Ὡ.  

Let ὼ) = Ὡὼ; then ὼ  Ὤ   Ὡὼ Ὤ.  

Ḉ   

Ḉ   

  

(v) DIFFERENTIAL COEFFICIENT OF ὰέὫὩ  We have  

   

Ḉ  

  

(vi) DIFFERENTIAL COEFFICIENT OF ὰέὫὥ  Changing the base from ὥ to Ὡ we have  
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Ḉ   

  

Ḉ  

  

  

 
5.5 DIFFERENTIAL COEFFICIENT OF SUM OF TWO FUNCTIONS  

  
The differential coefficient of the sum of the functions is equal to the sum of the differential 

coefficient of the two functions.  

It should be clear that the above method can be extended to the sum or difference of any 

number of functions. Thus,  

.  

  

Example 5. .  

Example 6.
. 
 

Example .  

Example 8. .  

Example 9. .  

  

  
5.6 TEST YOUR UNDERSTANDING (A)  

 
  

  

Find out the differential coefficient w.r.t.  of the functions in questions 1 to 7:  
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1.  .  

3. (a)(ὼ3 + 2) ,  (b)(2ὼ3 + 3ὼ2 + 4) ,  .  

  

4. ,  (c)ὥὲ(ὼ + ὦ) ,  .  

  

5. (a)2Ὡὼ,  (b)(Ὡὼ  σὼ2)  (c)(4ὼ3  χὩὼ) .  

  
6. (a)3 ὰέὫὩ ὼ  (b)ὰέὫὩὼ2  (c)ὰέὫὩὼ5  .  

8.  If ώ = ὼ3 + 3ὼ2 + 2ὼ + 1 , Find .  

  

Answers  
  

1.   

  

2.   

  

3. (a)3ὼ2 (b)6ὼ(ὼ + 1)   

  (c)ὥὲ  

4.    

  

5. (a)2Ὡὼ (b)(Ὡὼ  φὼ)  (c)(12ὼ2  χὩὼ)  

6.     

  
7.   

  

8.  2  

   

  
5.7 DIFFERENTIAL COEFFICIENT OF THE PRODUCT TO TWO FUNCTIONS   

  

2.  ὼ1/4 , ὼ2/3 , ὼ5/6  

  
7.  4ὼ1/3  + Ὡὼ.  
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If 1(ὼ) and  2(ὼ) are the two functions of , we have   

  
.   

  

The derivative of the product of two functions = first function × derivative of second function  

+ second function × derivative of first function.   

Note :   

1. If ό and ὺ are two functions of , the above formula can be written as   

.   

2. The above formula can be extended to cover the function which is the product of 

more  than two functions. For example, if , ὺ and ύ are the functions of , we have   

 
  

  

  

  
5.8 DIFFERENTIAL COEFFICIENT OF THE QUOTIENT OF TWO FUNCTIONS   

 
  

  

If 1(ὼ) and  2(ὼ) are the functions of ὼ and  2(ὼ   π, we have  

  

 
  

The derivative of the quotient of two functions is  

 

Note :  

If ό and ὺ are two functions of , then  
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Example 10. Obtain the derivative of 2 Ͻ ὰέὫ  with respect to .  

Solution : Let ώ = ὼ2 Ͻ ÌÏÇ ὼ  

Then,   

.  

  

Example 11. Find the differential coefficient w.r.t. of ( 2 + 5)(3  + 2) in two defferent 

ways, and compare the results.  

Solution : Let  

Then,   

  
  
 é(i)  

Also, we have   

Ḉ   

é(ii) 

In (i) and (ii) we have obtained of the given function in two different ways. Evidently, both are 

the same.  

Example 12. Differentiate with respect to .  

 

Solution : Let   
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Then,   

.  

Example  , find Ὠώ/Ὠ .  

  
   

Solution :  

.  

  

  

  
5.9 TEST YOUR UNDERSTANDING (B)  

 
Find the differential coefficients of the following functions with respect to :  

1. ὼ3ὰέὫὩ ὼ,  ὩὼὰέὫὥ ὼ,  .  

2. (ὼ3 + ὼ4)(ὩὼὰέὫὩ ὼ) .  

  

3.  
  ὲ   

ὼ 

4.   , .  
ὰέgὩ ὼ  ὰέgὩ ὼ  

  

5. .
 
 

  

Answers  
  1. 

  

2.  ὩὼὰέὫὩ ὼ(ὼ4 + 5ὼ3 + 3ὼ2) + Ὡὼ(ὼ3 + ὼ2)  
  

3.  

  
ὼ  

  
1+  ὼ   

ὼ   
  ( ὥ 2 +  ὼ 2 )   
,   

  
Ὡ ὼ ( ὼ  1)   ,   Ѝ ὥ +  Ѝ   

( ὼ +1)    Ѝ ὥ  Ѝ ὼ   
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4.  

  

5. .  

  

  
5.10 DERIVATIVE OF A FUNCTION OF A FUNCTION  

 
  

Let us first consider what is meant by a function of a function. Let ώ be a function of ὸ and ὸ be a 

function of  ; then, ώ is called a function of a function of . Consider the example of the function  

ώ = (3ὼ2 + 7ὼ + 8) 10. In this function, let ὸ = 3ὼ2 + 7ὼ + 8. Hence, ώ = ὸ10. Thus, ώ is a 

function of ὸ and ὸ is a function of ; hence, ώ is a function of a function of a .  

Such a function as done not directly depend on the independent variable is called a function of a 

function. We may extend this type of function as a function of a function of a function of éé of 

a function. For example,  

{log log(ὥὩὼ + ὦὼ2)}ά is an extended version of such type of function.  

Finding the derivative of a function of a function.  

For ὺ  ὸ) and ὸ  ʃὼ) . Now, we are to find .  

Let ɿὸ be the change product in ὸ be the change ɿὼ in , ɿώ be the change the product in ώ by the 

change ɿὸ in ὸ and ɿὸ be different from zero. Then multiplying and dividing  we get  

     

When ɿὼ O  π, each of ɿὸ and ɿώ O  π and the functions and  approach respectively to the  

  
limits .  

Hence, in the limit when ɿὼ O  π, we have  

Or   

  
ὼ ὲ  1 [ ὲ   ὰέ g Ὡ   

ὼ  1] ,   
Ὡ ὼ ( ὼ   log   ὼ  1)   

 ( ὰέ g Ὡ 
  ὼ )  

2 
  ὼ ( log   ὼ ) 2   
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This important result is usually referred to as the chain rule or function of a function rule of 

finding the derivative. This rule is a very important one in finding the derivatives.  

If ώ is a function of ό where ό is a function of ὺ and ὺ is a function of , the rule can be extended 

as under :  

 

In general, the rule may be expressed as  

 

Example 14. Find .  

Solution : Let ὸ = 3ὼ2 + 7ὼ + 8 . Hence, ώ = ὸ10. Now, 

from chain rule,  

   

 .  
Note :  

In practice, the substitution of ὸ for 3ὼ2 + 7ὼ + 8 is done only mentally (and not in writing) and 

we directly write the answer, as given below:  

.  

  

  

  

  
5.11 DIFFERENTIAL COEFFICIENT OF  x  

 
We know that ὥὼ = Ὡὼ ὰέgὩὥ.  

Ḉ   

(assuming mentally ὸ = ὼ ὰέὫὩ ὥ and using chain rule)  

.  
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Ḉ  

  

ILLUSTRATIVE EXAMPLES  

Example 15. Differentiate Ὡ(3ὼς φὼ+2)  with respect to .  

Solution :  Let ώ = Ὡ(3ὼς φὼ+2)   

Then, we can consider  

ώ = Ὡό,  where ό = 3ὼ2  φὼ + 2 .  

Ḉ   

 
By chain rule,   

.  

  

  

Example 16. Differentiate with respect to .  

  

Solution :  

Ḉ  

 chain rule)  
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Example 17. Differentiate with respect to  the function ( 2 + 2) 5(3 4  υ4.  

Solution : Let ώ = (ὼ2 + 2) 5(3ὼ4  υ4 Ḉ 

  

(using product rule)  

 

   

(using chain rule)  

= 4(ὼ2 + 2) 5(3ὼ4  υ3 Ͻ ρςὼ3 + (3ὼ4  υ4 Ͻ υὼ2 + 2) 4 Ͻ ςὼ  

= 2ὼ(ὼ2 + 2) 4(3ὼ4  υ3[24ὼ2(ὼ2 + 2) + 5(3 ὼ4  υ   

2ὼ(ὼ2 + 2) 4(3ὼ4  υ3(39ὼ4 + 48ὼ2  ςυ.  

Example 18. Find the derivative of Ὡ2/(1+ 2) with respect to .  

Solution : Let ώ = Ὡὼ2/(1+ ὼ2).  

Ḉ   
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Example , show that  

  

Solution : Given , differentiating w.r.t. , we get  
   

  

  

  

  

   

  

Example 20. Find the derivatives of the following functions :  
  

(i) ὰέὫ (   Ѝ2  ὥ2)   

  

Solution : (i) Let , differentiating w.r.t. , we get  
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(ii)  Let  

  

   

  

, differentiating w.r.t.  , we get  

.  

  

(iii)  Let   

  

   

  

w.r.t.  , we get  

   

  

Example , prove that .  

Solution : Given   é(i)  

Differentiating w.r.t. , we get  

2 
  2 

  

Ὠώ   =    
1   

 

  Ͻ   Ὠ   (  ὼ   +    Ѝ ὼ 2      ὥ 2 )    
 Ὠὼ   ὼ Ѝ +  ὼ  2  ὥ 2 

  
1   

   ὼ Ѝ +  ὼ 2  ὥ 2 
  

Ὠὼ   

Ͻ   [1   +    
1   (  ὼ 2      ὥ 2 )   ϳ 1 2   Ͻ   2 ὼ ]   
2   

1   
  ὼ +  Ѝ ὼ  2  ὥ 2 

  

Ͻ   
(1   +    

ὼ   )    
Ѝ ὼ    ὥ   

 =    
1   Ͻ   

Ѝ ὼ 2  ὥ 2 +  ὼ   =    
1   . 

  

   ὼ Ѝ +  ὼ  2  ὥ 2   Ѝ ὼ 2  ὥ 2   Ѝ ὼ 2  ὥ 2 
  

=  

=  
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[using (i)]  

On squaring both sides, we get  

.  

  

Example 22. If ώ = Ὡ3 ὰέὫ +2 , prove that .  

Solution : Given ώ = Ὡ3 ὰέg ὼ+2ὼ = Ὡlog ὼ3 Ͻ Ὡ2ὼ = ὼ3 Ͻ Ὡ2ὼ ḉ Ὡlog ὼ = ὼ, ὼ > 0) Differentiating 

w.r.t. , we get  

 
  

  

  

 
5.12 TEST YOUR UNDERSTANDING (C)  

  
  

Write down the differential coefficients of the following functions with respect to :  

1. σ  ςὼ)5,  (Ὡὼ)3,  (ὰέὫὩ ὼ)3.  

2. .  

  

3. ,  .  

4. .  

  

 

5. (a)Ὡ ὼ Ὡὼ   ,  .  

  

Answers  
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1. ,  3Ὡ3ὼ,  3(log ὼ)2/ ὼ ;  

  

ὲὼὲ 1    

2. Ὡὼ3 Ͻ σὼ2,   (ὼ ὲ+ὥ)    , , ; 

  

3.   

4.  ;  

  

5.  .  

  

  

  

5.13 FINDING DERIVATIVE USING   
dx  dy   

 
Example 23. Find .   

Solution : We are given ὼ = 3ώ2  τώ + 8  

Differentiating both sides with respect to , we get   

.   

Ḉ   

  

  
 

5.14 LOGARITHMIC DIFFERENTIATION   

  
Under the logarithmic differentiation, we first take a log of both sides of the function and then 

differentiate both the sides with respect to the given variable. Finally the equation is solved for 

the required derivative. This method is useful in the following cases :  

(i) When the function to be differentiate has the variable as in index and  

(ii)  When the function to be differentiated is a product or quotient of many factors.  

  

1   

2 ὼ ЍÌÏÇ   ὼ   

 dy   ×    
dx   =    1   ( WHEN    NO   DERIVATIVE    IS   ZERO)   
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ILLUSTRATIVE EXAMPLES  

  
Example 24. (When variable occurs as in index) find for the following :  

(i) ώ =   (ii) ώ =   

Solution :  (i) We are given ώ = ὼὼ.  

Taking the logarithm of both sides, we get  

  

log ώ = ὼ log ὼ  

Differentiating both sides w.r.t. ,  

  

 
ᵼ   

  

ᵼ  .  

  

(ii)  We are given  = ὼὼὼ.  

Taking the logarithm of both sides, we get  

  

log ώ = ὼὼ log ὼ  

Differentiating both sides w.r.t. ,  

 
 ᵼ   

  

(substituting the value of obtained in the part (i) of the question)  

  

ᵼ   

= ὼὼὼ[ὼὼ 1 + ὼὼ(1 + log ὼ) log ὼ]  

Example 25. (When the function is a product or quotient of several factors).  

  

Find for .
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Solution : Taking the log of both sides of the given function, we have  

  

ὰέὫὩ ώ = ὰέὫὩ(3ὼ2 + 4ὼ) + 3 ὰέὫὩ(8ὼ  χ   ς ὰέὫὩ(2ὼ3  φ   ὰέὫὩ(3ὼ2  ρπ.  

Differentiating both sides w.r.t. ,  

  

 
  

Ḉ  .  

  

Example 26. Find .  

  

Solution :   = ὼὩὼ = (ὼ)Ὡὼ  

Ḉ  loge ώ = Ὡὼ loge ὼ  
Differentiating both sides w.r.t. , we get  

  

 
  

   

  Ḉ  

  

Example 27. Find the derivative of Ὡ2/(1+ 2) with respect to .  

Solution : We have Ὡὼ2/(1+ ὼ2)  

Ḉ   (since loge Ὡ = 1 )  

 Differentiating both sides with respect to , we get  
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Ḉ .  

  

Example 28. Find for the function ώ Ͻ ώ = Ὧ2, where Ὧ is a constant.  

  

Solution : We have ὼώ Ͻ ώὼ = Ὧ2  

Taking the logarithm of both sides, we get  

  

log ὼώ + log ώὼ = log Ὧ2  

or  ώ log ὼ + ὼ log ώ = 2 log Ὧ.  

Differentiating both sides with respect to , we have  

or   

or   

 Ḉ  .
 
 

  

Example 29. If  ώ + ώ = ὥὦ, find .  

Solution : Let ό = ὼώ and ὺ = ώὼ.  

Hence, the given equation becomes  

ό + ὺ = ὥὦ.  

Differentiating with respect to , we have  
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 é(i)  

    

  
Now,  ό = ὼώ  

  

Ḉ  log ό = log ὼώ  

= ώ log ὼ.  

Differentiating both sides with respect to , we get  

   

Ḉ .  

    

 Again  ὺ = ώὼ  

 Ḉ  log ὺ = log ώὼ  

= ὼ log ώ.  

  
Differentiating with respect to ,  

  

 
  

Ḉ  .  
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5.15 TEST YOUR UNDERSTANDING (D)  

  
  

  

In questions 1 & 2, find the differential coefficients with respect to :  

3. If ώ = ὼώὼ, prove that
 
 

  
4. If ώ = ὼὥ + ὥὼ + ὼὼ, find .  

  

5. Find .  

  

Answers  
  

1. Ὡὼὼ Ͻ ὼὼ(1 + log eὼ ) ,   2(log  e  7)(ὼ  χ  Ͻ χὼ2+2ὼ;  

2. (log ὼ)2[log(log ὼ   ρϳÌÏÇ ὼ)] ;  

  

4. ὥὼὥ 1 + ὥὼ loge ὥ + ὼὼ(1 + loge ὼ) ;  

  

5.  .  

  

  
5.16 DIFFERENTIATION OF IMPLICIT FUNCTIONS   

 
If we are to differentiate an implicit function ὼ, ώ) = 0 , we may sometimes be able to solve it  

for ὼ or   and proceed explicitly. Quite often it is found inconvenient or even impossible to solve  

the equation  ὼ, ώ) = 0 either for ὼ or for . In such cases, the derivative, viz.,  can be   

  

obtained by the following method.   

WORKING RULE: Differentiate both sides of the equation  ὼ, ώ) = 0 with respect to ,   

 1.  Ὡὼὼ,  7ὼ2+2ὼ.  

  

2.  (log ὼ)ὼ  
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remembering that ώ is the function of . This will introduce the factor or any term involving   

  
ώ. After the differentiation has been completed, solve the resulting equation for .   

  

  

 
5.17 DIFFERENTIATION OF PARAMETRIC EQUATIONS   

  
  

Sometimes ὼ and ώ both are expressed in terms of a third variable. The third variable is called a 

parameter. In such questions,can be obtained by the use of chain rule.  

Thus, if ώ  ὸ) and ὼ = Ὣ(ὸ) , the derivative of ώ with respect to ὼ is given by  

, which is more convenient form.  

       

  

Example 30.Find .  

Solution : We have  

ὼ3  ςὼ2ώ2  υ  ώ  ὼ  

or  ὼ3  ςὼ2ώ2 + 5ὼ + ώ  υ  π.  

Differentiating both sides with respect to , we get  

  or  

  

or   

or     

  
  

 Ḉ (Taking   common)  

1 
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Ḉ  At   = 1 , ώ = 1 ,   

 . 

  
Example 31. If  ώ = Ὡ ώ, prove that  .  

  
Solution :  We have  

ὼώ = Ὡὼώ  

Taking the logarithm of both sides, we get  

ώ loge ὼ = (ὼ  ώ) loge Ὡ  

= ὼ  ώ  (since loge Ὡ = 1 )  

or  ώ log ὼ + ώ = ὼ or  

or .  

Differentiating both sides with respect to , we get   

   

   

Example 32. If άώὲ = (  + ώ)ά+ὲ, prove that .  

Solution :  We have   

Taking the logarithm of both sides with respect to the base , we get  

ά loge ὼ + ὲ loge ώ = (ά + ὲ) loge(ὼ + ώ) .  

Differentiating both sides with respect to , we get  

 

 or   

ά   
+    
ὲ   
Ͻ   
Ὠώ   

=    
( ά +  ὲ )   

(1    +    
Ὠώ 

)  
  

ὼ   ώ   Ὠὼ   ὼ +  ώ   Ὠὼ   
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 or   

 or   

 or   

  
  

Ḉ . 

  

Example 33. If   = ὸ log ὸ and ώ = (log ὸ)/ ὸ, find .  

Solution :  We have ὼ = ὸ Ͻ ÌÏÇ ὸ  

  
Ḉ   

  

  
  

Again,  

  

  

Ḉ  

Now,  

  

At ὸ = 1 ,  .  

  

Example 34. Differentiate log  w.r.t. ὸ = Ὡ.    
  

Solution : Let ώ = ὼlog ὼ and ὸ = Ὡὼ. Hence, we are to find Ὠώ/Ὠὸ, which is given by   
 é(i)  

Now,  ώ = ὼlog ὼ  

  
Taking log on both sides,  

(  
ὲ   

   
ά +  ὲ 

)    
Ὠώ   

=    
ά +  ὲ   

   
ά   

ώ   ὼ +  ώ   Ὠὼ   ὼ +  ώ   ὼ   

{ 
(  ὲὼ +  ὲώ  άώ  ὲώ ) 

}   
Ὠώ   

=    
( άὼ +  ὲὼ  άὼ  άώ )   

ώ ( ὼ +  ώ )   Ὠὼ   ὼ ( ὼ +  ώ )   

(  
ὲὼ  άώ 

)    
Ὠώ   

=    
ὲὼ  άώ   

ώ   Ὠὼ   ὼ   

Ὠὸ   ὸ     

2 

ώ   =    
log   ὸ 

  
ὸ   

  
  
  
  
  
  
Ὠώ   

  Ὠὸ   

=    ὸ   Ͻ   1   +    log   ὸ   Ͻ   1   =    1   +    log   ὸ .   
ὸ   

  
  
  
  
ὸ Ͻ   
Ὠ   ( log   ὸ )  ( log   ὸ )   

Ὠ   ( ὸ )   
      

ὸ  2   

ὸ Ͻ   1  log (   ὸ )1   

=  
    ὸ   =  

  
ὸ   

  
ρ  log   ὸ   
  ὸ 2   

Ὠώ   =    
Ὠώ /  Ὠὸ   =    

ρ log   ὸ /  ) ὸ   2 
  =    

ρ  log   ὸ   . 
  

    Ὠὼ   Ὠὼ /  Ὠὸ   (1+  log   ὸ )   ὸ  2 (1+  log   ὸ )   

=    
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ᵼ  log ώ = (log ὼ) log ὼ = (log ὼ)2.  

Differentiating both sides with respect to ,  

.  

  

Again, .  

  

Hence,   [substituting the values in (i)]  

   

  
5.18 TEST YOUR UNDERSTANDING (E)  

 
  

  
Find in questions 1 & 2, when  

  

1. ὼ3 + 3ὥὼώ + ώ3 = ὥ3.  

  

2. (i) ὥὼ2  ςὬὼώ + ὦώ2 + 2Ὣὼ  ςώ + ὧ = 0 .  

  

(ii) 3ὼ4  ὼ2ώ + 2ώ3 = 0 .  

  

3. If ώ = ὼώ, prove that  .  

  

4. If ὼЍ1 + ώ + ώЍ1 + ὼ = 0 , prove that  .  

[Hint : Transpose, square and solve for . Reject the root  = ὼ which does not satisfy the 

given equation and differentiate the other root to obtain the desired result.]  

  

5. If and , show that .  

1+ὸ  

  

6. Differentiate Ὡὼ with respect to .  
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7. Differentiate log10 ὼ with respect to .  
   

8. If , prove that .  

  

Answers  
  

1.  

  
  

2., 

  

6.  

7.  

  

  

 
5.19 SUCCESSIVE DIFFERENTIATION  

  
As observed in many of the preceding examples, the derivative of a function of ὼ is, in general, 

also a function of . This derivative, which may be called the first derivative of the function, may 

itself be differentiated. The result is accordingly called the second derivative of the original 

function. If the second derivative is differentiated, the result is called the third derivative, and so 

on. If the operation of differentiation is performed on a function n times in succession, the final 

result is called the th derivative of the function.  

Notations. If ώ denotes the function of , the successive derivatives of ώ with respect of ὼ  

are denoted as under:   
The first derivative is denoted by.  
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The second derivative is denoted by .  

  

  

Ḉ  .
 
 

  

Similarly, the third derivative is denoted by, and so on.  

The letter Ὀ is frequently used in place of the symbol . The successive derivatives of ώ are  

thus denoted as Ὀώ, Ὀ2ώ, Ὀ3ώ,é., Ὀὲώ.  

  

Instead of the symbol , the following symbols are also used to denote the successive 

derivatives :  

  
ώᴂ, ώᴂᴂ,  ,é., ώὲ  

  
or  ᴂ(ὼ) , ᴂᴂ(ὼ) , ᴂᴂᴂ(ὼ),é., ὲ(ὼ) or ώ1,  ,  3 ,é., .  

  

Example 35. If   = ὥ Ὡά  + ὦ Ὡά , show that .  

  

Solution : We have  

  

ώ = ὥ Ὡάὼ + ὦ Ὡάὼ  é(i)  

Differentiating with respect to , we get  

  

 
  

Differentiating again with respect to , we get  

  

 
  

 
  

= ὥ ά2Ὡάὼ + ὦ ά2Ὡάὼ  
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= ά2(ὥ Ὡάὼ + ὦ Ὡάὼ)  
  

= ά2ώ  [from (i)]  

  
  

Example , prove that .  

 Solution : We have  

  

.  

Ḉ   

  

.  

  
Ḉ   

 or   

  

Differentiating again with respect to , we have  

or  or  

  

  

Example , show that (ὰ + 2)ώ2 + ώὰ = 0  

Solution : We have  

  

Ḉ  

ώ   =    log (  ὼ   +    Ѝρ   +    ὼ 2 )    

Ὠώ   =    
1   

 

  Ὠ   [ ὼ   +    Ѝρ   +    ὼ 2 ]   
Ὠὼ   ὼ Ѝ 1+  +  ὼ  2   Ὠὼ   

=    
1   

ὼ 1+  Ѝ +  ὼ 2   
[1   +    

1   
(  1   +    ὼ 2 )   1 ϳ 2   2 ὼ ]    

2   

=    
1   

ὼ Ѝ 1+  +  ὼ  2   
[1   +    

ὼ   
]    

Ѝρ ὼ 2   

=    
1   

ὼ 1+  Ѝ +  ὼ  2   

   
[  
Ѝ 1+  ὼ 2 ) +  ὼ 

]  
  

Ѝρ ὼ 2   
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or   

  

or .  

Differentiating both sides with respect to , we get  
    

  or  

  
Dividing both sides by , we get  

.  

Example 

, prove that .  

  
Solution : We have  

  

i. Ὡ.,  (1 + ὼ2)ώ2 + ὼ ώ1 = 0.  
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  Ḉ  

  

  

  

 or  

 or  

  

Differentiating both sides with respect to 

   

  

Dividing both sides by , we get  

or   
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Example 39. If ώ = (ὥ + ὦ)Ὡὧ, prove that ώ2  ςὧὺ   + ὧ2ώ = 0 .  

Solution : Given,  ώ = (ὥ + ὦὼ)Ὡὧὼ  é(i)  

Differentiating w.r.t. , we get  

 ώ1 = (ὥ + ὦὼ  Ͻ Ὡὧὼ Ͻ ὧ + Ὡὧὼ Ͻ π  ὦ. 1)   

ᵼ  ώ1 = ὧώ + ὦ Ὡὧὼ  é(ii) [using (i)]  

Differentiating again w.r.t. , we get  

ώ2 = ὧώ1 + ὦὩὧὼ Ͻ ὧ = ὧώ1 + ὧ(ώ1  ὧώ)  [using (ii)]  

ᵼ  ώ2  ςὧώ1 + ὧ2ώ = 0 .  

  

  

Example 40. If   = , prove that .  

  

Solution : Given   = ὼὼ, taking logarithm of both sides, we get  

log ώ = ὼ log ὼ, differentiating w.r.t. , we get  

  

 
  

ᵼ   é(i)  

Differentiating again w.r.t. , we get  

  ᵼ   

[using (i)]  

ᵼ  
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3. If , prove that  .   

  

4. If ὼ3 + ώ3 = 3ὥὼώ, show that  .   

  

 
5.21 APPLICATIONS OF DIFFERENTIATION   

  
In economics and commerce, variation of one quantity ώ with respect to another quantity ὼ  

usually described in terms of two concepts :  

  
(i) average concept, and  

(ii)  marginal concept  

  

The average concept expresses the variation of one quantity over a specified range of values 

of a second quantity. It is usually measured from zero to a certain selected value.The marginal 

concept concerns with instantaneous rate of change on the dependent variable ώ for every small 

variation of . Therefore, a marginal concept is precise only when variations in ὼ are made 

smallerὰiά and smaller. Therefore, the  Ўώ , i. Ὡ., the derivative Ὠώis  interpreted as the marginal  

 
  

  Ўὼ O  π Ўὼ  Ὠὼ value of .  

  

5.21.1 AVERAGE COST AND MARGINAL COST  

  

Let the total cost ὅ of the output ὼ is given by  

ὧ  ὼ)  

then the average cost is defined as the ratio of the total cost of the output (ὼ) and is denoted  

by AC.  

  

5.20   TEST   YOUR   UNDERSTANDING    )  F (   

1.   Given   ώ   =    ὼ Ѝ ὼ 2   +    9  ,   find    Ὠ 
2  
  ώ   at   ὼ   =    4   [ 236 ]   

  Ὠὼ 2 
  

  
ά    (    2   

125   
  

  (    2   )    Ὠ 
2 ώ   

  
 

  

  
Ὠώ   2   

  2.   If    ώ   =    ὼ   +    Ѝ ὼ      1)    ,   prove   that    ὼ      1      
Ὠὼ 2   

+    ὼ   
Ὠὼ   

   ά   ώ   =    0 .    
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Thus, Average cost (A.C.)  

  

or  Total cost = A.C. × ὼ  

Now, if the output is increased from ὼ to , and corresponding total cost becomes ὧ  Ўὧ, the 

then increase in cost per unit output is given by the ratio and the marginal cost is defined as :  

  

Marginalὰiά    Cost (M.C.) =    (Ўὧ) = Ὠὧ  

  

 
  

In other words, marginal cost is the first derivative of the total cost ὧ with respect to output ὼ and 

is the rate of increase in total cost with increase in output.  

  
  

Example 41.The total cost ὧ( ) , associated with producing and marketing  units of an item is 

given by :  

ὧ(  Ͻ ππυ3 Ͻ πς2 + 30  + 5000  

Find  (i) the average cost function  

(ii)  the average cost of output of 10 units  

(iii)  the marginal cost functions (iv) the 

marginal cost when 3 units are produced.  

  
Solution :(i) The average cost function (or average cost) A.C.  

  

A.C.  

 
 (ii)  Average cost at ὼ = 10 becomes  

 
  

 π Ͻ υ  π Ͻ ς  σπ  υππ  υσπ Ͻ σ  

Hence, average cost = ὙίȢ υσπ Ͻ σ.  
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(iii)  The marginal cost function (or marginal cost), M.C. is obtained by 

differentiatingὧ with respect to .  

Thus,   M.C.  

  

 
Ͻ ππυ σὼ2  Ͻ πς ςὼ) + 30  

 π Ͻ πρυὼ2 Ͻ πτὼ + 30  

(iv) The marginal cost when 3 units are produced is M.C. at ὼ = 3 .  

Ͻ πρυ  σ2 Ͻ πτ  σ  σπ  

π Ͻ ρσυ Ͻ ρς  σπ  σπ Ͻ τυ  

Hence, Marginal Cost at ὼ = 3 is Ὑί. 30 Ͻ τυ.  

5.21.2 TOTAL REVENUE, AVERAGE REVENUE AND MARGINAL REVENUE  

  

Let ὴ be the price per unit and ὼ is the number of units of an item sold. Then the total revenue 

is given by  

  

Ὑ = ὴ × ὼ  

Now, Average Revenue (A.R.) is give by  

  

Average Revenue   

 Further, Marginal Revenue (M.R.) is given by  

 Marginal Revenue (M.R.)  

  

  

Example 42. The demand function of a monopolistic is given by ὴ  ρυππ  ς  2.  

Find marginal revenue for any level of output . Also find M.R. when (i)  = 5 , (ii)  = 20 .  

Solution : The demand function is ὴ  ρυππ  ςὼ  ὼ2  
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Ḉ Total Revenue M.R. 

 

  

(i) M.R. at   = 5 is  

(ii)  M.R. at ὼ = 20 is ρυππ  τ  ςπ  σ  ςπ2  ρυππ  ψπ  ρςππ  ςςπ  

5.21. 3 Elasticity of Demand and Supply :  

ELASTICITY OF DEMAND  

There is a relation between Price of the product and demand of the product. When price change, 

demand also change. This responsiveness of change in demand to change is price is called price 

elasticity of demand. So, we can define price elasticity of demand as relative change in demand 

due to relative change in price. Mathematically:  

 

PRICE ELASTICITY OF SUPPLY:  

There is a relation between Price of the product and Supply of the product. When price change, 

supply also change. This responsiveness of change in supply to change is price is called price 

elasticity of supply. So, we can define price elasticity of supply as relative change in supply due 

to relative change in price. Mathematically:  

 

Example43. If the demand function is q = 100 ï 2p ï 2p
2
calculate the slope of demand curve and 

also find Elasticity of demand when P = 100.  

Solution  

The demand function is q = 100 ï 2p ï 2p
2
 

Differentiating wrt p  
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  4p  

Slope of the demand cureve 2+4p  

(ii) Elasticity of demand  

 
Elasticity of demand when p  

  

Example44. For the supply function x = 2 + 3p
2
, find the elasticity of supply at p = 3 

Solution  

The supply function 

x = 2 + 3p
2
  

Thus 6p  

Now elasticity of supply  

  

Elasticity of supply when p = 3  
 
 

 

5.22 MAXIMA AND MINIMA  

 
A function ὼ) is said to have attained its maximum value at ὼ = ὧ, if the function ceases to 

increase and begins of decrease at ὼ = ὧ.  

Similarly, a function ὼ) is said to have attained its minimum value at ὼ = Ὠ, if the function 

ceases to decrease and begins to increase at ὼ = Ὠ.  

Let us suppose that a function ὼ) is defined in an interval by such an expression that it is 

difficult to get an idea about its behavior just by a glance. In such cases, the best procedure is to 
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draw the curve . We know that for drawing a curve just plot some individual points and 

then join these points by a smooth and regular curve.  

Suppose that Fig. 1 shows the graph of some function of ὼ on interval [ὥ, ὦ]. The points ὃ2 and 

ὃ4   are called άὥὼiάόά ὴέiὲὸί of the graph while the points ὃ1   and ὃ3   are called άiὲiάόά 

ὴέiὲὸί. The function has a maximum value ὃ2 when ὼ = ὓ2, and a maximum value ὃ4 when ὼ = 

ὓ4. Again the function has a minimum value ὃ1 when ὼ = ὓ1 and a minimum value ὃ3 when ὼ 

= ὓ3. Notice that in this case the minimum value ὃ1 is greater then the maximum value ὃ4.  

  

  
Fig. 1  

The following points regarding minima and maxima should be noted carefully :  

  

(i) The maximum and minimum values of a function at a point does not mean the greatest 

and least values of the function; they only mean the greatest and the smallest value of the 

function in the immediate neighborhood of that point.  

(ii)  The function may have several maximum and minimum values, and these must occur 

alternately.  

(iii)  Some of the maximum values of the function may be greater than some of its maximum 

values.  
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(iv) The maximum and minimum values of the function together are also called the extreme 

values (extreme) or optimum values (optima) of the function. Minimization and 

maximization together may be called optimization.  

(v) The whole concept of minimum and maximum values discussed above relates to ὰέὧὥὰ or 

ὶὩὰὥὸiὺὩ minimum and maximum values, i. Ὡ., minimum or maximum value in its 

immediate neighborhood. The Ὣὰέὦὥὰ or ὥὦίέὰόὸὩ minimum or maximum value of the 

function may not be any of them; it (global extreme value) may instead lie the end-point 

of the interval, as is the case in Fig. 1 in which the overall maximum value lies at ὼ = ὥ 

and minimum value at ὼ = ὦ.  

(vi) The terms maxima, minima, extreme and optima are the plural forms of maximum, 

minimum, extremum and optimum respectively.  

CRITERIA FOR MINIMUM AND MAXIMUM  

  

(a) Suppose ὼ) has a maximum at ὼ = ὧ. Then, by definition, it is an increasing function for 

the values of ὼ immediately before ὼ = ὧ and a decreasing function for the values of ὼ 

immediately after ὼ = ὧ. If the function and its derivatives are continuous, ᴂ(ὼ) will be positive 

just before ὼ = ὧ and increasing function after ὼ = ὧ. The derivative ᴂ(ὼ) will be negative just 

before ὼ = ὧ, positive just after ὼ = ὧ zero at ὼ = ὧ. Thus, the following criteria for the minimum 

and maximum emerge :  

(i) ὼ) has a minimum or maximum at a point where ᴂ(ὼ) = 0 . Let this point be .  

(ii)  If ᴂ(ὼ) > 0 for ὼ a little less then ὧ and ᴂ(ὼ) < 0 for ὼ a little greater then , ὼ) has a 

maximum value at ὼ = ὧ. If  ᴂ(ὼ) < 0 for ὼ a little less then ὧ and  ᴂ(ὼ) > 0 for ὼ a little 

greater then , ὼ) has a minimum value at ὼ = ὧ.  

  
(b) If the function ὼ) is twice differentiable, the sign of the second derivative at a point ὧ for 

which  ᴂ(ὼ) = 0 may be used to determine the minimum and maximum. If ᴂᴂ(ὧ) > 0 ,  ᴂ(ὧ) will be 

changing sign from negative to positive near the point ὼ = ὧ as we move from left to right, i. Ὡ., at 

ὼ = ὧ, ὼ) will have a minimum value. If ᴂᴂ(ὧ) < 0 , ᴂ(ὧ) will be changing sign from positive to 

negative near the point ὼ = ὧ, i. Ὡ., at ὼ = ὧ, ὼ) will have a maximum value.  

Thus, an alternative criteria for the minimum and maximum may be given a under :  
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(i) ὼ) has a minimum or maximum at a point where ᴂ(ὼ) = 0 . Let this point be .  

(ii)  If ᴂᴂὧ) > 0 , ὼ) has a minimum.  

If ᴂᴂὧ) > 0 , ὼ) has a maximum.  

Notes :  

(i) The conditions (i) and (ii) [given under (a) and (b) above] are called first order condition 

and second order condition respectively.  

(ii)  The points at which the first derivative is zero are called stationary points. At a 

stationary point, we have a minimum, maximum or point of inflexion.  

Working rule for finding maximum and minimum values of a function :  

(I) Find for the given function ώ  ὼ) . 

(II)  Find the values of  for which is zero. Let these be ὥ 1,  ὥ  2,  ὥ 3,é.    

  

Method 1.    

(III)  Take the first value  is positive for ὼ < ὥ1 and negative for ὼ > ὥ1, the function 

has a maximum at is negative for ὼ < ὥ 1and  positive for ὼ > ὥ 1,  the 

function has a minimum at ὼ = ὥ1. Similarly test the other values ὥ2, ὥ3ȟ ȣ of ὼ found in 

step II.  

  

Method 2.  
   

2 (IV)  

Find 
   

(V) Put  If the result is negative, the function has a maximum value at  
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ὼ = ὥ1 and  the maximum value is ώ  ὥ1) . If, by putting  the result is positive, the 

function has a minimum value at ὼ = ὥ1 and the minimum value is ώ  ὥ1). Similarly 

test the other values ὥ2, ὥ3ȟ ȣ of ὼ found in step II.  

  
ILLUSTRATIVE EXAMPLES  

  
Example 45. Find the maximum and minimum values of the polynomial  

8 5  ρυ4 + 10 2  

Solution : Let  ώ = 8ὼ5  ρυὼ4 + 10ὼ2  

Ḉ   

For maxima or minima,  

i. Ὡ.,  or .  

Hence, for   to be maximum or minimum, ὼ = 0 , , 1/2 .  

Now,   

When which is negative. Therefore, for this value of , ώ has a maximum  

and that value is .  

Again, when which is positive. Therefore, at ὼ = 0 , ώ has a minimum  

which is zero.  

Now, at . Hence, for further investigation, we will have to find the next higher  

derivative.  

Now, .  

 which is not zero. Hence, at ὼ = 1 the function has neither a  

maximum nor a minimum but a point of inflexion.   
Example 46. Test the following function for minimum, maximum and point of inflexion :  

ώ = 3  σ + 8  

Solution : At minimum or maximum,  
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.  

Now,  2 = 6ὼ.  

At ὼ = 1 , ώ2 = 6 > 0 . Hence, ώ has a minimum at  = 1 .  

At    ρ, ώ2  φ  π. Hence, ώ has a maximum at ὼ  ρ.  

At a point of inflexion, ώ2 = 0 and  3  π.  

Now,  ώ2  π ᵼ φὼ  π ᵼ ὼ = 0 .  

ώ3  φ  π. Hence, ώ has a 

point of inflexion at ὼ = 0 .  

  
Example 47. Show that the demand function  = 4ὥ2  σὥὴ2 + ὴ3 (where ὴ is price,  is 

quantity, ὥ is positive constant and ὴ < 2ὥ) is downward sloping with a point of inflexion.  

Solution :   (ḉςὥ > ὴ and ὴ > 0 )  

Hence, the function is downward sloping 

At the point of inflexion, we have  

 and  .  

Now   

Ḉ At ὴ = ὥ, the function has a point of inflexion. Thus, the function is downward sloping with 

a point of inflexion.  

Example 48. The production manager of a company plans to include 180 square 

centimeters of actual printed matter in each page of a book under production. Each page 

should have 2. 0 cm wide margin along the top and bottom and 2. 5 cm wide margin along the 

sides. What are the most economical dimensions of each printed page ?  

Solution : Let , ώ denote the length and breadth of the printed matter in each page. Then, 

printed area of each page,  

ὼώ = 180  é(i)  

Due to margin, the dimensions of each page will be (ὼ + 2 × 2) and (ώ + 2 × 2.5) , i. Ὡ. , (ὼ + 

4) and (ώ + 5) .  
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Let ὃ be the total area of each page; then,  

 é(ii)  

For maximum and minimum,  

ᵼ   

Ḉ ὼ = 12 , discarding the negative value.  

Again,  ,  when   = 12  

  
Ḉ ὼ = 12 minimizes  .  

Substituting   = 12 in (i), we have  

.  

Hence, the most economical dimensions are : 

length   ὼ + 4 = 16 cm and breadth = ώ 

+ 5 = 20 cm.  

Example 49. The demand function for a particulars commodity is ὴ = 15Ὡ /3 ,  

, where ὴ is price per unit and  is the number of units demanded. Determine the price and 

quantity for which the revenue is maximum.  

Solution : The demand function is ὴ = 15Ὡὼ/3 ,    ὼ  ψ  

Ḉ  Total Revenue = Ὑ = ὴ. ὼ = 15Ὡὼ/3  Ḉ 
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  ώ   =    
1   ὼ 3      2 ὼ 2   +    3 ὼ   +    1 
3   

and  

Now,  

Also,   gives  

Ḉ Ὑ is maximum when ὼ = 3. when ὼ = 3, 

we have .  

  

Example 50. The cost of manufacturing a certain article is given by ὧ = q2  τÑ  ρππ, 

where q is the number of articles manufactured. Find the minimum value of . Solution : Here 

ὧ = ή2  τή + 100  

Ḉ   

  

Now, for the minimum  .  

Also,   

Since,  , therefore, ή = 2 gives minimum costs.  

  

  

 
5.23 TEST YOUR UNDERSTANDING (G)  

1. Find the maximum and minimum value of the function .    

  

2. Find the maximum and minimum values of ώ = (ὼ  ρὼ  ςὼ  σ.  

3. The demand equation for a manufacturerôs product is , where ὼ is the number of 

units and ὴ is the price per unit. At what value of ὼ will t here be maximum revenue ? What 

is the maximum revenue ?  

4. The cost of manufacturing a particular type of Cricket ball is given by  

ὧ(ὼ) = ὼ2  ρςππὼ + 360040  
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Where ὼ denotes the number of balls produced. How many balls should the company 

manufacture at which cost is minimum, and what would be cost per ball at this level of 

production ?  

5. If the cost function is given by ὧ = ὥ + ὦὼ + ὧὼ2, where ὼ is the quantity of output. Show 

that  

  (M.C.  A.C.)  

where M.C. and A.C. are marginal cost and average cost respectively.  

  

6. The demand curve for a monopolist is given by ή  ρππ  τὴ.  

(i) find total average and marginal revenue.  

(ii)  at what value of , M.R.   0  

(iii)  what is the price when M.R. = 0 ?  

  

7. The demand for a certain product is represented by the equation :  

ὴ = 20 + 5ὼ  σὼ2  

where ὼ is the number of units demanded and ὴ is the price per unit.  

(i) Find the marginal revenue. (ii) Obtain the marginal revenue when 2 units are sold.  

  

   

1.  

2. ;  

  

3. ὼ = 40 , Ὑί. 400  
  

4. ὼ = 600 , Ὑί. 40  

6. , A.R. 

, M.R.  

(ii)  M.R. = 0 when ή = 50  
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(iii)  M.R. = 0 , ὴ  ρς Ͻ υ  

  
7. (i) M.R. = 20 + 10ὼ  ωὼ2 (ii) 

M.R. at ὼ = 2 ,  .  

  

 
5.24 LET US SUM UP   

  
Å In this unit we have discussed the meaning of Derivative of a function as the rate at  

which a function changes with respect to its independent variable.   

Å We learnt the method of finding the derivative of a function by using definition (First  

Principle).   

Å After that derivative of some standard functions were discussed along with derivative of  

sum, product and quotient of two functions,   

Å Derivative of composite, logarithmic, exponential and implicit functions were also  

discussed.   

Å Differentiation of second and third order is covered in the unit.   

Å Economic applications of Revenue, Cost and Elasticity is discussed in the unit.   

Å Concept of Maxima and Minima is also discussed in the unit.   

  

 
5.25 KEY TERMS   

  
Å DERIVATIVE: The rate at which a function changes with respect to its independent 

variable is called the derivative in the function.  

Å ELASTICITY OF DEMAND: The responsiveness of change in demand to change is 

price is called price elasticity of demand. So, we can define price elasticity of demand as 

relative change in demand due to relative change in price.  

Å PRICE ELASTICITY OF SUPPLY: The responsiveness of change in supply to change 

is price is called price elasticity of supply. So, we can define price elasticity of supply as 

relative change in supply due to relative change in price..  

Å MAXIMA: A function ὼ) is said to have attained its maximum value at ὼ = ὧ, if the 

function ceases to increase and begins of decrease at ὼ = ὧ.  
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Å MINIMA :Similarly, a function ὼ) is said to have attained its minimum value at ὼ = Ὠ, 

if the function ceases to decrease and begins to increase at ὼ = Ὠ.  
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STRUCTURE   
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6.2Interest   
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6.6 Nominal and Effective Rate of Interest   

6.6.1 Nominal Rate of Interest   

6.6.2 Effective Rate of Interest   

6.7 Continuous compounding of Interest   
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6.9.1 Compounding   
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6.10 Test Your Understanding (C)   
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6.12 Key Terms   

6.13 Further Readings   

  

  

  

 
6.0 OBJECTIVES   

  
After studying the Unit, students will be able to  

Å Describe the concept of Interest.  

Å Understand the meaning of simple and compound interest.  

Å Calculate Nominal and Effective rate of interest.  

Å Apply the concept of compounding and discount in real life situation.  
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Å Apply the concept of continuous compounding.  

  

    

 
6.1 INTRODUCTION   

 
In this chapter, our main focus is on the concept of time value of money. Time value of  

money basically means that the value of a unity of money is different in different time periods. It  

is based on the concept that the present worth of money received after some time will be less  

than a money received today. So as the value of money keeps on changing with time, therefore  

sometimes it becomes necessary to evaluate the value of money at a particular point of time. In  

the present chapter we will cover such issues.   

  

 
6.2 INTEREST   

  
Interest is the additional amount paid by a borrower for the use of a lender's money.If you  

borrow (or lend) some money from (or to) a person for a particular period, you would have to  

pay (or would receive) more money than your initial borrowing (or lending). This excess or  

additional money you paid (or received) is called interest.   

Interest can be calculated in two ways:   

(i) Simple Interest   

(ii)  Compound Interest   

  

  

 
6.3 SIMPLE INTEREST   

  
Simple interest is the interest computed only on the original amount borrowed (or lent). It is 

the extra money paid (or taken) on that principal for one time period i. Ὡ., when the principal 

remains the same for entire loan period, irrespective of the length of period for which it is 

borrowed (or lent) then interest is called Simple interest. It is calculated by using following 

formula :  
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Where  ὖ = Principal (i. Ὡ., the initial amount of borrowing or lending).  

ὶ = Rate of Interest (i. Ὡ., the interest charged generally for 1 ώὩὥὶ per Rs. 100).  

= Time period for which money is borrowed or lent(in years).  

  

Note :  

For any transaction, time may be given in months, weeks or days. However, in case of Ὓ. Ὅ.  

formula, must be in years only. For that the following conversions may be used :  

  

ὲ months years  (ḉ 1 year = 12 months)  

ά weeks years  (ḉ 1 year = 52 weeks)  

  
   

Ὧ days years  (ḉ 1 year = 365 days)  

  

Also, ὃ = The total money paid back at the end of specified period.  

Ḉ  ὃάέόὲὸ = ὖὶiὲὧiὴὥὰ + ὍὲὸὩὶὩίὸ  

i. Ὡ.,  ὃ = ὖ + Ὓ. 
Ὅ.   

Example 1. Find the simple interest on Rs. 2000 at 6% ὴ. ὥ., ὸ = 2 ώ ὥὶί.  

Solution : Here, ὖ = Rs. 2000, ὶ = 6% ὴ. ὥ., ὸ = 2 ώὩὥὶί  

Ḉ  .  

  

Example 2.  Find the simple interest on ί. 10, 000 for 7 ώὩὥὶί at 5% ὴ. ὥ. Find the 

amount at the end of 7 ώὩὥὶί.  

Solution : Here, ὖ = 10,000, ὶ = 5% ὴ. ὥ., ὸ = 7 ώὩὥὶί  
  

Ḉ   

  

  

 

= Ὑί. 3500  
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Ḉ  ὃάέόὲὸ = ὖ + Ὓ. Ὅ.  

= 10,000 + 3500  

= Ὑί. 13,500.  
  

Example 3. Find the time required to earn ί. 72, 675 as simple interest on the principal of 

ί. 5, 000 at the rate 4. 5% ὴ. ὥ.  

Solution : Here, ὖ = 85,000,   = 4.5% ὴ. ὥ., ὸ = ?,  . Ὅ. = 72,675  

We know that,   

ᵼ   

  

ᵼ  4.5 

  

ᵼ  

  

Ḉ  The required time is 19 ώὩὥὶί.  

  

Example 4. At what rate of interest would the sum ί. 46, 875 grow to ί. 50, 000 in 1 
ώὩὥὶ and άέὲὸὬί?  

Solution : Here, ὖ = Ὑί. 46,875  

ὃ = Ὑί. 50,000  

ὸ = 1 ώὩὥὶ and 8 άέὲὸὬί  

  

   

    

 Now,  ὃάέόὲὸ = ὖὶiὲὧiὴὥὰ + ὛiάὴὰὩ 

ὍὲὸὩὶὩίὸ  

 i. Ὡ.  ὃ = ὖ + Ὓ. Ὅ.  
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ᵼ   

  

ᵼ   

  

ᵼ  

  

ᵼ   

  

ᵼ  

  
ᵼ  i = 0.04  

 ᵼ  ὶ = 4% ὴ. ὥ.  

Example 5. Ram deposited some amount in a bank at simple interest, such that it would 

amount to ί. 7650 in 4 ώὩὥὶί and ί. 8100 in 6 ώὩὥὶί. Find the sum deposited and the rate 

of simple interest ?  

Solution : Here,  

  

ὖὶiὲὧiὴὥὰ + Ὓ. Ὅ. for 4 ώὩὥὶί = Ὑί. 7650  é(i)  

ὖὶiὲὧiὴὥὰ + Ὓ. Ὅ. for 6 ώὩὥὶί = Ὑί. 8100  

Subtracting (ii) from (i), we obtain  

ὛiάὴὰὩ ὍὲὸὩὶὩίὸ for 2 ώὩὥὶί = Ὑί. 450  

é(ii)  

Ḉ   

  

Now,  Ὓ. Ὅ. for 4 ώὩὥὶί = Ὑί. (4 × 225)  

= Ὑί. 900  é(iii)  

  

Putting (iii) in (i), we get  

  

ὖὶiὲὧiὴὥὰ + Ὑί. 900 = Ὑί. 7650  

ᵼ   



167  
  

  
Now, as   

  

Ḉ   

Ḉ   

   

i. Ὡ. ., which is the required rate.  

  

  

Example 6. A sum of ί. 720 is due after 4 ώὩὥὶί at 5% ὴ. ὥ. simple interest. Find its 

present worth ?  

Solution : Let óô be the required present worth.  

Now, according to given question  

ὃ = Ὑί. 720  

ὸ = 4 ώὩὥὶί  

ὶ = 5% ὴ. ὥ.  

As  ᵼ  ὃ = ὖ + Ὓ. Ὅ.  

  
i. Ὡ.   

  

   

ᵼ  

 ᵼ  

  

    

 For 4 ώὩὥὶί,  Ὓ. Ὅ. = ί. 900  

  

Also,  ὖ = Ὑί. 6750  
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ᵼ   

  

ᵼ  

  

Hence, the present worth of the given sum is Ὑί. 600.  

  

  

 
6.4 COMPOUND INTEREST  

  
In this case, the borrower and the lender agree to fix up a certain interval of time (that may be a 

year or a half-year or a quarter of year or a month etc.), so that the amount (i. Ὡ. ὖὶiὲὧiὴὥὰ + 

ὍὲὸὩὶὩίὸ) at the end of each interval becomes the new principal for the next interval, thus 

increasing the principal base, at the end of each specified period of time, on which subsequent 

interest is calculated. By repeating this process till the last period of specified time, if we 

calculate the total interest over all the intervals, the interest thus calculated is called the 

compound interest.  

i. Ὡ.  ὅ. Ὅ. = ὃάέόὲὸ  ὖὶiὲὧiὴὥὰ  
  

i. Ὡ. the difference between the final amount and the original principal gives required 

compound interest for the given time.  

Note :  

  

Interest need not to be compounded annually only, but it may be compounded semi-annually,  

i. Ὡ. two times a year or quarterly i. Ὡ. four times a year, and so on. This fixed interval of time at 

the end of which the interest is calculated and added to the principal to form a new principal for 

the next interval is called the conversion period.  

The formula for calculating the compound amount and compound interest is given below:  
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Where  ὖ = Principal  

ὶ = Rate of Interest per payment period  

ὸ = Number of payment periods or total 
number of conversion periods  

ὃ = Total amount accumulated after ὸ payment periods.  

 Ḉ  ὅέάὴέὲὨ ὍὲὸὩὶὩίὸ = ὃάέόὲὸ  ὖὶiὲὧiὴὥὰ  

 i. Ὡ.  ὅ. Ὅ. = ὃ  ὖ  

  

  

i. Ὡ.   

  

Note :  

If ὶ1, ὶ2, ὶ3 are the rates of interest (per payment period) for first ὲ1 conversion periods, second  

ὲ2 conversion periods, third ὲ3 conversion periods then  

  

 
  

DOUBLING PERIOD  

The time period in which an amount becomes double of itself at a certain given rate of interest 

can be calculated by putting ὃ = 2ὖ and then finding .  

This doubling period can also be calculated by using the following formula:  

  

(a) Rule of  

 
(b) Rule of  

 
  

Example 7. Find the compound interest on ί. 500 for 3 ώὩὥὶί at 5% ὴ. ὥ. compound 

annually.  

Solution : Here, ὖ = Ὑί. 500, ὸ = 3 ώὩὥὶί, ὶ = 5% ὴ. ὥ.  
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Ḉ   

  

Hence, compound interest  

ὅ. Ὅ. = ὃ  ὖ  

 υχψȢψρςυ  υππ  

= Ὑί. 78.81  
  

Example 8. Mr. Ramesh deposits ί. 10, 000 today at 6% ὴ. ὥ. rate of interest. In many 

years will this amount become double of itself ? Work out this problem by using the rule of 72 

and rule of 69.  

Solution : According to rule of 72  

 

and, According to rule of 69  

 
  

Example 9. Find the compound amount of ί. 5000 lent for 3 ώὩὥὶί at 16% ὴ. ὥ.  

converted.  

(a) Annually  (b) Semi-Annually  (c) Quarterly  

Solution : Here, ὖ = Ὑί. 5000  

ὸ = 3 ὣὩὥὶί  

 φ Ὤὥὰ   ώὩὥὶί  
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= 12 ήόὥὶὸὩὶί ὶ 

= 8% ὴ. ὥ.  

 τϷ Ὤὥὰ  ώὩὥὶὰώ  

= 2% ήόὥὶὸὩὶὰώ  
  

Now,    
  

(a) Annually   

   

  
  
  

(b) Semi-Annually  

   

  
  
  

(c) Quarterly  

 
Example 10. When a child was born, a sum of ί. 5000 was deposited in his bank account. 

The bank pays 12% ὴ. ὥ. interest compounded half-yearly. What amount would be received by 

the child on his 5
th

 birthday ?  
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Solution : Here, the amount received on childôs fifth birthday will be the future value of  

Ὑί. 5000 after 5 ώὩὥὶί  

Now,        ὖ = 5000  

Ḉ   

  

  
Example 11. Find the compound interest on ί. 7000 for 3 ώὩὥὶί, if the rate of interest for 

first two years is 6% ὴ. ὥ. and 9% ὴ. ὥ. for the third year half yearly.  

Solution : Here, ὖ = Ὑί. 7000  

ὶ1 = rate of interest for first two years = 6% ὴ. ὥ.  

rate of interest for the third year  

  ὸ = ὸ1 + ὸ2  
  
  = 2 ώὩὥὶί + 1 ώὩὥὶ  

  = 2 ώὩὥὶί  ς Ὤὥὰ  ώὩὥὶί  

Now, 
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ᵼ   

ᵼ  

=  

=  

=  

=  

 

  
Example 12. In how many years will a certain sum double itself at 10% ὴ. ὥ. when the 

interest is compounded half yearly.  

Solution : Here, if óô is the principal amount, then  

ὃ = 2ὖ  

Also,  ὶ = 10% ὴ. ὥȢ  υϷ Ὤὥὰ  ώὩὥὶὰώ  

ὸ = ?, where ὸ = no. of half years  

Now, as  

Ḉ   

ᵼ  

ᵼ  
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Taking log on both sides, we get  

ᵼ   

ᵼ  

ᵼ  

Ḉ  Required time  

  

Example 13. At what rate of compound interest will a certain sum double itself in  

6 ώὩὥὶί?  

Solution : Here, if óô is the principal amount, then  

ὅέάὴέόὲὨ ὃάέόὲὸ, ὃ = 2ὖ  

Also,  ὸ = 6 ώὩὥὶί  

ὶ = ?  

Ḉ   

  

ᵼ  

ᵼ  

  

ᵼ  

Taking log on both sides, we get  
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ᵼ   

ᵼ  

ᵼ  

i. Ὡ.  

ᵼ  

ᵼ  

ᵼ  

Ḉ  Required rate of interest = 12.2% ὴ. ὥ.  
  

  

  

 
6.5 TEST YOUR UNDERSTANDING (A)  

  
  

1. Find the simple interest on a sum of Ὑί. 600 for 4 years at 5% ὴ. ὥ.  

2. At what rate percent a sum of Ὑί. 5000 amounts to Ὑί. 10,000 in 5 years.  

3. How long will it take for a certain sum of Ὑί. 2000 to accumulate to Ὑί. 2500 at 5% ὴ. ὥ.  

4. A certain sum amounts to Ὑί. 2784 in 2 years and Ὑί. 3360 in 5 years at simple interest.  

Find the sum and the rate of simple interest.  

5. Calculate the compound value of Ὑί. 12,000 at the end of 3 years at 10% ὴ. ὥ. rate of 

interest. Also find the compound interest.  
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6. Find the amount of Ὑί. 2800 lent for the  years at 10% ὴ. ὥ., interest being payable 

compounded half yearly.  

7. Ram offers his friend to pay Ὑί. 12,000 after 15 years in exchange of Ὑί. 1000 today. 

What interest rate is implicit in the offer ?  

8. Divide Ὑί. 24,000 between Ram and Shyam so that the amount Ram receives in 4 years at  

12.5% ὴ. ὥ. rate of interest is equal to the amount received by Shyam in 3 years at 10% ὴ. 

ὥ. rate of interest.  

9. In how many years will a certain sum double itself at 10% ὴ. ὥ., interest being compounded 

quarterly.  

10. The difference between compound interest and simple interest on a certain sum of money at 

5% ὴ. ὥ. for 2 years is Ὑί. 2.30. Find the sum ?  

11. An investment company pays 12% ὴ. ὥ. rate of interest by compounding the sum quarterly. 

If Ὑί. 5000 is deposited initially, how much shall it grow to in 5 years ?  

12. What rate of interest per annum doubles an investment in 7 years, if the interest is being 

compounded annually ?  

Answers  
  

1. Ὑί. 120  

2. 20%  

3. 5 years  

4. Ὑί. 2400, 8%  

5. Ὑί. 15,972, Ὑί. 3972  

6. Ὑί. 3241.35  

7. 18%  

8. Ὑί. 10,892, Ὑί. 13,108  

9. 7.03 years  

10. Ὑί. 1000  

11. Ὑί. 9030  
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12. 10.41% ὴ. ὥ.  
  

  
6.6 NOMINAL AND EFFECTIVE RATE OF INTEREST  

 
From the above discussion and examples it is clear that in case of compound interest if the 

interest is being compounded more than once a year, the amount grows faster. It is so because the 

actual rate of interest realized, called effective rate. In case of multi-period compounding is more 

than the apparent annual rate of interest called nominal rate.  

For example, the future value of Ὑί. 100 at the end of one year, at the rate of interest 10% ὴ. ὥ. 

will become Ὑί. 110. But if the interest is calculated on half yearly basis, then At the end of first 

six months, we will have Ὑί. 105.  

i. Ὡ.,  Ὑί. 100 + 5% of Ὑί. 100 = Ὑί. 105 And so, 

at the end of next six months, it will be  

Ὑί. 105 + 5% of Ὑί. 105 = Ὑί. 110.25  

Hence, the total interest realized in case half yearly compounding is Ὑί. 10.25 or we can say that 

effective rate of interest is 10.25% while the nominal rate is 10%.  

  
6.6.1 NOMINAL RATE OF INTEREST : In case of compound interest, the apparent 

annual rate of interest is called the nominal rate of interest.  

  
6.6.2 EFFECTIVE RATE OF INTEREST : In case of compound interest, if the interest is 

being calculated more than once a year (i. Ὡ., a case of multi-period compounding) the interest 

actually earned or realized is called the effective rate of interest.  

  
Relationship between Nominal and Effective Rate of Interest 

Let, Ὁ = Effective rate of interest ὶ = Nominal rate of interest  

= Frequency of compounding per year 

Then,   
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Example 14. Find the effective rate of interest equivalent to nominal rate of 6% 

compounded monthly.  

Solution :  ὶ = 6% ὴ. ὥ.  

ά = 12 Now, 

as we have  

   

Ḉ Effective rate of interest,    6       12  

 
  

  
Example 15. Which is better option for an investor, compounding 9. 1% semi-annually or 

9% monthly ?  

Solution : Let us find the effective rate of interest when compounding is done at 9.1% semi- 

annually.  

Ḉ For the first investment,  

Ḉ   

i. Ὡ., Effective rate of interest in case of first investment = 9.30%  

Now, to find the effective rate of interest when compounding is done at 9% monthly, we have  
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ᵼ   

é(i)  

Let  

Taking log on both sides, we get  

log ὼ = 12 log(1.0075) 
= 12(0.0034)  

Ḉ  log ὼ = 0.0408  

ᵼ  ὼ = Antilog (0.0408)  

ᵼ  ὼ = 1.098  

Ḉ (i) becomes  

Ὁ  ρȢπωψ  ρ  πȢπωψ  ωȢψϷ  

i. Ὡ., Effective rate of interest in case of second investment = 9.8%  

Ḉ Second investment option is better  

  

  

  

 
6.7 CONTINUOUS COMPOUNDING OF INTEREST  

  
We know that in case of compound interest, the compound amount óô for the principal óô 

after óô year at rate of ὶ % ὴ. ὥ.,  

Amount,  

But, if the compounding is done óô times in a year, then we will have  

 

Where,  ά =  

When the compounding is done continuously i. Ὡ. , ά becomes very large(ά O  Њ, we have  
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As   

Where Ὡ is the numerical constant and Ὡ = 2.7183  

Thus, the compound amount óô accumulated after óô years, if the interest is compounded 

continuously at the rate óô, is  

ὃ = ὖὩὶὸϳ100  

Example 16. Which investment option is better 16% compounded quarterly or 12. 2% 

compounded continuously ?  

Solution : For first investment Let 

  

quarterly  

= 4% quarterly  

ὸ = 1 year = 4 quarters  
   

Ḉ  

lim    
ά   O    Њ   

ὖ   (1   +  
       ὶ     

)  
ὸ ×  ά 

  
ά ×100    

  
100 

  
  

  
  
  
  
r ὸ 

  
100 

  

lim    
ά   O    Њ   

=    ὖὩ ὶὸ ϳ 100   

(1   +      
ὶ   

100 ά   
)    r   ]   

lim    
ὼ   O    Њ   

(  1   +    ὼ )  
1 /  ὼ   =    Ὡ )    

ὃ   =    

=    [ ὖ   

(    
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= 100(1.169858)  

= Ὑί. 116.98  

ᵼ Effective rate  of interest  

 ρρφȢωψ  ρππ   

= 16.98% For 

second investment  

Let  ὖ = Ὑί. 100  

ὶ = 12.2% ὴ. ὥ.  

ὸ = 1 ώὩὥὶ  

As interest is being compounded continuously  

Ḉ  ὃ = ὖὩὶὸϳ100  

ᵼ  ὃ = 100 × ὩρςȢςϳρππ = 100Ὡ0.122  

Taking log on both sides, we get  

log ὃ = log 100 + 0.122 log Ὡ  

 

 = 2 + (0.122) log(2.7183)  

= 2 + (0.122)(0.4343)  

= 2 + 0.053  

= 2.053  

ᵼ  ὃ = Antilog(2.053) = 113.0  

ᵼ  ὃ = Ὑί. 113.0  

ḉ Ὡ = 2.7183)  

Thus, Effective rate of interest  

 ρρσȢπ  ρππ   

= 13%  

Ḉ First investment is better  

Note.We can also  say that if the nominal rate ὶ is compounded continuously, then the 

formula of effective rate , becomes  

In case of continuous compounding  

Ὁ = (Ὡὶϳ100  ρ   

or  Ὁ = 100(Ὡὶϳ100  ρ Ϸ  
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Example 17. Find the effective rate equivalent to nominal rate 6% compounded  

(a) Monthly  (b) Continuously  

  

Solution : (a) We have  

Ḉ Effective rate,  

  
  
  
  
   

(b) We have   

  

ὶ = 6%  

Ḉ  Ὁ = Ὡὶϳ100  ρ  

= Ὡφϳρππ  1  

 

 = Ὡ0.06  ρ  é(i)  

Take  ὼ = Ὡ0.06   

Ḉ  log ὼ = 0.06 log Ὡ = 0.06 × log(2.7183)   

ᵼ  log ὼ = 0.06 × 0.4343  

= 0.026058  

 

ᵼ  ὼ = Antilog (0.0260)   

Ḉ  ὼ = 1.062   

ᵼ (i) becomes  

Ὁ  ρȢπφς  ρ  πȢπφς  φȢςϷ  

ᵼ  Ὁ = 6.2%  
  

  

 
6.8 TEST YOUR UNDERSTANDING (B)   


